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Abstract: This paper presents study continuing from the previous published paper of title some applicable methods
of approximating basic trigonometric function and their inverse value. The results in the previous publication help
to derive the results included in this paper. The results of this paper are theorem of approximating value, general
inverse value approximation formulae and theorem of locating inverse value within the known interval. The
objective is to contribute additional knowledge to the areas of Mathematical science.
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I Introduction
The previous publication discusses about the some applicable methods of approximating basic trigonometric
functions and their inverse value. Some of those methods are mentioned below [1].
A. Method One
If the A,B,... stand for digits after a decimal point and the angle is expressed in degree unit, then the following
equations expressed in decimal number hold true.
sin(+0.AB % 60 + 360n) = +0.AB...if 0 < 0.AB < 0.50

cos(£(90 — 0.AB * 60) + 360n) = 0.AB ...if 0 < 0.AB < 0.50
Where n is integer
The maximum error of approximation is less than 0.009
B. First Approximation Method

1
sin(x + 360n) = @x if —30°<x<30°

1
cos(90 — x + 360n) = @X if —30°<x<30°

The maximum error of approximation is less than 0.009
C. Method Two
If the A, B, C stand for digits after a decimal point and the angle is expressed in degree unit, then the following
equations expressed in decimal number hold true.
+0.ABC if 0 <0.ABC<0.258 andA # 1
sin(+0. ABC * —— + 360n) ~ [

ez +(0.ABC + 0.001) if 0 < 0.ABC < 0.258and A = 1

0.ABC if 0 <0.ABC<0.258 andA # 1
Cos(+(90 — 0. ABC * %) +360n) ~ {
0.ABC+0.001if 0 <0.ABC<0.258andA =1
The maximum error of approximation is less than 0.0009
D. Second Approximation Method
sin 15 _ V6 -2

sin(x + 360n) = X

if —15°<x < 15°
15 &0 x if —15°<x<15
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sin15 V6 -2
cos(90 — x + 360n) =~ = ** %o x if —15°<x<15°

The maximum error of approximation is less than 0.0009

Sine and cosine functions related by the following trigonometric identity [2]
cos 0 = V1 —sin?0
Co function definition for sine and cosine function given by [3]
sin® = cos(90 — B)
In other word, if 6 + B = 90°, then sin 6 = cos 8
Sum of two angle formula given by [2]
sin(x +y) = sinxcosy + siny cosx
1. Materials and Methods
A. Theorem of Approximating Value
If the B is angle within the interval—90° < B < 90°, then the following approximate equations hold true.
sin(B + 360n) ~ 2v1 — x2(1 — 4x?)(3x — 4x3)
cos(90 — B +360n) = 2v1 — x2 (1 — 4x?)(3x — 4x3)
Where n is integer

V62
X = B
360
Proof
Consider 0 < B <90°
Let B ~ 660 ey
>0=" 2)

6
=>0<6<15°
Consider the second approximation method

sing ~ 29 if 0 <0 < 15° 3)

Consider method two

sin(0. ABC * %) ~ 0.ABC if 0 < 0.ABC < 0.258 4)
Expand sin 66 by applying the sum of two angle formula
sin 60 = 2 cos 0 (1 — 4sin?0)(3 sin 6 — 4sin>6) (5)
Consider the following Trigonometric identity
cos 0 = V1 — sin?0 (6)
Substitute equation (6) into (5)
sin 60 = 2v1 — sin20 (1 — 4sin?6) (3 sin 6 — 4sin®0) @)
Correlate equation (1) and (7)
sin 60 = sin B = 2v'1 — sin20 (1 — 4sin?0)(3 sin B — 4sin30) (®
Consider equation (4)

. 60 .
sin(0. ABC * =) ~ 0.ABCif 0 < 0.ABC < 0.258 9)

60

Let® ~ 0.ABC* — (10)
Substitute equation (10) into (9)
sin® ~ 0.ABCif0 < 0.ABC < 0.258 (11)
Rearrange equation (10)
0.ABC ~ Y2 (12)
Substitute equation (2) into (12)

0.ABC ~ YV2
360

Substitute equation (11) into (8)
sin B ~ 2,/1 — (0. ABC)2(1 — 4(0.ABC)?)(3 * 0. ABC — 4(0.ABC)?)
Letx = 0.ABC

sinf =~ 2v1 —x2(1 —4x?)(3x — 4x3) if x = ¥6-v2

360

B
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It is proved that this equation holds true for 0 < B < 90° and make sure that this equation also holds true for —90 <
B < 90°.
Apply co function definition. Therefore, cos(90 — B + 360n) ~ 2v1 — x2 (1 — 4x%)(3x — 4x3)

B. General Inverse Value Approximation Formulae
Steps to derive angle approximation formulae
Consider the first approximation method/for positive angles/

sinez:—oif0S9S30° (13)
Consider three cases
a) Leto=9p (14)
Substitute equation (14) into (13)
sinszf—oifosﬁs30° (15)
b) Let6+p =90°and 0 <6 < 30°
=60=90- (16)
=>B=90-6

= 60° < B <90°
Consider Trigonometric identity

sin?B = 1 — cos?B 17
If 8 + B = 90°, then the equation (18) holds true

= cosf =sin6 (18)
Substitute equation (18) into (17)

sin?B = 1 — sin%0 (19)

Substitute equation (13) into (19)
sinB~1-— (%)2
= sin p ~ 20006 (20)

60
Substitute equation (16) into (20)
L2e00-C0-BY it 60° < B < 90° 2D

sinp =

c) LetB=30+6and0<6<30°
>0=8-30 (22)
>30<p=<60
Expand sin(30 + 6) by applying the sum of two angle formula
sin B = sin(30 + 6) = sin 30 cos 6 + sin 6 cos 30
sin 8 = sin(30 + 6) =%cose+\/2—§sin6 (23)
Consider trigonometric identity
cos 0 = V1 — sin%0 (24)
Substitute equation (24) into (23)
sinB = 2 VI —sin?6 + Lsin@ (25)
Substitute equation (13) into (25)

V3 _ 8

i ~l/ (82 ¥3,. 0
sinf~2 [1-G)* + 5%

V/3600-02+30 (26)

sinf ~ 120
Substitute equation (22) into (26)
sin B ~ Y3600EB=30"+V3E=30) 4 350 g < g0 27

120
Assembly equations (15), (21) and (27) altogether;
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Lifo<p<30°
60

J3600-(B307+ 3B=30) i 300 < g < 600 (28)

120

sinf = 4

— —R)2
LROOPPY i 60° < B < 90°

Express equation (28) in terms of
60sinBif 0 <sinf < 0.50

240(1++3sin B)—J2402(1+\/§sin 8)2-115200 sin B(v/3+2 sin B) )
B~ { 3 if 3 <sinf <

~ &

90 — 60,/T—sin?B if L <sinp<1

If reference angle, co-terminal angles and negative value of sin 3 are taken in to consideration, then the inverse value
of sine function for any given value can be calculated by
360x —m(90 + 60| sinf |) + 360n if 0 <|sinf |< 0.50

240(1+V3 Isin BI)—\/2402(1+\/§|sin B1)2—-115200 Isin BI(V3+2Isin BI)
B~ 360x — m(90 +

+360n if i V3
5 ) nif ~<|sinB <

- NE
— — sinZ V3
360x — m(90 + 60,/1 — sin?3) + 360n if .

Where n is integer

x = 0and m = —1 if sinf is positive

x = 1and m = 1if sinf is negative

Apply trigonometric identity and therefore, Inverse value of cosine function can be calculated by

180x + 360n + 60,/1 — cos?p if ? <lcosBI<1

<|sinBl<1

<|

240(1-|cos BI)++/240%(1—Icos B)2—115200(2cos2B—|cos B1-1)
8

B~{ 180x+360n+ if 2<lcospls

180x + 360n & (90 — 60| cosB 1) if0 < | cosf |s%
Where n is integer
x = 0 if cos B is positive
x = 1 if cos B is negative
C. Theorem of Locating Inverse Value Within the Known Interval
This section locates inverse value within the interval having upper and lower bound difference 1.2°
Ifsin® = +0.AB...and 0 < 0.AB < 0.50, then
+0.AB % 60 — 0.6 + 360n < 8 < +0.AB * 60 + 0.6 + 360n
Where A and B stands for digits after a decimal point

Proof

Consider method two

sin(+0.AB % 60 + 360n) = +0.AB...if 0 < 0.AB < 0.50 (29)
Let 6 = +0.AB % 60 + 360n (30)
x = (+0.AB — 0.01) * 60 4+ 360n (31)
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y = (+£0.AB + 0.01) * 60 + 360n (32)
Correlate equations (30), (31) and (32)
x<@<y (33)
y—x=1.2°

Substitute equations (31) and (32) into (33)
(+0.AB — 0.01) * 60 + 360n < 6 < (+0.AB + 0.01) * 60 + 360n
(+£0.AB * 60 — 0.6 + 360n) < 6 < (+0.AB * 60 + 0.6 + 360n) (34)
Correlate equations (29) and (34)
If sinx = +0.AB...and 0 < 0.AB < 0.50, then
+0.AB* 60— 0.6 +360n< 60 < +0.4AB *60 + 0.6 + 360n
1. Results and Discussion
The results of this paper are theorem of approximating value, general inverse value approximation formulae and
theorem of locating inverse value within the known interval. General inverse approximation formulae help to
approximate angle for any given value.
Examplel. Approximate 6 if sin® = 0.967

8 ~ 360x — m(90 + 60v1 — sin26) + 360n if ? <|sin@|<1
Since sin 6 = 0.967 is positive; therefore, x =0 and m = —1
8 ~ 90 + 60vT — sin?6 + 360n if 2 < | 0.967 I< 1

0 ~ 90 + 60V — 0.9672 + 360n if ? <0967 <1

0 =~ 105.29 + 360n Or 6 = 74.71 + 360n
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