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Abstract: Membership function of a fuzzy set is the generalization of the characteristic function of a crisp
set. The classical membership function is a function from a set to the interval [0,1].In this paper we
generalize the concept of membership function of fuzzy sets on the real line using ‘generalized functions' or
distributions .
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I. Introduction
The characteristic function of a crisp set is a function from a set to {0, 1}. In 1940 H. Weyl had thought of
generalizing the concept of characteristic function by using any continuous function [4]. In 1965 Lofti A Zadeh
introduced the concept of a fuzzy set [5]. The classical membership function of a fuzzy set is a function from a set
to the interval [0, 1].This has been generalized in several ways. For example an L-fuzzy set has a membership
function where the range is a partially ordered set [2].
In this paper we generalize the concept of membership function of fuzzy sets on the real line using distribution
theory. The membership function is not restricted to be an ordinary function. Instead it can be a 'generalized
function' or a distribution.
It will be shown that this generalization has a definite advantage.

Il. Preliminaries
Distributions can be thought of as generalization of the usual functions ([1], [3]). We briefly give the relevant
definitions here.
Notation: R is the set of all real numbers. C5°(R) is the set of all functions from R to R which are infinitely
differentiable and have compact support.
Definition 2.1: f(x) is said to be a locally integrable function if f:lf(x)ldx is defined and is finite for any
finite interval [a,b].
Definition 2.2: A functional is a mapping from C;°(R) to R.
Definition 2.3: A functional T is said to be linear if T(mf+ng)=mT(f)+nT(g) forall m, ng Rand f, g € C;°(R) .
Definition 2.4: A sequence of smooth functions {f,} in C;°(R) is said to converge to zero in Cy°(R) if

(i) for every k eN U {0}, the sequence of k™ derivatives f}(x), f¥(x),....converges uniformly
to zero.
(i) there is a common interval [ a, b] independent of n such that every f,(x) vanishes outside [a, b]

Note: We say that a sequence {f,,} convergesto f in C5°(R) ifand only if the sequence {f,, — f} converges
to zero in Cy°(R) .

Definition 2.5: A functional T is said to be continuous if for any sequence {g,,} of smooth functions converging
tog in CP(R) ,limyc, T(gn) = T(9)

Note : A linear functional T is said to be continuous if for any sequence {g,} in Cs°(R) converging to zero in
Co'(R) , limy o, T(gn ) =0

Definition 2.6: A functional which is both linear and continuous is called a generalized function or a
distribution.

Example 2.1: The functional & defined by 8(g(x)) = g(0) is a distribution:
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Clearly 6 is linear. For proving continuity let {g,} be a sequence of functions in Cg°(R) converging to zero
in C5°(R) .Then lim,,_,, 6(g,) = lim,_ 4 g,(0) = 0.
dis called delta distribution.
Example 2.2: Let f(x) be any locally integrable function. Define an operator Tr on Cy°(R) by
Tr(9) = [ f(0)g(dx.
Clearly Ty is well defined and is a linear operator on Cy°(R) .
Let {g,,} be a sequence of functions in C5°(R) converging to zero in C5°(R). By the definition there exists an
interval [a, b] such that g,, vanishes outside of [a, b] for all n.

Also the sequence {g, (x)} converges uniformly to zero.Soforanye >0, 3 n, € N suchthat

| gn(x) — 0| < % Vx €[a,bl,¥n = n, where M:fflf(x)ldx.
17 Can)l = |f; 9n (o) f (R)lx]

< 2192 ()] 1f ()l dx

< If@ldx Vn =g

= E/M . M
=&
Hence T is adistribution.
Definition 2.7: If f is a locally integrable function then the distribution T defined by

+00
@) = | feg@dx
is said to be induced by the function f and such distriBaOtions are said to be regular.

Definition 2.8: A distribution which is not induced by any locally integrable function is said to be singular.
Example 2.3: It is well known that the delta distribution is a singular distribution.

Definition 2.9: A function g from R to R is said to be non negative if g(x) = 0 Vx € R. We writeg>0in
this case.

Definition 2.10: A distribution T is said to be positive if T(g) >0 whenever g> 0.

I11. Distributed Fuzzy Set

Consider a sequence of functions {f,} in (Cg°(R) with the following properties with respect to the
interval [a, b].
PL : f,(x)= 0 outside [a — 1/, b+ /]
P2 : f,(0) =1 infla+1/n, b=1/4).
P3 :0<f,(x) <1
It can be shown that such a sequence exists.
Example 3.1:

1
For x € R, define h(x) ={ e 1= x| <1
[x] =1
Then h is infinitely differentiable and its ™ derivative has the form
h™(x) = P, (x,ﬁ) h(x) Vn.
where B, (x, y) is a polynomial in x,y.
Also support of h is [-1,1] which is compact.
S h € CP(R)
Let g(x) = f_xw h(t)dt .Then g isinfinitely differentiable and
_ (0 for x< —1
9(x) _{k for x = 1
And 0<g(x) <k Vx
Forany A >0, define g, (x) = g(Ax)
Let  g,a(x) = g(A(x — @)
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0 x<a—1//1

alX) =
91a(x) {k x> a+1/}L
And 05 g.(x) <k
Leta<b andlet 2and u besuchthat a< a+1/, <b-1/, <b.
Let f(x) = gra(®) gp-b(=2%) = g(Ax — a))g(u(b - x))
Then f isinfinitely differentiable.
0 if x < a-1 orx> b+ 1
Also f(x) = ! /2 / #,
K if a+l/, < x<b-1/,
0 < f(x)<k? and support of f C [a—l//l,b+1/ﬂj.

- fE C(R)
Now consider f,(x) = kiz Ina(X)Gn-p(—x) for n > sza
Then each f, € Cg°(R) and we have
0 outside [a—1/p, b+1/
fal) = {1 lo="/n nl

And 0< fulx) <1

Definition 3.1: Let {f,} be a sequence of functions in Cg°(R) satisfying P1, P2, and P3 with respect to the
interval [a, b] and let T be a distribution . T is said to define a distributed fuzzy set on [a, b] if

i) T isa positive distribution

i) lim,_. T(f,) existsand is the same for any sequence of functions {f,,} in Cy’(R)

satisfying the P1, P2, and P3 with respect to the interval .

i) lim,_, T(f,,) <b-a.

Example 3.2: In example 2.1 it was shown that & is a distribution . Also if g is non negative then

3(9(x))=9(0)=0
d isa positive distribution.
Consider a sequence of functions {f,} in Cg°(R) with the properties P1,P2 and P3 with respect to [-1,1].

Note that for n>2, 0 € [-1+ 1/, ,1-1/;]
3(fr)=fr(0)=1 V n=>2

lim,,5(fi)=1 < 1-(-1)

.. & defines a distributed fuzzy seton [ -1, 1].
Example 3.3: Consider the distribution T, :
T, (f0) = [1 n()f &) dx
where u (x) is locally integrable and is the member ship function of a fuzzy set. That is « (x) is such that (i)
fcdy (x) dx isfinite for any interval [c,d] (ii)) 0 <u(x) <1 Vx €R.
Clearly T, isa positive distribution.
Let {f,} beasequence of functionsin Cs°(R) satisfying the P1, P2, and P3.

T () = J ) dx | = | [27 4G ()l = [ ) dlx|

1
T ) f Gdx — [7 1 (x) dx
1

[0, 1) fo @dx + 2 uC) (fy () = D dx+ 770 () f, () d|

[, 1O x| + |2 ) () = Deta| + |77 o) f c)dx| ()

<

[y HGO fo x| < [ GOl ()] da

< (a —a+ %)

=1/n )
b
[ 1o G- 1 ax

a

b
< f GO, () — D] dx

- ____________________________________________________________
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< LTI () = Dl dx + [ @I () — 1)) dx
<2 (at1l/m-a)+2(b-b+l/n)

=4/n 3
b+1/n b+1/n
f WOf, @) dx| < f GO, (O dx
’ < (bb+1/n—b)

=1/n 4)

From (1), (2), (3) and (4)
b 6

6
T#(fn)—fy(x)dx| < - <€ v nZE

a

S

limyo T, (f) = [ u()dx
< b-a ( since 0< u(x)<1)
Hence T, defines a distributed fuzzy set on [a, b].
Example 3.3 is the motivation behind the following definition:
Definition 3.2: Suppose T defines a distributed fuzzy set over a interval [a, b]. Then it is said to have average
membership value m over the interval [a, b] where

m = —lim T(f,)
Theorem :

Suppose T defines a distributed fuzzy set over the interval [a, X] for every x such that a < x < b and m(x) is the
average membership value of the distributed fuzzy set over the interval [a, X]. Suppose m(x) is continuously

differentiable in the interval [a, b] .If T, is the regular distribution induced by u(x) where

d
u(x) = {a((x —a)m(x))a<x<bh
0 otherwise

then T), defines a distributed fuzzy set over the interval [a,x] for every x such that a <x <b and the average
membership value of this distributed fuzzy set over the interval [a, x] is also m(x).

Proof: It is clear that u(x) is locally integrable. So T, defines a distributed fuzzy set over the interval [a,x] for
every x such that a <x <b . Let A(x) denote the average membership value of the distributed fuzzy set defined
by T, in the interval [a,x]. In example 3.3 it was shown

X
lm T, () = [ e

a

if {f,} is a sequence of functions in Cg°(R) satisfying the P1, P2, and P3 with respect to the interval [a, x].
Hence

Ax) =

b
1 1
lim T, (f) = —
——lim 7, () x_afu(t)dt
a

1 [d
= EIE ((t — aym(®))dt

((x — m(x))

= m(x)
Note: In other words if the hypothesis of the theorem is satisfied then we can consider the distributed fuzzy set
to be defined by a regular distribution T,,. Also in this case we have the usual fuzzy set defined on the interval

[a,b] with the membership function p(x).

1
x—a

IVV. Conclusion
The example 3.3 shows that a fuzzy set on the real line is a distributed fuzzy set provided the membership
function is locally integrable. It is known that [2] the membership function of a fuzzy number or fuzzy interval is
of the form
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1(x) for x e (—x,a)
ulx) = 1 forxela,b]
r(x) for x € (b, )

where 1(x) is a function from (-e0,a) to [0,1] that is monotonic increasing, continuous from the right and such that
I(x) =0 in (-o0,u); where r(x) is a function from (b,0) that is monotonic decreasing , continuous from the left
and such that r(x) = 0 in (v,). It is clear that the above p(x) is locally integrable. So fuzzy numbers and fuzzy
intervals are distributed fuzzy sets.

Conversely suppose we have a distributed fuzzy set on [a, b] defined by a distribution T. Suppose the average
membership value m(x) over every subinterval [a, X] can be determined for every x in [a, b] . If m(x) is
continuously differentiable then as we have already remarked this distributed fuzzy set corresponds to the usual
fuzzy set. In this case the membership function p(x) is determinable at every point in the interval [a, b].

However there are distributions where this is not possible. Example 3.2 is one such case. In other words only the
average membership value over a certain interval can be determined and within this interval we cannot specify
the value of the membership more precisely. This is inbuilt impreciseness or vagueness. Hence the concept of
distributed fuzzy set inherently models vagueness.
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