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I. Introduction 

The concept of fuzzy sets was introduced initially by Zadeh [11]. Since then, it was developed extensively by 

many authors and used in various field. George and Veeramani modified the concept of fuzzy metric space 

which introduced by Kramosil and Michalek. The concept of compatibility in fuzzy metric space and proved 

some common fixed point theorems in fuzzy metric space in the sense of George and Veeramani with 

continuous T - norm* defined by 

a * b ≤= min{a, b} for all a, b ∈ [0, 1] 

 In this paper we have a generalization of the result obtained in [6]. We characterize the condition for three 

continuous self mapping of complete fuzzy metric space have a unique common fixed point. 

 

II. Preliminaries 

 

A binary operation  *  : [0, 1]×[01] → [0, 1] is called a continuous  t − norm if ([0 , 1] ,  * ) is an abelian 

topological monoid with such that a  *  b ≤ c  *  d whenever a ≤  c , b ≤ d for all               a , b , c , d , ∈ [0 , 1]. 

The 3 tuple (X, M ,  * ) is called a fuzzy metric space [11] if X is an arbitrary set,  *  is a continuous t − norm 

and M is a fuzzy set on X
2
 × (0 ,∞) satisfy the following condition. 

(1) M(x , y ,t) > 0 

(2) M(x , y ,t) = 1 , if and only if x = y 

(3) M(x , y ,t) = M(y , x , t) 

(4) M(x , y ,t)  * M(y , z , s) ≤ M(x , z , t + s) 

(5) M(x , y :) : (0 ,∞)→ [0 , 1] is continuous, for all x , y , z ∈ X and t , s > 0. 
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A sequence {xn} in a fuzzy metric space (X ,M ,  * ) is called cauchy sequence if for every ∈ > 0 and each t > 0 

there exist no Є N such that M (xn , xn+p , t) > 1- ∈ for all n ≥ no and t > 0. 

A fuzzy metric space in which every cauchy sequence is convergent is said to be complete. A sequence {xn} in a 

fuzzy metric space (X ,M ,  * ) is called cauchy sequence if for each ∈ > 0 there exist no ∈ N such that M( xn , xm 

, t) > 1− ∈ for all n ,m ≥ no 

Self mapping A and B of fuzzy metric space (X ,M ,  * ) is said to be compatible [4] if       limn→∞ M(ABxn 

,BAxn t) = 1. 

 

III. Common Fixed Point Theorem 

 

Let (X, M,  * ) be a complete fuzzy metric space and let A ,B ,C , S , T ,U be mappings from X in to it self such 

that the condition are satisfied. 

 

(i) AX ⊂ TX ,BX ⊂ SX ,BX ⊂ UX ,CX ⊂ TX 

(ii) S , T and U are continuous. 

(iii) The pair [A , S] , [B , T] and [C ,U] are compatible. 

(iv) There exist q Є (0 , 1)such that every x , y , z ∈ X and t > 0 

 

M (Ax, By, Cz, qt) ≥ M (Sx, Ty, Uz, t) *M (Ax, Sx, t) *M (By, Ty, t) * M (Cz, Uz, t) 

                          * M (Ax, Ty, t) *M (By, Uz, t) 

then A, B, C, S, T and U have a unique common fixed point in X. 

 

Proof. 

Let xo ∈ X from (i) there exist x1 ∈ X such that Ax0 = T x1 and for this x1 ∈ X from (i) there exist x2 ∈ X Such 

that Bx1 = Sx2 

 

and for this x2 ∈ X from (i) there exist x3 ∈ X such that Bx2 = U x3 

and for this x3 ∈ X from (i) there exists x4 ∈ X such that that Cx3 = T x4 

Inductively we can find a sequence {yn } in X as follows 

y2n−1 = Tx2n−1 = Ax2n−2 

y2n = Sx2n = Bx2n−1 

y2n+1 = Ux2n+1 = Bx3n−1 

y2n+2 = Tx2n+2 = Cx2n+1 , for n = 1, 2, 3 − − − −− 

from (iv) we have 

M {y2n+1 , y2n+2 , y2n+2 , qt} = M (Ax2n , Bx2n+1 , Cx2n+1 , qt) 

 ≥ M (Sx2n , Tx2n+1 , Ux2n+1 , t)  * M (Ax2n , Sx2n , t)  

∗M (Bx2n+1 , Tx2n+1 , t) * M (Cx2n+1 , Ux2n+1 , t)  

∗M (Ax2n , Tx2n+1 , t) * M (Bx2n+1 , Ux2n+1 , t) 

 

 

= M(y2n , y2n+1 ,y2n+1 , t)  * M(y2n+1 , y2n , t) *M(y2n+2 , y2n+1 , t)   

* M(y2n+2 , y2n+1 t) *M(y2n+1 , y2n+1 , t)  * M(y2n+2 , y2n+1t) 
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≥ M(y2n+2 , y2n+1 , t) * M(y2n+1 , y2n , t) 

 

we have 

M(y2n+1 , y2n+2 , y2n+2 , qt) ≥ M(y2n+1 , y2n , t) 

 

Similarly we have also 

M(y2n+2 , y2n+3 , y2n+3 , qt) ≥ M(y2n+2 , y2n+1 , t) 

 

Thus we have (generalize) 

M(yn+1 , yn+2 , yn+2 , qt) ≥ M(yn , yn+1 , t) for n = 1 , 2 , 3……………. and so on Then 

M(yn , yn+1, t) ≥ M(yn , yn+1 , t/q) ≥ M(yn-2 , yn-1 , t/q
2
)  ……………≥ M(y1 , y2 , t / q

n
) → 1 

as n → ∞ and hence M (yn , yn+1 , t) → 1 as n → ∞ for any t > 0 for each ∈> 0  and each t > 0 we can choose no 

∈ N such that M (yn , yn+1 , t) > 1− ∈  for all n > no for m, n, ∈ N we suppose        m ≥  n then we have 

M(yn , ym , t) ≥ M(yn , yn+1 , t / m-n) * M(yn+1 , yn+2 , t / m-n) ……….  * M(ym-1 , ym , t / m-n) 

 > ( m−n) / (I−∈) ……… (1−∈) 

≥ (1−∈) 

 

and hence yn is a cauchy sequence is X since {X, M, * } is complete yn converges to some point z∈X and so 

{Ax2n−2 }, {Sx2n }{Bx2n−1 }{Tx2n−1 }{Bx3n−1 }, {Tx2n+2 }{Ux2n+1 }{Cx2n+1 } 

 

also converges to z then 

ASx2n → Sz                                                                           …………………………………...(1.1) 

BTx2n-1 → Tz                                                                               ………………………………...(1.2) 

CUx2n+1 → Uz              

………………………………...(1.3) 

 

from (iv) 

M (ASxn, BTx2n−1, qt) ≥  M (SSx2n, TT x2n−1, t) * M (ASx2n, SSx2n, t) * M (BT x2n−1, TT x2n−1, t) * M (ASx2n, TT 

x2n−1, t) 

Taking n → ∞ using (1.1) (1.2) 

M(Sz , Tz , qt) ≥ M(Sz , Tz , t)  * M(Sz , Sz , t) * M(Tz , Tz , t)  * M(Sz , Tz , t) 

≥  M(Sz , Tz , t)  * M(Sz , Tz , t) 

≥  M(Sz , Tz , t) 

and hence Sz = Tz                                                                 …………………………………...(1.4) 

 

Again from (iv) and [6] 

M(ASx2n ,CUx2n+1 , qt)  ≥  M(SSx2n ,UU2n+1 , t)  * M(ASx2n , SSx2n , t) * M(CUx2n+1 ,UUx2n+1 , t)  * M(ASx2n 

,UUx2n+1 , t) 

 

Taking n →∞ 1 ad using (1.1)(1.2)(1.3) 

M(Sz ,Uz , qt) ≥ M(Sz ,Uz , t)  * M(Sz , Sz , t) * M(Uz ,Uz , t) * M(Sz ,Uz , t) 
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≥ M(Sz ,Uz , t)  * M(Sz ,Uz , t) 

≥ M(Sz ,Uz , t) 

⇒ Sz = Uz                 …………………………………...(1.5) 

Now again from (iv) 

M(Az, BTx2n-1, qt) ≥ M(Sz, TTx2n-1 , t) * M(Az, Sz, t) * M(BTx2n-1, TTx2n-1, t)*M(Az, TTx2n-1, t) 

Which implies that taking limit as n → ∞ and using (1.2) (1.3) (1.4) 

M(Az, Tz, qt) ≥ M(Sz, Sz, t)  * M(Az, Tz, t) * M(Tz, Tz, t)  * M(Az, Tz, t)  

           ≥ M(Az, Tz, t) 

 

and hence Az = Tz                                                                 …………………………………...(1.6) 

 

From (v), and (1.4) (1.5.) (1.6) 

M(Az, Bz, qt) ≥ M(Sz, Tz, t)  * M(Az, Sz, t) * M(Bz, Tz, t)  * M(Az, Tz, t) 

= M(Az , Az , t)  * M(Az , Az , t) * M(Bz ,Bz , t)  * M(Az , Az , t) 

≥ M(Az ,Bz , t) 

⇒ Az = Bz            

…………………………………...(1.7) 

 

Again from (iv) and (1.4) to (1.7) 

M(Az, Cz, qt) ≥ M(Sz, Tz, t)  * M(Az, Sz, t) * M(Cz, Tz, t)  * M(Az, Tz, t) 

= M(Az, Az, t)  * M(Az, Az, t) * M(Cz, Az, t)  * M(Az, Az, t) 

≥ M(Az ,Cz, t) 

 

and so Az = Cz                    

…………………………………...(1.8) 

from (1.4) (1.5) (1.6)(1.7)(1.8) 

Az = Bz = Cz = Sz = Tz = Uz                              

…………………………………...(1.9) 

now we show Cz = z 

 

from (iv) 

M(Ax2n ,Cz , qt)  ≥  M(Sx2n , Tz , T) * M(Ax2n , Sx2n , t) * M(Cz , Tz , t) * M(Ax2n , Tz , t) 

which implies that 

as taking n → ∞ and using (1.9) 

M(Z, Cz, qt) ≥M(Z, Tz, t)  * M(Z, Z, t) * M(Cz, Tz, t)  * M(Z, Tz, t) 

≥ M(Z, Cz, t)  * M(Cz, Cz, t)  * M(Z, Cz, t) 

≥ M(Z, Cz, t) 

and hence Cz = z 

 

Similarly, 

M(Ax2n ,Uz , qt) ≥ M(Sx2n , Tz , t) * M(Ax2n , Sx2n , t) * M(Uz , Tz , t) * M(Ax2n , Tz , t) 
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which implies that as taking n → ∞ and using (1.9) 

M(z, Uz, qt) ≥ M(z, Tz, t)  * M(z, z, t) * M(Uz, Tz, t)  * M(z, Tz, t) 

≥ M(Z ,Uz , t)  * M(Uz ,Uz , t) * M(Z ,Uz , t) 

≥  M(z ,Uz , t) 

and hence Uz = z 

 

and hence Cz = z = Uz thus from (1.9) 

z is a common fixed point at A ,B ,C , S , T and U. 

 

For uniqueness 

Let z1 be another common fixed point of A ,B ,C , S , T ,U then 

M(z , z1 , qt) = M(Az ,Bz1 , qt) 

≥  M(Sz , Tz1 , t)  * M(Az , Sz , t) * M(Bz1 , Tz1 , t)  * M(Az , Tz1 , t) 

≥  M(z , z1 , t), 

furhter z = z1 This is proof of the theorem. 

IV. References 

[1]  B. Singh, “ Fixed Point Theorem in Fuzzy Metric Space by using Occassionally Weakly Compatible Maps”, International Journal 

of scince and technology April 2013 volum 9(1)526-531. 

[2]  S. Manro, S. S. Bhatia and S. Kumar, “Common Fixed Point Theorems in Fuzzy Metric Space”, Annals of Fuzzy mathematics and 
informatics Volume 3, No. 1, January 2012 p.p. 151-158. 

[3]  P. Tirado, “Contraction Mapping in Fuzzy Quasi Metric Space and [0.1] Fuzzy Posets”, Fixed Point Theory, 13(2012) No.1, 273-

283. 

[4]  R. Sharma, “Common Fixed Point Theorem of Weakly Compatible Mapping under a New Property in Fuzzy Metric Space”, 

Network and Complex System Vol.2, No. 4, 2012. 

[5]  S. Kumar and B. fisher, “A common Fixed Point Theorem in Fuzzy Metric Space, Properly (E.A.) and Implicit Relation”, Thai 

Journal of mathematics volume 9 (2011) number:21-28. 

[6]  S. H. Cho, “On Common Fixed Point Theorem in Fuzzy Metric Space”. J. Appl. Maths and Computing Vol. 20 (2006), No. 1-2 pp. 
523-533. 

[7]  B. Singh and M.S. Chouhan, “Common Fixed Point of Compatible Maps in Fuzzy Metric Space”, Fuzzy sets and System 115 

(2000)471-475. 

[8]  A George and P. Veeramani, “On Some Results of Analysis for Fuzzy Metric Space”, fuzzy sets and system 90(1997) 365-368. 

[9]  A George and P. Veeramani, “On Some Results of Analysis for Fuzzy Metric Space”, fuzzy sets and system 64(1994) 395-399. 

[10]  M. Grabic, “Fixed Point in Fuzzy Metric Space”, Fuzzy sets and system 27 (1988) 385-389. 

[11]  L.A. Zadeh, Fuzzy sets, Inform and control 8 (1965) 338-353. 


