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. Introduction

The concept of fuzzy sets was introduced initially by Zadeh [11]. Since then, it was developed extensively by
many authors and used in various field. George and Veeramani modified the concept of fuzzy metric space
which introduced by Kramosil and Michalek. The concept of compatibility in fuzzy metric space and proved
some common fixed point theorems in fuzzy metric space in the sense of George and Veeramani with
continuous T - norm* defined by

a*b<=min{a, b} forall a,b € [0, 1]

In this paper we have a generalization of the result obtained in [6]. We characterize the condition for three
continuous self mapping of complete fuzzy metric space have a uniqgue common fixed point.

I1. Preliminaries

A binary operation * : [0, 1]x[01] — [0, 1] is called a continuous t — norm if ([0, 1], *) is an abelian
topological monoid with such thata * b<c * d whenevera< c, b <d forall a,b,c,d,e[0,1].

The 3 tuple (X, M, *)is called a fuzzy metric space [11] if X is an arbitrary set, * is a continuous t — norm
and M is a fuzzy set on X? x (0 ,o0) satisfy the following condition.

) Mx,y,)>0

@M,y )=1,ifandonlyifx=y

@) M(x,y ) =M(y, x, 1)

AHMX,y 1) *M(y,z,s)<M(X,z,t+5)

(5) M(x,y:):(0,0)— [0, 1] is continuous, forall x ,y,z € Xand t, s >0.
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A sequence {x,} in a fuzzy metric space (X ,M, *) is called cauchy sequence if for every € > 0 and each t > 0
there exist n, € N such that M (Xn , Xn+p , t) > 1- € foralln>n, and t > 0.

A fuzzy metric space in which every cauchy sequence is convergent is said to be complete. A sequence {x,} in a
fuzzy metric space (X ,M, *) is called cauchy sequence if for each € > 0 there exist n, € N such that M( X, , Xn,
,)>1-€eforalln,m>n,

Self mapping A and B of fuzzy metric space (X ,M, *) is said to be compatible [4] if limy_., M(ABX,
BAX, t) =1.

I11. Common Fixed Point Theorem

Let (X, M, *) be a complete fuzzy metric space and let A ,B ,C, S, T ,U be mappings from X in to it self such
that the condition are satisfied.

(i) AXcTX BXcSX BXcUX,CXcTX

(if) S, T and U are continuous.

(iii) The pair [A, S], [B, T] and [C ,U] are compatible.

(iv) There exist g € (0, 1)such thatevery x ,y,z € Xandt >0

M (Ax, By, Cz, qt) > M (Sx, Ty, Uz, t) *M (Ax, Sx, t) *M (By, Ty, t) * M (Cz, Uz, t)
*M (Ax, Ty, t) *M (By, Uz, t)

then A, B, C, S, T and U have a unique common fixed point in X.

Proof.

Let X, € X from (i) there exist x; € X such that Ax, = T x; and for this x; € X from (i) there exist x, € X Such
that BXl = SX2

and for this x, € X from (i) there exist x5 € X such that Bx, = U X3

and for this x3 € X from (i) there exists x4 € X such that that Cxz =T X4

Inductively we can find a sequence {y, } in X as follows

Yone1 = TXon1 = AXopp

Yon = SXon = BXap-

Yont1 = UXoney = BXap

Yon2 = TXoneo = CXopag, forn=1,2,3 ————

from (iv) we have

M {Yani1, Yons2, Yanezs Gt} = M (AXan , BXani1, CXanst, )
>M (SXon , TXons1, UXonsr, 1) * M (AXan , SXon , 1)
*M (BXon+1, TXone1, £) * M (CXonst , UXonses, 1)
*M (AXzn , TXone1 , £) * M (BXons1 , UXoneg , 1)

=M(Yan s Yons1,Yone1 s ) * M(Yane1, Yon o ©) *M(Yanszs Yoneas 1)
* M(Yans2, Yane1 ) *M(Yane1 s Yanea 1) * M(Vanez s Yonet)
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>M(Yane2 s Yonet s £) * M(Yonet s Yon o 1)

we have

M(Yzn+1 » Yonez » Yonez » Ot) = M(Yanea , Yon 5 1)

Similarly we have also

M(Yzn+2 » Yones » Yones » Ot) = M(Yansz , Yonea » 1)

Thus we have (generalize)
M(Ynet s Ynez s Yoez s Q) 2 MYn s Yoer , ) forn=1,2,3............... and so on Then

M(Yn , Yot ©) = MYn , Yast » V@) = MYz s Yot s Y0P o >M(y1, Yo, t/q") — 1

as n — oo and hence M (yp , Yn+1,t) — 1 as n — oo for any t > 0 for each €> 0 and each t > 0 we can choose n,
€ N such that M (Y, , Yn+1, t) > 1— € for all n>n, for m, n, € N we suppose m > n then we have

M(Yn, Y s ©) > M(Yn, Yasrr s £/ MN) * M(Yns1 s Yosz, t/M-0) oo, * M(Yme1» Y, t/ mM-n)
>(m-n)/(I-€) ......... (1-€)
>(1-€)

and hence y, is a cauchy sequence is X since {X, M, * } is complete y,, converges to some point zeX and so
{Axan2 1 {SX%an H{BXon-1 {TXan1 HBXsn1 3 {TXone2 H{UXonis HCXane1 }

also converges to z then

ASXon — SZ (1.2
BTXona— TZ (1.2)
CUxyp41 — Uz

from (iv)

M (ASXp, BTXn-1, qt) = M (SSxon, TT Xap-1, 1) * M (ASXpn, SSXon, t) * M (BT Xap-1, TT Xop-q, £) * M (ASX,, TT
Xan-1, 1)

Taking n — oo using (1.1) (1.2)

M(Sz,Tz,qt)>M(Sz,Tz,t) *M(Sz,Sz,t) *M(Tz,Tz,t) *M(Sz, Tz,1t)

> M(Sz,Tz,t) *M(Sz,Tz,t)

M(Sz, Tz, 1)

andhence SZ=Tz (1.4)

IV

Again from (iv) and [6]

M(ASXZn ,CUXon41 » qt) > M(SSXZn JWUUop+1 t) * M(ASXZn , SSXon, , t) * M(CUX2n+1 JUUXon+1 » t) * M(ASXZn
:UUX2n+1 [l t)

Taking n —oo 1 ad using (1.1)(1.2)(1.3)
M(Sz ,Uz, qt) > M(Sz Uz, t) * M(Sz, Sz, t) *M(Uz ,Uz,t) * M(Sz ,Uz, 1)

AIJRSTEM 13-356; © 2013, AIJRSTEM All Rights Reserved Page 100



G.P.Pandey et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, 4(2), September-
November, 2013, pp. 98-102

>M(Sz ,Uz,t) *M(Sz,Uz,1)
>M(Sz Uz, t)
S SZ=Uz (1.5)
Now again from (iv)
M(Az, BTXzn.1, Qt) > M(Sz, TTXon.1 , t) * M(AzZ, Sz, t) * M(BTXn.1, TTXon.1, )*M(AZ, TTXp0.1, 1)
Which implies that taking limit as n — oo and using (1.2) (1.3) (1.4)
M(Az, Tz, qt) > M(Sz, Sz, t) * M(Az, Tz, t) * M(Tz, Tz, t) * M(Az, Tz, t)
>M(Az, Tz, t)

andhence Az=Tz (1.6)

From (v), and (1.4) (1.5.) (1.6)

M(Az, Bz, gt) > M(Sz, Tz, t) * M(Az, Sz, t) * M(Bz, Tz, t) * M(Az, Tz, 1)
=M(Az,Az,t) *M(Az,Az,t)*M(Bz ,Bz,t) *M(Az,Az,t)
>M(Az Bz, 1)

= Az=Bz

Again from (iv) and (1.4) to (1.7)

M(Az, Cz, qt) > M(Sz, Tz, t) * M(Az, Sz,t) * M(Cz, Tz, t) * M(Az, Tz, 1)
=M(Az, Az, t) * M(Az, Az, t) * M(Cz, Az, t) * M(Az, Az, t)

>M(Az ,Cz, 1)

and so Az=Cz

from (1.4) (1.5) (1.6)(1.7)(1.8)
Az=Bz=Cz=Sz=Tz=Uz

now we show Cz =z

from (iv)

M(AXz, ,Cz, qt) = M(SXan, Tz, T) * M(AXan , SXon, 1) * M(Cz, Tz, t) * M(AXzn, TZ , 1)
which implies that

as taking n — oo and using (1.9)

M(Z, Cz, qt) >M(Z, Tz, t) * M(Z, Z, t) * M(Cz, Tz, t) * M(Z, Tz, 1)

>M(Z, Cz,t) *M(Cz, Cz,t) *M(Z, Cz,t)

>M(Z, Cz, 1)

and hence Cz=1z

Similarly,
M(AXz, ,Uz , qt) = M(SXan, TZ, t) * M(AXan, SXon 1) * MUz, Tz, t) * M(AXan, T2z, 1)
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which implies that as taking n — <o and using (1.9)
M(z, Uz, qt) > M(z, Tz, t) * M(z, z, t) * M(Uz, Tz, t) * M(z, Tz, t)
>M(zZ ,Uz,t) *M(Uz ,Uz,t)*M(Z,Uz,t)
> M(z ,Uz, 1)

and hence Uz =z

and hence Cz = z = Uz thus from (1.9)

z is a common fixed pointat A ,B,C,S, T and U.

For uniqueness

Let z, be another common fixed point of A ,B,C, S, T ,U then

M(z, z;, qt) = M(Az ,Bz, , qt)

> M(Sz,Tzy,t) *M(Az,Sz,t) *M(Bzy, Tzy,t) *M(Az, Tz, 1)
> M(z, z,,t),

furhter z = z; This is proof of the theorem.
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