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Abstract: In this paper we study the concept of edge critical graph w. r. t K - tuple Domination. We have
derived characterization of edges which are responsible to increase or decrease K - tuple Domination
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l. Introduction:

Suppose G is a graph. Sisa ) set. If we remove an edge from graph or if we add an edge between

two non-adjacent vertices then domination number increase , decrease or remains unchanged. This topic has
been studied by several authors. Reader may refer to references. We shall prove results regarding this
phenomenon for K - tuple Dominating Set.

Definitions 1: K — tuple dominating set: Let G be a graph and K be an integer , K > 2. A subset S of V(G) is
said to be a K — tuple dominating set if following conditions satisfied.

(1) If VES then Vv isadjacentto at least K - 1 vertices of S.

(2) 1fvgS then v isadjacent to at least K vertices of S.
Definitions 2: Minimal K — tuple dominating set: A K — tuple dominating set S is said to be a minimal K —

tuple dominating set if no proper subset S° & S is a K — tuple dominating set.

Definitions 3: Minimum K — tuple dominating set: A minimal K — tuple dominating set with minimum
cardinality is called minimum K — tuple dominating set.

Definitions 4: _K — tuple domination number:  The K — tuple domination number Yt of a graph G equals

the minimum cardinality of a K — tuple dominating set in G.
Note: It is useful to partition the Edges of G into two sets according to how their removal affects K — tuple
domination number.

Let E=E,," U E° for
Ei” ={e€E(G)/ 7« (GC—-e)>r-(G)}
EKTO ={ecE(G)/y: (GC—e)=r(G)}
1. ASSUMPTION:
(1) In this paper, we have assumed that K is any integer and K Zl .
(2) All graphs considered are simple.
(3) If U and V are end vertices of any edge € then € will also be denoted by e=uv

(4) We consider only those graphs for which the minimum degree is at least K+1. So when an edge is
removed, the resulting graph has minimum degree at least K.
Note: First we consider the case of removing an edge from given graph. It may be noted that in this case K —
tuple domination number of graph will not decrease.

Lemma5: Let G beagraphand €=UV be an edge of graph G then 7, .+ (G —€) = 7, (G).
Proof: Let G be agraph and €=UV be an edge of graph G.
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Suppose kT (G —6) < Ykr (G) .LetThe Yr setof G _{e} . then |T | < Ykr (G)
There are four possibilities for )yt set T of G —{e} :

wueT,veT @ugT,vgT @ uelT,veT @ ugT,veT

In all cases, T is a K — tuple dominating set in graph G also and |T | < VKT (G)

which is a contradiction. So Ykt (G _e) < Ykt (G) is not possible.

so, 7kt (G—€) 2 77 (G)

Theorem 6: Anedge €=UV € EKT+ <> (forevery Ykt setS of graph G)
(1) ueS,vgS and Vv is adjacent to exactly K vertices of Sincluding U .

(2 ueS,veS then Vv is adjacent to exactly K —1 vertices of S including U or  Uis

adjacent to exactly K —1 vertices of Sincluding V .
Proof: < (Sufficient)

LetShea )kt setof the graph G and €=UV . Suppose one of these two conditions holds.
Now if we remove an edge €=UV then S will not be a K — tuple dominating set in graph G —{e} .This is
true for every )kt setS of graph G. so, by lemma5, Ykt (G - e) > Ykt (G) )
Suppose Yk (G _e) = YT (G) .Let T be Ykt setingraph G —{E} with |T | = | S | .
Casel: UeT,vgT . By definition of K — tuple dominating set V will be adjacent to at least K vertices
of T of G — {e}. Consider the graph G, T will be K — tuple dominating set in graph G also and |T | = | S | .

So, T will be Ykt set of graph G also. Moreover U€T ,vgT and V is now adjacent to at least K + 1
vertices of T including U . which contradicts condition (1).

Case 2: UeT,veT . By definition of K — tuple dominating set V will be adjacent to at least K — 1
verticesof Tand U will be adjacent to at least K — 1 vertices of T. Consider the graph G, T will be K — tuple
dominating set in graph G also and |T | = | S | . So, T will be Ykt set of graph G. Moreover

ueT,veT and Vv is now adjacent to at least K vertices of T including U in G and U is now

adjacent to at least K vertices of T including V in G. which contradicts condition (2).

So, Ykt (G-e) = Ykt (G) is not possible. So, YT (G—e) > VT (G) ang €=UV €
+

EKT :

= (Necessity)

Let €=UV € E, ;" means removal of edge €=UV increase K — tuple domination number. Let S be

YT setfor graph G.
(1) Let UgS,vgS . Then S is a K — tuple dominating set in G — {e}. Hence

Ykt (G —e) < Vet (G) . Whichisa contradiction.
(2) Let U€S,V&S . (a)Suppose V isadjacent to at least K +1 vertices of S including U .Then

removing €=UV still V will be adjacent to at least K vertices of Sand € =UV & EKT+ .

Which is a contradiction. (b) Suppose V is adjacent to at most K —Llvertices of S including U
.Then Sisnota K — tuple dominating set. Which is a contradiction.
So, €=UV then ueS,vgS and V isadjacent to exactly K vertices of S including U .
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(3) Let UES,VES (a) Suppose V s adjacent to at least K vertices of S including U .Then
removingt €=UV still V will be adjacent to at least K—1 wvertices of S and

e=uv ¢ EKTJr Which is a contradiction. (b) Suppose V is adjacent to at most K —2
vertices of Sincluding U .Then Sisnota K — tuple dominating set Which is a contradiction.
So, €=UV then u€S,veS and V is adjacent to exactly K —1 vertices of S including
U . Similarly U is adjacent to exactly K —1 vertices of S including V .
0
Theorem 7: Anedge €=UV € E,;" < Thereexista Yyt setSof graph G such that
@ ugS,veS
2 ueS,veSand Visadjacentto atleast K +1vertices of S.

@) UES,VES then UANAV are adjacent to at least K vertices of .
Proof: <= (Sufficient) Suppose one of these conditions hold.

Then if we remove edge €=UV thenstill Sisa K — tuple dominating set in graph G —{e} also.

Therefore S is a  minimum K — tuple dominating set in G —{e}. S0,
— — _ 0

Ve G—{e}) =[S|= 7 (G) .so, €=UV € E,; .

= (Necessity)

0
Let E=UV € E,;  means removal of €=UV does not affect K — tuple domination number. Let S be

a Ykt setof G — {e} then |S|= Ykt (G).
Let (1) UEZS,VES then theorem is proved.
Let2 UES,VZS. so, V is adjacent to atleast K vertices of S in G — {e} .Hence V is adjacent

to at least K + 1 vertices including U of Siin G. Thus Sisa )kt set of G. Which satisfies required
Conditions.
Let 3 UES,VES Now U andVv are adjacent to at least K —1vertices of S in G — {e} .Hence

uandv are adjacent to at least K vertices of Sin G. Thus Sisa )kt set of G which Satisfies required
conditions.
Example 8: Here we give an example of a graph which represents K — tuple (K=2) dominating set and edge
whose removal does not affect K - tuple (K=2) domination humber.
Graph G
Graph G — {uv}

u \' u \'

0
here we can see that all edges €=UV € E 1

Example 9: Here we give an example of a graph which represents K — tuple (K=2) dominating set and edge
whose removal Increases K - tuple (K=2) domination number.
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Graph G Graph G — {uv}
v %
.
here we can see that all edges €=UV € E,;

Note: Now we consider the case of adding an edge between two non-adjacent vertices of given graph. It may be
noted that in this case K - tuple domination number of graph will not Increase .Moreover In this section we
assume that the Minimum degree of given graph is at least K.

Theorem 10: Let UANAV  be two non — adjacent vertices of graph G and €=UV then
Ykt (G+{e}) < Ykt (G) < ThereisasubsetSof V(G)suchthat | S| < Ykt (G)

and following conditions hold.
(1) (@ Ue S,vgSand vis adjacent to exactly K —1 vertices of S.

(b) Sisa K — tuple dominating set in the sub graph G —{V} .
@ (@ UeS,veSand Visadjacentto exactly K —2 vertices of S .

(b) Sisa K — tuple dominating set in the sub graph G —{V} .
Proof: <= (Sufficient)

Let S be subset of V(G) such that | S | < Ykt (G) and one of given conditions hold.
Sisa K — tuple dominating set in G—{V} but not in G. So, O +{V} willbe K — tuple
dominating setin graph G . Ifwe add €=UV then Swillbe K — tuple dominatingsetin G +{€}

and | S| < 7 (G)
So, Ykt (G +{e}) < Ykt (G)

= (Necessity)
Letsbea Vyr setin G+{€} then | S| < ¥y (G)
Let UaNdV pe two non - adjacent vertices and Ykt (G +{UV}) < Yx1 (G)
(1) Suppose U€& S V& S Heresisa K — tuple dominating set in G also which is not possible as
|S| < 7k (G)
(2) Suppose U€E S V& S Now by theorem 6, V isadjacent to exactly K vertices of S including
U in G+{€} .V isadjacenttoexactly K —1 vertices of S.
(3) Suppose U€E S , V& S . Now by theorem 6, V isadjacent to exactly K —1vertices of S
including U in G+{e} Vi adjacent to exactly K — 2 vertices of S.

Example 11: Here we give an example of a graph which represents K=2 tuple dominating set and effect of

edge addition between two non — adjacent vertices of graph. Here )/t (G + UV) < Vo1 (G)

AIJRSTEM 13-324; © 2013, AIJRSTEM All Rights Reserved Page 62



D. Thakkar et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, 4(1), September-
November, 2013, pp. 59-63

o0 OO0 o0 (O
Graph G Graph G + {uv}
REFERENCES
[1] C.L.Suffel, D.Bauer, F.Harary, J.Nieminen. : Domination alteration sets in graphs. : Discrete Math. 47:153-161,1983 .
[2] D.K.Thakkar and J.C.Bosamiya. : Ph. D Thesis, “Graph Critical With Respect To Variants of Domination”, 2011.
[3] D.K.Thakkar and J.V.Changela, : Ph.D Thesis, Saurashtra University, “Mathematical Modelling”, 2011.
[4] J.F.Fink, J.Roberts, M.S.Jacobson, L.F.Kinch. On graphs having domination number half their order. Period. Math Hungar.
16:287-293,1985

[5] H.B.Walikar and B.D.Acharya. :Domination in critical Graphs : Nat. Acad. Sci. Lett.2:70-72,1979.
[6] Teresa W. Haynes, Stephern T.Hedetniemi, Peter J. Slater Title: changing and unchanging Book: Fundamental of Domination

Publisher: Marshel decar-1998.

AIJRSTEM 13-324; © 2013, AIJRSTEM All Rights Reserved Page 63



