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I. Introduction 

Extrapolation is the process of estimating, beyond the original observation interval, the value of a variable on the 

basis of its relationship with another variable. Extrapolation is subject to greater uncertainty and a higher risk of 

producing meaningless results. Extrapolation may also mean extension of a method, assuming similar methods 

will be applicable. Extrapolation may also apply to human experience to project, extend, or expand known 

experience into an area not known or previously experienced so as to arrive at a (usually conjectural) knowledge 

of the unknown [4] (e.g. a driver extrapolates road conditions beyond his sight while driving). Linear 

extrapolation means creating a tangent line at the end of the known data and extending it beyond that limit. Linear 

extrapolation will only provide good results when used to extend the graph of an approximately linear function or 

not too far beyond the known data. 

A sound choice of which extrapolation method to apply relies on a prior knowledge of the process that created the 

existing data points. Some experts have proposed the use of causal forces in the evaluation of extrapolation 

methods [5]. Crucial questions are for example if the data can be assumed to be continuous, smooth, possibly 

periodic etc. 

If the two data points nearest the point   to be extrapolated are             and         linear extrapolation [7] 

gives the function: 

            
       
       

           

                                                                                                                                                           

Extrapolation attempts to predict future data by relying on historical data, such as estimating the size of a 

population a few years from now on the basis of current population size and its rate of growth. It may be valid 

where the present circumstances do not indicate any interruption in the long-established past trends. However, a 

straight line extrapolation (where a short-term trend is believed to continue far in into future) is fraught with risk 

because some unforeseeable factors almost always intervene. 

II. Derivation of generalized extrapolation formula 

We know that Newton’s formula of forward interpolation [3,7] in terms of     and u is given by 

 

Abstract: We are proposing a generalized form of extrapolation formula for approximating the values of a 

dependent variable under five initial conditions (arguments) based on rate of changes of that variable 

corresponding to an independent variable (derivative of dependent variable with respect to independent 

variable). As the approximate values of dependent variable may fluctuate from the exact solution values for 

truncation & round-off errors, we are trying to minimize the fluctuation by adding proper correcting factor. 

Here correcting factors will be obtained from fifth order finite difference [6,7] of the first one of given 

initial values. Also, we will compare approximate values with exact solution values by highlighting relative 

errors (expressed in percentage). 
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Now, integrating (2) over the interval          to        . i.e.,       to        we obtain  

 

     

       

      

    

 

 

  
 
     

 
 
      

 
    

 
 
           

 
    

 
 

  
                

  
    

 
 
                       

   
    

 
        

           
           

 
 
  

 
   

 
 
 

 
 
  

 
 
  

 
     

 
 
 

 
 
  

 
           

 
 

  
 

  
 
  

 
 
   

 
 
    

 
         

 
 

 

   
 
  

 
     

    

 
 
    

 
          

 
        

    

                              
 
  

  

 
 
  

 
    

 
  

  

 
 
  

 
 
  

 
 
  

 
     

 
 

  
  

  
 
  

 
 
  

 
 
  

  
 
  

 
 
  

 
     

 
     

  

   
 
  

  
 
    

  
 
  

 
 

  

   
 
  

  
 
    

  
 
  

 
     

 
 

  
  

   
 
  

  
 
   

  
 
   

  
 
  

  
 

  

   
 
  

  
 
   

  
 
   

  
 
  

  
     

 
      

                  
 
  

  

 
 
  

 
    

 
  

  

 
 
  

 
 
  

 
 
  

 
     

 
 

  
  

  
 
  

 
 
  

 
 
  

  
 
  

 
 
  

 
     

 
     

  

   
 
  

  
 
    

  
 
  

 
 

  

   
 
  

  
 
    

  
 
  

 
     

 
 

  
  

   
 
  

  
 
   

  
 
   

  
 
  

  
 

  

   
 
  

  
 
   

  
 
   

  
 
  

  
     

 
      

                                                                                                                                                         

Neglecting the terms containing    and higher orders and substituting           , from (3) we get as 

followings 
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Now, we can put               in equation (4), for better approximation putting     , then we get as follows 

      
 

    
                                                           

 
 

                                                  
 

                                                    
 
 

                                                
 

                                              
 
  

                                                  
     

 

    
 

         
 

    
                                      

 
 

                                  
 
                                  

 
 

                                
 
                              

 
 

                                
     

 

    
 

                                                                                                                                                             

Thus, the above formula takes the form as 
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Here the correcting factor is taking as 

                                   
     

 

    
 

                                                                                                                                                       

III. Particular forms 

Finally, for particular use putting                  in (6) and (7), then we obtain 

      
 

    
      

 
       

 
       

 
       

 
       

 
  

      
 

    
        

 
        

 
         

 
         

 
        

 
  

       
 

    
         

 
          

 
          

 
          

 
         

 
  

       
 

    
         

 
          

 
          

 
          

 
          

 
  

       
 

    
          

 
           

 
           

 
           

 
          

 
  

With the corrector factors as  

    
        

 

    
            

          
 

    
             

           
 

    
        

            
 

    
        

     
            

 

    
 

Here for corrected approximate values of     , we have to add     with    . Also for    fifth finite difference 

will choose as zero and with    fifth finite difference for other approximate values to be chosen.  

       
          

Above formula is the required generalized extrapolation formula. 

IV. Numerical examples 

Problem-1:                                                                     

                                                                       
                                                   

                                      

Problem-2:                                                                     

                                                                         
                                                 

                                          
Problem-3:                                                                   
                                                                      

                                                    
                                            
Problem-04:                                                                  
                                                                      

                                                    
                                       

Problem-05:         
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V. Quantitative comparison of numerical results 

 

 

 

 

 

 

VI. Conclusions 

From above comparison table we have shown that proposed generalized extrapolation formula gives very good 

accuracy upto 10
th

 approximate values of dependent variable. Also, 12
th 

approximate value of dependent 

variable is in a good accuracy. But the next approximate values of dependent variable fluctuated much. The 

approximate values of dependent variable may fluctuate from the exact solution values for truncation & round-

off errors. Also, this fluctuation occurred for taking     is equal to zero.  We will try to overcome this problem 

of fluctuation at next. Moreover, we have seen that for the smaller   (step size) the proposed formula gives 

better accuracy and fluctuation increases simultaneously with   .  So, we can conclude that generalized 

extrapolation formula is efficient to obtain the approximate values of dependent variable for smaller   and for 

any   it will provide a good accuracy at least upto 12
th 

approximations. Further, we will try to 

implementgeneralized extrapolation formula in real world problems. 
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