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Abstract: Our purpose in this paper is to define a linear operator D,;,, and taking the advantage of the
Hadamard product (or convolution) to associate it with the generalized hypergeometric function, obtaining
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1. INTRODUCTION

Let A = A(U) denote the class of all analytic functions in the open unit disc
U ={ze C: |z| < 1}.
Consider
Q={w eA: w(0) =0and |w(z)|<1} (ze U}, (1.1)
the class of Schwarz functions.

ForO< a <, let
P(a) = {p€ A: p(0)=1 and Re(p(2)) >a } (z€ V). (1.2)

Note that P = P(0) is the well-known Carathéodory class of functions.

The classes of Schwarz and Carathéodory functions play an extremely important role in the theory of analytic
functions and have been studied by many authors.

It is easy to see that

pe P( ) ifand only if 22°% € P(a). (1.3)
The following lemmas are needed for proving our results

Lemma 1.1 [10] Let p € A. Then peP(«) if and only if there exists weQ such that

p(z)=1_(if+2;v(z) (z€ V). (1.4)

Lemma 1.2 [10] (Herglotz formula) A function pe A belongs to the class P if and only if here exists a
probability measure u(x) on dU, such that

P@)=J 1oy o () (z€ V). (15)
Let fand g be functions in A. The function f is said to be subordinate to g, or g is said to be superordinate to f

if there exists a function w €Q, such that f(z) = g(w(z)).

In such a case, we write

f <g orf(z) <g(z) (ze V).

If the function g is univalent in U, then we have ( see [9] )

f(z) <g(z (ze U) & f(0) = g(0) and f(U) < g(V).
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Let X, denote the class of all meromorphic functions f of the form
f(2) =277 + X sp @ 25 (pEN={1,23,.. }), (1.6)
which are analytic and p-valent in the punctured unit disc U*= U\{0}.
Denote by X the subclass of Z,consisting of functions of the form
fz)=2z"7+ Z,‘leﬂ, ay z%, a, =0 (z€ U). .7
A function fe ,, is meromorphically multivalent starlike of order a (0 < a < 1) see [1] if

_ 1 zf1(z)
Re{>“"2}>a (z€ V).

The class of all such functions is denoted X ().
If fe X, is given by (1.6) and g€ X, is given by
0@2) = 277 + By by 2 (2€ U,
then, the Hadamard product (or convolution) of f and g is defined by

()@= 277 + Xilryp axby 2° = (@N@), (PEN, z€ U”).

Now, for functions f(z)€ Z,, in the form (1.6) we define the linear operator
Dp;: X, — I, as follows
Dglaf(z) =f(z) and Dy, }f(z) = f(z) (0< A< p; pEN, ne N, = N U{0}; ze U"),
Dy f(2)= Dy af(2)= (1+2p*)f(2)+Apzf (2),

or
Dy af(z) = 27 P+X 14 (1 + Ap* + Apk)ay 2%,

therefore

D if(2) = 2P+ 55,4, (1 + Ap? + Apk)tay 2* (1.8)
Dpif(z) =z P+EE 4, S ey 2 (19)
where

85, (4,p,n)=(1 + Ap? + Apk)™.

By simple calculations and using (1.9), we can easily verify that

Apz[Dyf(z)]" = "”f(z) 1+ /1p2)D (1.10)
Following the same manner as in H. Orhan et al. [10], we use the linear operator Dy ; to define a subclass of

the class Z,, as follows

Definition 1.3. A function fe Z,, is said to be in the subclass Dy, («, y) if it satisfies the condition
lZ(DEAf(Z))' lz(Dg,Af(z))r +2a—1] (1.11)
P Dpf@ P Dpif(@
for some a (0< a <1), y (0< y <1) and (ze U™).
For parameters a; €C, (j=1,..,) and p; €C\{0,-1,-2,...} (j=1,...,s), the generalized hypergeometric function
aFs(aq, ..., ag; P1, -, Bs ;2) is defined by the following infinite series (see [2,3,6]):

AFS(ty, o, @gs Buy s Bs 2)=500 sz (@< s+1; g,s € N, =NU{0}; z€ U),

+ 1<y

(B (Bs)k
where (8);, is the Pochhammer symbol (or the shifted factorial) defined (in terms of the Gamma function) by
©), = _T(@+k)_ {1 fork=0
K7 re) L@ +1)(0+2)..(0+k—1) forkeN=1{123,..}.

Corresponding to a function hy,(ay, ..., ag; By, .., Bs:2) defined by
hy(ay, ..., aq; By s Bsi2)=z7P qFs(ay, ..., @g; B1, -\ Bsi2),

Liu-Srivastava [8] defined the operator H.*(ay, ..., ag; 1, .., Bs); Zp = %, by the following Hadamard
product (or convolution)
HY(ay, ..., ag; Bry s Bs)f(2) = hp(aty, ..., ag; B, .., Bsi2)*f(2).

We also note that the definition of the operator H,"* (a;) = H,'* (a, ..., ag; P, ..., Bs) Was motivated
essentially by Dziok and Srivastava [2]. Some interesting developments involving the Dziok-Srivastava operator
were considered by (for example) Dziok and Srivastava [4], also see [6,7,11,13].

For functions belonging to Z,, and satisfying the subclass Dy ;(a,y), we define the linear operator Ly, ; , ¢
the Hadamard product (or convolutlon) of the operator Hq S(al) with elements of the subclass Dy, ; (a,y) as
follows

paqsf@=Hy’ (ay) * Dy, f ()
=27 P+ ¥R 14y U0y (1) 8 (A, p, )y, 2° (1.12)

as

where
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=1 T8 H;‘I:1 T(aj+k-p}
=—4—=— and op,(a;) =—F——"—"—.
I}, M(@y) e (@1) j=1T(Bj+k—p)
or
g,ﬂ.,q,sf(z) = Z_p+21?=1+p pk (all )'I p: n)ak Zkl (113)
where

Pr (al' A' b, Tl) :UO-k,p (al)ak ()'v b, n)'
From (1.13), follows that L7 f(z) can be written in the convolution form as

p.A.q;s
paqs(D)= (FD(), (1.14)
where
1(2)= 27 P+Xi=14p P (@1, A, p, 1) 25, (1.15)

Again following the manner of H. Orhan et al. [10], we use the linear operator L7, ; , ; to define a subclass of
the class Z,, as follows

Definition 1.4. A function fe Z,, is said to be in the subclass L3 ; , s[4, @, y] if it satisfies the condition
Lt ’ Lt '
120haqs O | g 15 bag SO o g (1.16)
D Lyags/ (@ D Lpigsf (@
forsome, ;> 0,a (0< a <1<1),y(0<y <1)and(ze U").
We consider another subclass of X, given by

LZ',:{,q,s [0.’1, a, ]/] :Z; n LZ,A,q,s [al' a, ]/] . (117)
In this paper a symmetric investigation of the subclasses L’;‘l_q‘s [ay, a,y] and L’;"}{,q‘s[al, a,y] is presented.
2. PROPERTIES of THE SUBCLASS Ly, ;. [a;, a,v]

We start with the following theorem, in terms of subordination, for a function to be in the
subclass Ly, ; 4 s[a1, @, v].

Theorem 2.1. Afunction fe ¥, isin the subclass LY ; , [y, &, y] if and only if
Z(L‘g,l,q,sf(z))’ pQRa-1)yz—p
I o @ P (ze ). (2.1)
Proof:
Let fe L [@1, @, y]. Then from Definition 1.4 we have

n pla’q’s n
12(Lp g, (@) 12(Lp 2,957 (@)

1< 2a — 1),
D D <y 5 @ T |
or
! 1A
12(Basf @) 12(L0sf @) 2
p p,a,q,sf(z) p p,/l,q‘sf(z)
or
7,2 ’
O [ D [
14 Lg_a_q_sf(z) P L;J,qlsf(z)
7,2 ’
n n
Z_EM 2v2(1 =2 _lw+21_2 2
Vi | T2 maam |72
or
(05) | (12q57)
ZLnA f(2) 12 Lng f(2)
1-y2) |- 222225 /| p[1+y2(1 — 2a)]Re{— 222" " bey2(1 — 2a)% — 1
Y00 @ [1+y*(1 — 2a)]Re)— - I (Y (1 -2a)

if y # 0, we have

1 z(L‘g'A'q'sf(z)y ’

P Lyagsf @

1-y2 > 12

!
_21+y2(1—2a) Rel_1 Z(Lg.z,q,sf(z)) 1+y2(1—2a)]2
P LyigsS@

< 1+y2(1;2a)]2 +y2(2a—12)2—1’
1-y 1-y
that is
n !
1 Z(Lp,a,q,sf(z)> 1-y2(2a-1) 2y(1-a)
Ty g 12 | ST 22)
A4S 14 14
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. . . . 1 Z(L;,A,q,sf(z))
The inequality (2.2) shows that the values region of the function F(z) = — ST @)
p,A.4,5

is contained in the disc centered at M and radius 2”(1 )
The function W = G(z) = M maps the unit disc U onto the disc
1-y2(2a-1) 2y(1-a)
W-— k72 (2.3)
Since G is univalent and F(0) = G(0), F(U) c G(U), we obtain that F(z) < G(z2), that is
!
EZ(LZ,A,q,sf(Z)> 1-2a-1)yz
P LyagsS@ 1-yz
or
n !
Z<Lp.l.q.sf(z)) pQa-1)yz-p
Lzlﬂsf(z) 1-yz
Conversely, suppose that
!
z(L%,  f(2) _ _
( 45 ) < PQaVvIp e gy, 2.4)
Lplqsf(z) 1-yz
But for y # 0, the function W = G(z )= M maps the unit disc U onto the disc
1-y2@2a-1) | _ 2y(1-a)
W-—— <=2 (2.5)
Hence
z(L? f(2 ' 2 (e _
_l ( z,l,q,s > _ 1-y (2(; 1) < 2y(1 20() (26)
D LpagsS @ 1-y 1-y
After simple calculations, from (2.6) we obtain
1z(L%‘Aq,Sf(z»r Fky llz(LpAqsf(z)) +2a—1|
P Lpagsf@ plqsf()
Therefore, we complete the proof of Theorem 2.1.
In Theorem 2.1, putting y =1 gives the following corollary
Corollary 2.2. Afunction fe %, isin the subclass Ly, ; , [;, a, 1] if and only if
Z(LE_A_q,Sf(Z))’ pQRa-1)z—p (ZE U) (27)
Lp,l.q,sf(z) 1-z

Remark 2.3. Since

L (@)
Re[M] > a, it follows that Re{lw
1- Aqsf(z)

which shows that Ly ; , .f (2) € Zj ().
Using the subordination relatlonshlp for the subclass L pags @@ Y], we derive a structural formula, first
for the subclass L , , s[4, @, 1] and then for the subclass

Lp,l,q,s [al' a, )/]-

}>a,

»,4q,5

Theorem 2.4. A function fe X, belong to the subclass L
there exists a probability measure p(x) on dU such that

k

f(2)=[z7" + Zl?:upm] *[z7Pexp([ , ,_, 2p(1 — @) log(1 — x2) du(x))] (z€ U"). (2.8)
Proof:
In view of the subordination condition (2.7) and Remark 2.3, we obtain that f € L

12 aesf @)

SRR
From Limma 1.2, we have
120 2,q5f @) - 1-(2a-1)xz

Ix 1=1

e du(x). (2.9)
Integrating (2.9) with respect to z we get
Lyaqsf (@) =z7Pexp(f , _, p(1 — @) log(1 — xz) du(x)), (2.10)

»aqs @ @ 1] if and only if

a,, a,y] ifand only if

plqs[

1-xz
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Now, from (1.16), (1.17) and (2.10) we obtain
f@)=[z 7+ Sfessp 5o 2 PP (211)
Hence
f@)=lz "+ Simrp s 2
[z7Pexp([,, _, 2p(1 — @) log(1 — xz) du(x)). (2.12)

Therefore, we complete the proof of Theorem 2.4.
Using a result of Goluzin [5] (see also [12]), we obtain the following

Theorem 2.5. Let a function fe X, belong to the subclass Ly, ; , [, @, 1]. Then
ZPL aq5f (2) < (1 = 2)?P0°9 (€ V).

Proof:

Let f€ L}, ; 4.5[@1, @, 1]. Then by Corollary 2.2 we have
Ly @) —1)z—

Z(er:'l'q's;(zz)) p(zal_lz)z i (ZE U).
p.Aqs

. 2a—1)z— . . .
The function 22%=YZP s nivalent and convex in U,

—-Z
then in view of Goluzin's result, we obtain
22(Lp 3,q,5F ©))! zpQRa-1){-p
— Db di < [[—/———=" d,
fo L;_A,q_sf(() ( fo 1-¢ (
or
(I_Z)Zp(l—(x)

10g(L3 4.6 (@) < log =2,

thus, there exists a function we Q such that
(1-w(z2)?P-®

log(L}, 54.sf (2)) = log T w@r
or
w(2)PLE ) 0 of (2) = (1 — w(2))?P0=®

which is equivalent to the required result.
2PLy pqsf (2) < (1= 2P0,
Hence, we complete the proof of Theorem 2.5
Next, we obtain a structural formula for the subclass L;, ; , s[a1, @, v].

Theorem 2.6. Let a function f€ X, belong to the subclass L ; . <[@;, @, 1]. Then

p.A.4,5
)= (277 + Ty ——1 [z Pexp(2p (1 — ) y [ 40)] (z€ U"). (2.13)
=14P py(azApn) 0 ¢(1-qw(()
where w €Q.
Proof:
Suppose that f€ LY ; , ;[a;, @, ], then from Theorem 2.1 follows that
L (2) _ _
z( g,l,q,sf z))! — p(2a’ 1)VW(Z) p (ZE U*) (214)
L asf @ 1-yw(2)
or
Uprasf@) _ pRa—Dyw@  pyw(@)+p—-pyw(z) .
L asf@ — z(-yw(2) z(1-yw(2)) (2€ U). (2.15)
or
L (2) _
Iprgsf (@) + p_ 2p(a-Dyw(z) (ZE U*) (216)

Ly a,qsF (@ z z(1-yw(2))
Taking integration of (2.16) with respect to z, we get

n IO 2w
100(2 L q5f () = 201 = @) y f} -0 g, (217)
or

- 4
L yasf (@ =zPexp 2p(1—a)y [ % dd). (2.18)

Now, from (1.16), (1.17) and (2.18) we get the result
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k
—_ oo z
@)=z + Zirsn s |

Hence, we complete the proof of Theorem 2.6.

T2 Pexp2p (1~ )y [} 7 401 (@€ U). (2.19)

Theorem 2.7. Let fe X, be givenasin (1.6). If for a (0 < a <1) and y (0<y <1)
Yieerplk(r + 1)+ p(1 +yQ2a — D)py (@1, 0,4,1)] 1, 1< 2py(1 — @), (2.20)
Then fe er;./l,q.s [ay, a,v].
Proof;
Since
f(2)= 2P+ X5 1 A 2"
We have
M =12(Ly 2,q,sf (2) )+PLy p.q,sf (@) | -y [2(L} 3,4,6f (@) +PQRa — 1) L3, 5 4.5 (2 |
= [2(27 P+ X 14 P (@1, D, A M@ Z*) +p(2 P+ TR 14 i (@1, 2, A, 1) @1 25) | -y
2(z P+ 14p P (1, P, A, )@ Z5) +p(2a — 1) (2 P+ ER-14p Prc (@1, D, A, )01 25))
= Sk + D)oy, p, Az | — v "2+ 5 (ke + p(2a = 1)pi(as, p, A m)a 24,
For 0 <|z| =r < 1, we obtain
P M < Yk + p)pr(ay, p, An) lag 1IrP* -y [2p(1 — @) —
Yic1sp(k +pQa — D)piay, p, A1) lag 177K,
or
P M< Y,k + D +p(1 +yQa — Dlpe(ay,p, An) lag 1 7P*4-2py(1 — a).
Since the above inequality holds for all r (0 <r <1, letting r—1, we have
M< Yiiiaplk(y + 1) +p(1 +yQa — Dlpk(as, p, A1) lag 1-2py(1 — ).
Making use of (2.20), we obtain M<Q, that is
12025 s (@)1 12(Lp a9 @)
;W —W +2a—1]|.
Consequently, fe Ly ; . <[a1, @, v].
Therefore, we complete the proof of Theorem 2.7.

+ 1<

3. PROPERTIES of THE SUBCLASS Ly, [a;,a,v]
In this section we prove that the condition in (2.20) is both necessary and sufficient for a function to be in the

subclass Ly [y, a,y]
Theorem 3.1. Let fe £ Then f belongs to the subclassLqu[al, a,v] if and only if

Z [y + 1) + p(1 + ¥ = Dlpiles,p A m) g < 2py(1 - @)
k=1+p

Proof;

In view of Theorem 2.7, we have to prove “only if " part.

Assume that f(z) = z7P + 37, ay z¥, a, = 0 (z € U¥), is in the subclass Lp/lqs[al'a' y].

Then
1z(L;;,A,q,sf(z))r+
| P L} 2qsf@ |= | The 1+p(k+p)pk(a1pln)akzk <y
17Cpaqs/ DL PSRkt pa-Dlp(ayp Am)agzk ’
P Ly gl @

for all ze U. Since Re(z) < |z| for all z, it follows that
Tz 14p(k+p)pr(@1 pAn)agz*

Re{ 2p(1 a) } < V- (31)

_Ek 1+p[k+p(2a 1)]pk(a1p}-n)ak2

1 (Lplqsf( z))r

We choose the values of z on the real axis such that - is real. Upon clearing the denominator in

f(2)
plqs
(3.1) and letting z —1 through positive values, we obtain

Zlc?=1+p(k + p)pk(ap pl Av n)ak S zpy(l_ a)

- Zlio=1+p )/[k + p(za - 1)] Pk (611, p, /1! n)ak’
or
Yim1plk(r + D)+ p(1 +yQ2a — )] prlay, p, A ma, < 2py(l- a).
Hence, we complete the proof of Theorem 3.1.

AIJRSTEM 13-228; © 2013, AJRSTEM All Rights Reserved Page 132



A.Juma et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, 3(2), June-August, 2013,

pp. 127-133
REFERENCES

[1] Aouf M.K.and Hossen H.M., New criteria for meromorphic p-valen tstarlike functions, Tsukuba J. Math., 17 (1993), pp. 481-
486.

[2] Dziok J., Srivastava H.M. Classes of analytic functions associated with the generalized hypergeometric function, Appl. Math.
Comput., (1999),103 pp. 1-13.

[3] Dziok J., Srivastava H.M. Certain subclasses of analytic functions associated with the generalized hypergeometric function,
Integral Transforms Spec. Funct., (2003),14 pp.7-18.

[4] Dziok J., Srivastava H.M. Some subclasses of analytic functions with fixed argument of coefficients associated with the
generalized hypergeometric function, Adv. Stud. Contemp. Math., (2002),5 pp. 115-125.

[5] Goluzin G.M., On the majorization principle in function theory, Dokl. Akad. Nauk. SSSR, 42(1935), pp. 647-650.

[6] Liu J.L, Srivastava H.M. Certain properties of the Dziok-Srivastava operator, Appl. Math. Comput., (2004),159 pp. 485-493.

[7] Liu J.L., On subordinations for certain analytic functions associated with the Dziok-Srivastava linear operator, Taiwanse J.
Math,(2009), 13 pp. 349-357.

[8] Liu J.L., Srivastava H.M., Classes of meromorphically multivalent functions associated with the generalized hypergeometric
function, Math. Comput. Modelling, (2004),39 pp. 21-34.

[9] Miller S.S. and Mocanu P.T., Differential subordinations theory and applications, Dekker, New York, 2000.

[10] Orhan H., Rw{a}ducanu D. and Deniz E., Subclasses of meromorphically multivalent functions defined by a differential
operator, arXiv: 1008.4691v1 [math.CV] 27 Aug 2010.

[11] J. Patel J., Mishra A.K., Srivastava H.M. Classes of multivalent analytic functions involving the Dziok-Srivastava operator,
Comput. Math. Appl.,(2007), 54, pp. 599-616.

[12]. Pommerenke C., Univalent functions, Vanderhoeck and Ruprecht Gattingen, 1975.

[13] Ramachandran C., Shanmugam T.N., Srivastava H.M. A. Swaminathan, A unified class of k-uniformly convex functions defined

by the Dziok-Srivastava operator, Appl. Math. Comput.,(2007), 190 pp. 1627-1636.

AIJRSTEM 13-228; © 2013, AJRSTEM All Rights Reserved Page 133



