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Abstract: The present paper is a second part of the previous one (Angelov and Zahariev, 2013) where a
lossy transmission line terminated by the same circuit of nonlinear loads is considered. Here we introduce
an operator acting in a suitable function space whose fixed point is an oscillatory solution of the neutral
system obtained in the first paper cited above. Then we formulate conditions for the existence-uniqueness of
an oscillatory solution. The conditions obtained are easily verifiable inequalities. We demonstrate the
advantages of our method by a numerical example.

Keywords: lossy transmission line, mixed problem for hyperbolic system, neutral equation, oscillatory
solution, fixed point theorem, Kirchhoff’s law.

. Introduction
The general theory and various applications of transmission line theory can be found in many monographs ([9]-
[17]). In previous papers ([2]-[7]) we have made an analysis of transmission lines (both lossless and lossy ones)
loaded by various configurations of nonlinear elements. Motivations for the present considerations in the first
part of the paper [8] are given. Since we continue the investigations from [8] this inflicts to recall briefly the
main results obtained.
Figure 1 Lossless Transmission Line Terminated by Parallel Connected
RC-Loads in Series Connected to L-Load
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As a consequence of Kirchhoff’s law the boundary conditions are derived (cf. Figure 1) and then the mixed
problem for the hyperbolic transmission line system is formulated. The reducing of the mixed problem for the
hyperbolic system leads to an initial value problem for neutral equations on the boundary. We also show that
natural solutions are oscillatory ones, tending to zero at infinity. The primary goal of the present paper is to
introduce a suitable operator whose fixed point is an oscillatory solution of the neutral system. By fixed point
method given in [1] we obtain an existence-uniqueness of an oscillatory solution and demonstrate the
application of our method to specific problems. The paper consists of five sections. In Section Il we recall the
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formulation of the mixed problem for the hyperbolic system (Telegrapher equations) and give some estimates of
the characteristics of the nonlinear loads. In Section 111 we introduce an operator presentation of the oscillatory
problem. The key role plays Lemma 3.3. In Section IV we establish existence-uniqueness of oscillatory solution
tending to zero at infinity. In Section V we demonstrate the advantages of our method on a numerical example.
We point out that for applications it is necessary to verify just simple inequalities.

Il.  The Mixed Problem and Neutral System
In the first part (see [8]) we have derived boundary conditions of the mixed problem for lossy transmission line
system and we have formulated the mixed problem: to find functions u(x,t) and i(x,t), satisfying the system

ou(x,t) N ai(x,t)
ot OX
LA Y | ity =0
at 28 2.1)
for (x,t)ell= {(x,t)e 1% :(x,t)e[0,A]x][o, oo)} and such that the following initial
u(x,0) =u(x), i(x,0) =ip(x), xe[0,A] (2.2)
and boundary conditions

C +Gu(x,t) =0,

duGOCO B

dt

dC (erc0 )

Ug,c, —i(0,t) =Gy (Ugc, ):

duGOCO

dL, (i(0,1))

IGOCO

+Co(Ugc, )}

i(0.1) BOY _ (0, - uge, (0 +Eo )

+ Lo ((0, t))}
2.3)

duGlcl

dt

dCy(ugc,)

Usc, =i(A1) =Gy (ugc, ),

+ C1(Uelcl)}

duGlcl
dLl(I(A t))

G1C1

i(A1)

Ll(i(A,t»}%:—u(A,t>+uelcl () - Ey(t)
2.4)

are satisfied. Here L, C, R and G are prescribed specific parameters of the line and A > 0 is its length.
Let us recall that we deal with nonlinear elements whose characteristics are:

Rp(i):irn(p)i”,(pzo,l), Lp(i)=ilrﬁp)i” L) =i .Lp(i)=ii|§'°>i”, Cp(u)=uC,(u)
n=1 n=0 n=0

such that _
di,(i) d(iL,(@i) dI(L() dL()J

dt  dt
dCp(u) _duCH(U) _ du dCyu))
e {cu - J(p—o,n.

From Section IV of the first part (see [8]) we have

c,h/® ~ c @, u
Cplu)=—=; C (u)=uC,(u)=—~—L—;c,>0; ®,>0; he[23];|u < ¢ <min{®y, @ };

o, —u’ P P hfd, —u
dCpu) _ p\/_( ufﬁ' dsz(U)chﬁhh(@ —u)‘%'

du du? ’
dC (u) h 1 1 4G, ey, —2he +(2h2+h+1)J
p V ® - ( p _uy hs du2 h2
(@, ~uP*h
dC, (u
Since |u] < ¢, < min{®,, @, } < min{%@o,hilcbl} thederivative dp( ) - 0. Further on we have
- - u

4, )| _ 2e,8f@, (ho,+d) _

. h
—c®
‘ U ‘_ h2 h( p_¢0)1+2h —Cp ,|u|£¢0<|n|n{h+1,cbo,d)1}:>
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dC, W) S Pp (CD _h—1¢0j= co |[7CW)| _ e, 20, +(2h2+h+1)¢0 _ce
> )=

1+h P’ 2 2
W (o ) T [T (©, g Fh
~ m
Since L, (i)=i.L,@)=i. ) I{”i" we have
n=0
dL, (i) . dL (i
%() d()+L (|)—|an(p) n‘1+2|(p)|“— Z(n+1)|(p) n
| |
4Ty
Assumptions(C): e’ (W°+‘]°)s¢0; € (W°+‘]°)£IO.
2 27,
It Pllows [u(0,t)], [u(A,b)], [i(0,1)], [i(At)| < .
m A,
Assumptions (L): fi|<Iy<oo = ”() Z(n+1)|(p), > [0 >0,
dL _
d() <Z(n+1)|(p>1 =LY, dp() <zn(n+1)|(p)1 "1,
! n=1

Assumptions (G): Go(ig,,) = Z gy (ir,)" Giliry,) = Z g (ir,)"

By the transformation

1 - 1
u(x,t):2\/E LW(x,t)———= \/6 L J(x,t),
i(x,1) = — e_%W(x f)+—2 e_%J(x 1)

= —_— +_
NI N ’

under Heaviside condition R/L=G/C system (2.1) becomes
oW (x,t) N 1 OW(xt) 0 axt 1 a(xt) _
ot JLC  x B ; JLC ox
with initial conditions
W (x,0) = v/C u(x,0) + /L i(x,0) = /C uy(xX)+ L ip(X) =Wy (X),
J(%,0) = —/C u(x,0) + VL i(x,0) = —J/C uy(x) ++/L ig(x) = Jo(x), x[0,A]
We assume that the unknown functions are W(0,t) =W (t), J(t) = J(A,t) . Then in view of
W(O,t) =W(A,t+T), JO,t+T)=J(A) =>W(O,t-T)=W(At), JO,1) =I(At-T)
the boundary conditions yield a neutral system'
_Ry Rt
duoe, () & “W(H+e L 3(-T) -2V LG (Usyg, V),
dt 2JL dCy(ug,c,)/ dug,c,

R

R
R R —t
d(e Cwiyre 1 J(t—T)J:ZOe W-ze LSt 2L Ug,c, (0 +2/LE(0),

L, i(0, 1) /dig c,

dt
", (2.5)

duge,® et W(E-T)+e b I(0)-2vL LG\(Uge, 1),
dt 2JLdCy(ug ¢, )/ dugc,

Rt
L

—zoeT( W (t—T)+Z,e '-J(t)+2x/— Lug,c, () —2vL LE()

dLl(|(A 1) /digc,
I11. Operator Presentation of the Oscillatory

R
jt [e_L(_ W(t—T)+e_LtJ(t)J=

We notice that if the neutral system (2.5) has a periodic solution
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R
——t -—t
(uGOCO ®W (), ugc, (1), J(t)) then functions e LW(t),e - J(t) are oscillatory ones and vanishing
R R
~ —t ~ —t
exponentially at infinity. Therefore we put W(t)=e L W(t), J(t)=e L J(t) and then we can state the problem
for existence-uniqueness of an oscillatory solution vanishing at infinity of the following system (we denote by
W (t), J(t) again by W(t), J(t)):

dug,c, () W) +3(t-T)—2VLGo (us,c, (1)

dt 2JL dCy(ug,c,)/ dug,c, teltio
W) __d)(t-T)  ZoWO-ZI-T) -2V Luge, O+ 2LEW | o
dt dt dLo(i(0,1)/ dig e, T
dugc, (1) W(t-T)+J()-2VLG, (ugg, (1))
11 — 171 , ;00); 3.1
dt 2L dC, (ugc, )/ dugg, telfi) (1)
) __dw(e-T)  ~ZoW(t-T)+Z 3(0) + 24/ Lugc, (1) - 2V/LE, (1) e[
dt dt dLy (i(A, 1)/ digc, ’

Ug,e, (T) =Ug,c, Uog, (T) =Uge,, WH=Wo(t), () =Jo(t),
dW(t)  dWy(t) d(t) dJq(t)
dt dt ' dt dt
We introduce an operator presentation of the oscillatory problem and by a fixed point theorem in uniform spaces

given in [1] we establish an existence-uniqueness of oscillatory solution.
Now we are able to formulate the main problem: to find a solution of (3.1) with advanced prescribed zeros on

[tg, ), T =t,, where VVO ®), 30 (t) are prescribed initial oscillating functions on the interval [0,t,] .

,te[0,T].

Let S; ={r, }x_o.n e N be the set of zeros of the initial function, that is, WO (z) =0, 50 (z) =0 such that
75 =0, 7, =T =ty. Besides max{r,,; — 7, :k =01,... N}<T,.
Let S ={t, }x_o be astrictly increasing sequence of real numbers satisfying the following conditions (C):
(C1) limt, =0
k—o0

(C2) for every k there is s <k such that t, —T =t; where t; € S; US.
It follows, that
(C3) O<inf{t, 4 —t, k=012, . }<sup{t,,; -t :k=012,..3}=T) <.

Introduce the set Cl[to,oo) consisting of all oscillatory continuous and bounded functions differentiable with
bounded derivatives on every interval [t,,t,.;].
Remark 3.1 Let us note that the left and the right derivative at the point t, of both functions W(.), J()e

Cl[to,oo) could not be coincided. That is why we introduce a suitable topology for continuous functions with
piecewise continuous derivatives.

Introduce the sets
R
-—t
Mo = {UGOCO () eCty, ) ug e, () = O/\|UGOC0 (t)| <Uge b otelt taliugc, (t) = 0},
_R;
My =<W() e C'ty, ) W (t,) =0 AW (1) <Wge b, telty byl

R
-
M; = {Uelc1 ()eClty, ) g, (t) = 0/\|UGICI (t)| sUge b telt tealiuge (to) = 0}

R
M, :{J () €Cty,0): I(t) =0A[I ()| < Joe &t e[tk,tm]}

The following assumptions will be hold:
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B(t +T

R
W(m); Jot)<dePet ),te[O,T].
0 0

Assumption (IN): ’\/Vo(thWOe‘ﬁe L
_Ry _Ry
It follows W(t-T)<Wee e L ; [J(t-T)<JeePe b, te[T,2T].
Wy +Jg
———<¢y, Ug ,Ug <¢.
2Jc T THTA TR
Remark 3.2 It follows that the functions from M, M,, , M; and M satisfy the inequalities
|ueoco(t)|sueoey(t_tk)’[W(t)|swoeﬂ(t_tk)'|UG1C1(t)|SUeleﬂ(t_tk)’|‘](t)|3~]oe”(t_tk)' telt te o (k=012..)

where Uz ,\W,, Ux , Jg, 1, LTy = 1, = CONSt. are positive constants.
Gy Wor Yg,» Jor H Hlog = Hy p

Assumption (IT):

Introduce the following family of pseudo-metrics:
pY (Ug,c, Ug,c,)=maxiug ¢ (1) —Ug c, (t)‘ ‘tefty :tk+1]}: (p=01);
PO W W) = maxW (1) ~W (Ot et teal)s (3, 3) =max{I© - TO)]:t et bl :
pY (U, cp+Us cp) = max{quCp (©)—Ug,cp (t)‘ itelt :tk+1]} (p=01);
POW W) =max W (1) ~W O]t elto. b} €3, 3) = max|I©) - T)]:t elty i a1}
P (ug ., Us,c,)= max{e_”(t_tk) Ug,c, (0=l c (t)‘ ‘telt, tk+1]} (p=02);
PO W.W) = max{e HEOW () W () e, tk+1]} P0(3,3) = maxe |0 - T0):t et bl
)(UG ., Us,c,) = maX{P(O)(UG c, Us,c, ) ,,0,, )(Ug ., Us,c )} (p=0Y);
AOWT) = map W), W] 0.5) =mao® 0,3, o00. D
Pf,k)(uepcp : LjGpcp) = max{efﬂ(tftk) Ug,c, (1) —Uepcp (t)‘ ‘et :tk+1]} (p=01);
PO W, W) = max{e*ﬂ“*ﬂrvv(t) W (t)‘ ‘telt, ,tm]} ; p1(d,3) = max{e*ﬂ“*w
P (s ¢, lig 0, ) =maxip@ (Ui s c, -0 (g, o c, ) (P =0);

ﬁilk)(\/\./,V;V)zmaX{OLO)(W,V;V),- (k)(W W)}[)(k)(‘] J) max{o(o)(\] J) (k)(j'j)}_

The foIIowing inequalities imply the equivalence of the pseudo-metric famllles
(UG ., Ys.c, )< p®(ug ., Ys.c, )<e”°,0 )(ug i, Us,c, ) (k=012..),(p=01);
(k) (k) Ty (k) (k) (k) Ty (k) — .
W,W) < p®w,W)<epldW,W), pi3,3)<p"(3,3)<e™pl0(3,3), (k=012,..);
It is easy to verify that
/A’(k)(uepcp,uepcp) = maX{P(O)(UGpcpyﬁepcp),---np(k)(ue ¢, Us cp)}S
<ef maX{P,(,O)(UGpcpvﬁepcp)v--vp,(,k)(ue ¢, Us,c )} 9#0P(k)(uepcp’ae c,);
,a(")(\N,vV)=max{p(°)(w,vV),_ POw, W)} e#To max{p(o)(\N,vV),. pOW, W)} e 50 W, W);
A(k)(J,j)zmax{ (0)(J,j),...,p(k)(J,J)}se”T" maxjo{? (3,3)...., Lk)(J,J)}ze“O/SS‘)(J,j);
pOW W) <(1/ y)p(k)NV,VV) and so on.

The set My xM,, xM;xMj turns out into a complete uniform space with respect to the family of pseudo-
metrics

A k . Y . a — 27 — F = — = -

pf, )((erco W, Ugc, 1 JUgc, Wilgc, ) (Ugc, W Ug e, 3. Ugyc, W Ug e, J)) =
~ _ ~ —\ A — ~ (K =

= max{p(k) (Ug,c, - Us,c, ) RAIATH) /O(k)(uelc1 Uqu) pY@,3),

lsik)(ueocoyﬁeoco ),ﬁf,k)(\N,\A_/),p )(Uelcl Uelcl) 9, J)} (k=012,...).

3O -30]teloteal )

Remark 3.3 Replacing t =t; in (3.1) we obtain conformity condition (CC):
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W (t5) = -3 0) +[ZoW(t6) ~ 203 0) ~ 2vT g ¢, (1) + 2VLEq i) /Ao 1(0.16)) /i, )
3(tg) =W (0) + |- ZoW(0) + Z43 (tg) + 2/Luig ¢ (1) — 23/LE; (t) (0L (A to)) /i)
If T=t, and O are zero point of the initial functions and (without loss of generality) one can assume
Ug,c, =0, Ug,c, =0and (CC) becomes W(ty) =—J(0), J (t,) =-W (0). Then the assumptions W (t,) =-J(0) =0,

J(ty) =-W(0) =0 imply (CC).

In order to avoid the problem with (CC) we define the operator
B= (Bo (Ug,c, Wi, 9) By (Ugyc, WU, » I), Bi(Ug e, W Ug e, 9), By (Ugc, - W Ug g, » ))

by the formulas

t— ey

t
Bék)(ueocoyw,uelc11\])(t):IUGO(UGOCOIW,J)(S)dS— K [Ug, (Ug,c, W, I)(s)ds, t €[ty ti,a], (k=012,...),
ty ket~ ty

tk+1

[U(ugc, W, 3)s)ds, telty,teql (k=012,...),
&

t
-t
B (Us,c, W l.c, 9)(0):= [U (g, W, I)(s)ds - —
ty k+1 7 'k

t tkil

t
Bl(k)(ueocovauslclyJ)(t)Zfuel(W:UGlcl,J)(S)dS—t K [Ug, (Ug,c, W, 3)(s)ds, t e[t t,a], (k=012,...),
ty ket e ty

t tk+1

t
t_
Bgk)(ucoc0 vauelcan)(t)5=I'(WvUGlcan)(S)dS—t x j'(W:UGlcle)(S)dS cteltotgl (k=012,...)
ty k+1 7 *k ty

where
1 W®)+I(0)-2VLGoUsc, (1)

2JL dCy (Ug,c, )/ dug,c, ’

die) | ZoW(®)-ZoI () ~2/Luge, 0+ 2L LE(®)
dt dLo(i(0,1)/dig c,

1 WO+IO-2VLG (g, (1)
VoW llae, ) =2 7 dCy(Ugc)/duge,

() —ZoW () + ZoJ () + 2/ Lugc, (1) — 2L El(t)
dt dLy (i(A, ) /digc,

: b Wolt=T)te[T,2T] . o(t=T)te[T,2T]
K(W)-W_)W(t)_{W(t—T),te[ZT,oo)’ K():2>30= {J(t T),te[2T,00)

Ug, Ug,c, W.J) =

U(ug,c, W,J)=-

IW,Ugc, J)=—

Lemma 3.1 The operator K(.) maps Cl[to,oo) into itself.
The proof is straightforward.

Lemma 3.2 If (Ugc, W, Ugc, J) € Mgx My xM; xM; then

— <-fit _ __Eit
(Bo (1), By (1), By(t), By (1)) € Mg x My, x My x M W ()] <e PWpe L, [T (1) <e”Jge L telT.2T].
Proof: We notice that By(Ugc,,W,Ugc,,J) and By(ugc, W, Ugc,,J)(t) are continuously differentiable
functions, while By, (Ugc, W, Ugc,, I)(t), B;(Ug,c, W, Ugc,,J)(t) are continuous ones. Indeed
tk+1
lim B{ (ug,c, W.gc,, ))= [ U(ug,c, W, J)(s)ds— bea =t jU(uGC W, J)(s)ds=0,
tot 10 0%’ A : 0% ! tk k P

tk+1

i t —‘t k+2
lim B{™ (ug,c, W,Ugc, . I))= [ U(ugg, ,w,J)(s)ds—k*l—tk+1 [U(ugc, W,3)s)ds =0,

tot 4 +0 -
s tia k+2 "l gy,

© 2013, AURSTEM All Rights Reserved Page 6
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tk-+-1
lim B (ugc W,uge,d)t)= [ IW,ugc ,J)(s)ds— (W, Ugc ,J)(s)ds=0,
o, (Ug,c, W, Ugc, I)(t) {[ W, ugc,I)(S) tk+1_tk {[ W, Ugc,,J3)(s)
tk+1 t t
lim B{*Y (ug,c, W,Ugc, )= | W, ugc,,I)(s)ds— 2t jl(vv Ugc,J)(s)ds =0.
t»lM#—O oLo? 4Gy ? . 4Gy ? K tk+l tk ) 1
k+1 4]
For the derivatives we obtain
t
1 k+1
U(Ug,c, W, I)(t) - [U(ug,c, W, 3)(s)ds t e [ty ty 1]
. k+1 k ty
Bu (uGoCo W Ugc,, M) = 1 ke '
U (Ug,c, W, )(t) -——— [U(ug,c, W, 3)(s)ds,t €[ty b ]
k+2 7 kL gy,
1 0w
I(W, g, )0~ [1W g, I)(s)ds,t e [ty tya]
R k+1 7 Ykt
By (Ug,c, W, Ugc, I = . -
H(W,ug e, I)(t)-——— IU(W,UGlcl,J)(S)dS,t €[ta b2l

k+2 7K+ g,
and obviously I3\,\,(UGOC0 W, Ugc, ), B, (Ug,c, W, Ugc,,J)(t) are continuous on every interval (t,t.;)

but not at t, .
Lemma 3.2 is thus proved.

Lemma 3.3 Problem (3.1) has a solution (Ug ¢, ,\W,Ugc,,J) € Mg xMy, xM; xM, if the operator B has
a fixed pointin My xM,, xM; xM,, that is,
(UGOCO vauelclv\]) =
=(By(Ug,c, W, Ugc, ) By (Ug e, Wi lgc, 9) Bi(Ug e, W Ugc, : 9). By (Ug e, W Ugc, » J)).
Proof: Let (Ugc,,W,Ugc,:J) € MgxMy, xM;xM; be an oscillatory solution of (3.1). Then after integration

(3.2)

of the equations (3.1) (recalling that ug | (T) =ug, (T)=0) we obtain

t t t t
Ug,c, (t) = J.UGO (Ug,c, W, J)(s)ds, W(t) = IU (Ugc, W,J)(s)ds, ugc, (1) = J.Uel W,ugc, ,J)(s)ds, J(t)= I IW,ugc, J)(s)ds

t 1 e t
for t e[ty t,,4], (k=012,...).
tk+1 tk+1
Therefore [U(ug,c, W, J)($)ds =W (t.1) =0,  [I(W,ugc,,d)(s)ds = J(t,;) =0, which yields (3.2).
ty t

Conversely, let B have a fixed point (Ugc,,W,Ugc,,J) € Mg xMy, xM; xM; . Then

ts Y W (S) + J (s)— 2\/—60 (Ug.c (S))
Ug (Ug e W, J)(s)ds|< = <
t.[ Gy \MGoCy IJ; 2\/— dCO (uG C (s))/dug Co ‘

W, je”(s Wds+J, je”(s

1

<—

- ¢
2L

<

tk+l n
J |UGOC0 (5)| ds
t

tk+1
n fe“”(s’tk)ds <
0

t

1
<— = W,
2JLCY t{

e#(tkﬂ_tk) -1 e/‘(tk+1_tk) -1 m
< T W, +Jg N
24 L CO H M n=1

. en/l(lm -t) -1 -

e#(tm*tk) -1

1
< Wy +3
H 2«/LC(§1)[ 0o

e(n_l),u(tkﬂ_tk)} <

© 2013, ANRSTEM All Rights Reserved Page 7
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et -1
H ZJ_ o

i1

[Ug, (Ug,c, W, 3)(s)ds

t

m
(WO +3o+2JL ) [giug e ] = Mg, (1)
n=1

If we assume #0 then in view of I|m Mg, (¢) =0 we obtain a contradiction. It

tk+l

.[UGU (UGOCO W, J )(S)dS

ty

follows =0. In analogous way we conclude

tkil

[TW,ugc, . I)(s)ds

by

tkil

IueloNvUG1cl ,J)(s)ds

ty

tk+1
[U(ugc, W, 3)(s)ds

t

Differentiating the above equalities we conclude that (3.1) has an oscillatory solution.
Lemma 3.3 is thus proved.

IV. Existence-uniqueness of the Oscillatory pProblem
Theorem 4.1 Let the following conditions be fulfilled:

R m
E) |Ex ) sUEpeTt(p =01); (L) Lo() =+ ()" > Ly >0 for |i| < I;
n=1

Wy +J
——=C<gy, Ug, Ug, <ty

Assumption (I1):
ption (IT) e

. ~ RsT) R
Assumption (IN): ’\/vo(tjswo ehe Lt ‘J 1<J0e Pe L " te[0,T].

Then there exists a unique oscillatory solution of (3.1).
Proof: We show that B maps My xM,, x M; xM into itself. Indeed

t
|Bo (Ug,c, W Uggc, J)(t)|s j |u (Ug,c, W, 3)(s)|ds <

L L
+J0e

c“%FI

1 t _Rs t R n
S———| |Wee L ds+|Jpe b c (s) ds|<
26T {t{ ] ¢

R R R R R t R
1 L| -t —t L T —-—t —t —Nn—s
S| Wos|® LY e L |+Jp—e L {e L _e LJ grﬂo’pgoje Lds |<
2C; JL R R = ty
R R R R
1 -—T |L —*tk 0) —nftk —-n—t
<S———[[Wy+Jee L [=let g( LY —e L ||<
2051’\/EH ]R[
R R R
1 L -k
- - LY _a L (0)
Széél)\/f R{e e ][WO+J J
o R t-1,)
<t LIet"™ w4, Opn <
2CPJL R
R RT, RTO
—t -0
<el AlL[e L —e J[WOH o L +2‘/’Zgn0)PG0]
0

R R

——t ——t
et — 1 L RTO Wy +J gg°>pg <e LUg -
2C(1) l R — 0 0

Further on we use the relations
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b R _R R R Ry Ry R _R R R
k.[le Lsds:%[e '-tk—e '-t“lj:%(e '-tk—e '-t+e '-t—e '—tk”J:e L IF;{ ¢ tk)—1+1—e s t)}ﬁ

ty

R R R R R
I R (A A S B I A . el
<eL£ Lo g e geLLeLO—eLoze'-Esmhﬂ
R R R :

and then we obtain

tk+1

|B\N(UGOC0 W,Ugc,. J)(t)| j U (Ug,c, W, 3)(s)ds{+/-——— [U(ug,c,,W,J)(s)ds| =Wy +W, .
t, k+1 k ty
Since
" < dJ(S) | oW(S)~ZJ ()~ 2V L g c, (5) +2VL Eo(s)|
1‘ \ dLo(i(0,5))/ digc, \

t t t t
<|I0+ =5 o (zo [W(S)ds +2Z, [|3(s)ds +2vL | |uGOC0 (s)|ds +2VL [|E, (s)|ds] <
ty ty t %

—B(t+T) 1 t R
<JePe L —ZWy +Zgdg +2JLUg +24J/LUg Jfe L ds<
0 L(l) oo 0 Gy E
t
R R R R
S N T
<JeePelel 4et [%1) (ZOW0+ZOJO+2\/_UG +2J_U )R[eL 1}3
0
,Bt 7ﬁ ,BT 1 L A R
<e L |JePel +-(ZWy+Zydg+2JLUg +24LUL J=sinh| =T
0 [@ \“o'o T <o Gy & /R Lo
0
and
< tTldJ(s) f 1| ZoW(s) - 243 (5) ~2v/L g, (s)+2\/_E0(s)|
2_
@ d dLo(i(0,5))/digc, \

s tey tei tia
< %[zo kj[vv(s)|ds +Z, kj [J(s)fds + 2L kj lug,c, ()ds + 2L kﬂEo (s)|ds] <
t

ZWods + Z, JO+2\/—UG +24LUg, b R

Lds<
: e Vs
L() i

~ft2L . (RT, ZWo +Zgdo +2v/LUg, +2V/LUg,
<e sinh RE

we have

L
B (Ug,c, Wotige,  )B)] <@ (O

R R
-t S ZW,+Z,Jy+2vLUs +24/LU
{Joeﬁe L +—IF;5i”h[—IEToj 070 " 700 Go E°]+

e :2 l_ . Fz-]-() :L
te L Fsmh[TjﬁTol)(zowoJrzoJo+2\/EUG0 +2x/EUEO)£

_%
WO .

R R
—"t -7
<el|JePlet + 3L sinn BTO Ai(zowojuzo\]o+2\/|_uG +2JLUg ) <e
R L Lg') 0 0

Further on we have
< I|W (5)+3(5) - 2LGy (g, G|, _
tk‘ 2\/_dC1(UGc )/ dugc, ‘

By (Ug,c, W, Ug,c,, 9)(1)| < IUG W, ug,c,, J)(s)ds
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+J0e '-

c(l)\/_j

Reemy 8
L ds+jJ
t

n
ds|<
2c(1>\/_[I o J
R R R R ¢ R
1 —T |_ —t —t L| -+t - -n—s
S —|We b —jeli-el |+J,—|e Lk—e & <1>pglje L'ds |<
26O R R e
R R R R R
< 11 Woe_IT +J, Ligth et gPud — Ll e ||<
2COJL R ' nR
R R
1 L %
- __—lelL L (l)
NN ]
R R R
7t 1 L +tt)
cet' Lot glwe 4y o
ZCfl)\/E R[ J[ 0 0 g
R RT, RT0 R;
AN 1 Ll ==
<el ————|el —e Wee &+ g(l)

o1 @ o
<e Cl(l)leh( jWO g <e LUg -

For the last component we have

t,
t t k+1
‘ng) (uGoCo ’W’uG1C1"])(t)‘ S I(VV uG1C1 J)(S)ds M II(VV uGlCl J)(S)ds - Il + I2
t, K+l 7Tk g
But
| < dW(s) | ZW (s)+Z, J(s)+2\/_uGc (s)— 2\/_E1(S)|
1= ‘ dL((A,s))/dige, \

t t t t
<)+ é[zo [ (s)fds +2 [|3 (s)ds + 2VL [lugc, ()| + 2L | |El(s)|dsj <
t t t %

Rem 1 Ry t Ry
<Wye e L +@ ZWoe & +Zodo+2//LUg +24/LUg [[e b <
t

1 L[ Rx
(ZOW0+ZOJ0+2\/—UG +2J_UE)R el ’-1|<

=t B T 1
<e L {Woe e L +@(zowo+z Jo+2J/LUg, +2\/_UE)Rsmh[L ﬂ

and

I, < tkf dW(s) o, bt~ ZgW ($) + ZoI (5) - 2VL Ug e, (S)+2‘/—E1(5)|
2 ; P dLl(|(0 s))/digc, ‘
< {zo (W s)es+2, ”J (s)|ds+2J_ j s, @] +2VL | IEl(s)IdSJ
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R

AL
_ZoWee - +Z0dg+2JLUg +2/LUg, b ,§s< Real [ RTy ) ZoWo + 20 Jo+24LUg, +2\/_UE
< i t.[e <e L Z=sin e

k

Then

R R
St T 3L . (R
B (ug,c, ,W,uGlcl,J)(t)‘se L lwpePe L +?smh[IT0]

ZWo +Zodg+2JLUg +2VLUg, L
i <e L J,

It remains to obtain Lipschitz estimates for the components of the operator B.
1 WO +I0-2VLGy g, (1)

Indeed, since Ug, (Ugc, . W,J)=
2JL dCo (Ug,c,)/ dugc,

we get

dG, (u t)) dC, (u d2C
2\/— of GOCO( ) dCo( GOCO) (t)+J(t) 2\/_G u ) 0( GOCO)
o\Ug,c, 2
|8UGO (UGOCO’W!‘])|_ 1 duGo Co du Goco d Goco
BT (0Co(use,)/ duse, |

IA

_m
2/LCP Y nlg g, (W0+J0+2\/_Z‘Q(O)P JC(Z)
< n=1

2JL(CP) ’
|6UG0(UGOCO’W’J)|=| 1 |< ]
| ow | [2VLdCo (g, ) /dugy, | 2L EP

t
[Bo (Us,c, W Ug e, )0 = Bo (Tg,c, W, Ugc, . )| = [|Ug, (e, W, IX(S) ~Ug, (Fg,c, W, I)(s)|ds <
1,

k

<j (s) -0, (s)|ds+j Yoy W ()~ W (s)[ds + j
BE GoCo oW
ty 0Co t
t| oUg t|oUg _
< 0 (s)—Ug . (5)|ds+ o W (s) =W (s)|ds <
t{ auGOCO ) t{ ow | |
m -~
2J_ Oy " 1+(WO+J0+2\/IZ‘9§0)PGO”]C(§2) t
n=1

= Ug,c, (s)— Ug,c, (s)|ds +
2JL(CP)? tj | |

2\/_ co .”W(S) W(S)|ds<

0t

-~ m -~
e TR R )
< n=1 n=1 (k) (UG Cor UG c )-[e/z(s tk)ds+

2/L(CM)? i

(k) u(s=ty)
——pWw,w) j e“ K ds <
2\/ C(l) #

k

~ _ m ~
)y 2«/LC§1)Zn‘gr(,°)rJGO” ! J{WO + g+ ZJLZ\gﬁo)PGO"JCéZ)
< - n=1 n=1

(k) i
= P 2\/E(éél))2 p,u (UGOCO'UGOCO)+

eﬂ(t*tk) -1 1 ® o
—p, W,W)<
1) Fu
u 2L CYP
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m
0 n-1 0 n |~
Q) _ g)PGo +(WO+JO+2JIZi‘g,(])PGO JCé) ) .
n=. . =
G 2L o o )

e#(t*tk)_l 1 ) axy T
—p, W,W)<
2 1 H

u 24JL Cé)

m
(0) n-1 (0) n1~(2)
e 2JL +(W0+J0+2\/an_l‘gn ’JGO JCO .

RS = + = X
e 2JL(CP)? 2JL Cc®

~ (k . G - _ — - - - -
X PL ) ((Ug,c, WilUgc,: J.Ugc, W, lgc,  J), (Ug,c, W, Ugc, . Ug,c, W, lgc,, J)) -
It follows

Y (B, (Ugc, W, UGlc 1J), By (Ugc, W, Ugc,» ) <

m —
O L3y TU T = L
n=1

e
e = + — X
e 2JL(CP)? 2JL ¢

<

XP,,)((UGOCO W, Ugc,J.Ug,c, W, Ugc, J), (Ug,c, W, Ugc, J, UGC ’W UGc ,J))_

EKo,Dﬂ)((UGOc0 W, Ugc, . Ugc, W, Ugc, - J), (Ug,c, W Ugc,s J UGc W UGc J))
Further on we have

P (1)) dL3(i(0.1)
aU(uGOCUYW"])|_‘ JC e ~(ZoW(t) - ZoI () - 2VT ug ., () + 2VTE (1) i,
Mgc, | (Lo G0.t) /digc, f B
2J_ LY+ (ZOW0+ZOJ0+2x/_UG +2JLUg )
&y ’
e wd| |z |z
| aw | |dL((0.0) /dig,, | LY

But
‘B\,(\',‘) (Ug,c, WU, IO~ BY Tg e, W Tgc, . I )(t)‘ <

t 0w}
< [l ug,c, W, 3)(5)~U (Tg,c, W, T)(s)|ds + j

ty

U (Ug,c, W, 3)(8)~U (T ¢, W, I)(s)|ds =W, +W;

tloU(ug ¢ ,W,J) AU (Ug ¢ J)|
W, < || ——=2——u s)—u s)|ds + 0~ I"\/s —W (s)|ds <
T, ey, (9) e, ) j o (5)-W (s)
2J_ L LY +(ZWo +Zgdp +2VLUg, +24/LUg JEP _
( Oy J | ey, (9)~Teyc, (B)ds + 2% o j W (5)~W (s)]s <
k
2JL [8)+(ZOWO+ZOJO+2\/IUGO+2\/EUEO)I:§)2) © e
< (u Usc )le ds+
- (I:(Ol))Z pﬂ GyCq ' "GoCo .[
ty

,D(k) (W,W )Ie#(s t)gs <

k

|:(1)
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_ 1 (2
) o4t _1 2,/ Lgl)+(ZOWO+ZOJ(1+2\/EUGO +2\/EUE0 )LSJ)
e (L)
e#(t*tk) -1 ZO (k)
—ﬂz 0 P W,W) <
e m[z\/_ [0 + (2w + 2, Jo+24LUg, +2JLUg )(2)+ZOJX

P (L§)? i

K) /.- -
P/(z ) (Ug,c, Ug,c,) +

%A (Us,c, Wolgc, 3. Uy, W lige, ). s, W Tig g, - 3. Ua,c, W Tig g, - 9)
and
bt 0U (ug ¢ W, J) U (ug,c, W, J)|
W, < | | ——==2—u s)—u s)|ds + 0o l“\/s —W (s)|ds <
8 L oy, (9)~Toyc, () j Ey (5)-W s)

. o
< Al (ZOWO 2% + 2YLUg, +2VLUg ) .ﬂuGoco () -Ug,c, (S)|ds+ [0 J.IW(S) -w (s)|ds =

())? i
_ e 2JL @+ (zowo+zoao+2\/_uG +24LU ) 2z,
< + 2 Ix
s (L)? Ly
><,l?;,)((ueoc0 W, Ugc, J.Ug,c, w UGQ!J) (Ug,c, » w Ugc, s J,Ug oCo? W UGlc1 J))

then
‘B\S\}() (Ug,c, W Ugc, » I)(1) — B (Tg,c, W Us e, j)(t)‘ <
26”0{2\/— [+ (z Wy +ZoJg +2VLUg, +2v/LUg ) 2)+ZOJX

% (L§)? LY
X/?/,)((UGOCD W, Ugc, J,Ugc, W, Uecla-]) (Ug,c, W Ugc, J, UGc W UGc J))
It follows

. k KW w7
p(k) (B\§V ) (UGOCO 'W ’ uGlC1 ’ ‘])l B\§V ) (L'IGOC0 vW ’uG1C1 ’ J ))S

~ (k . VI SN — — — T - - = T
<Ky Al )((erco W Ugc, . Ug e, Wil d) (Ug,c, W, Ugc,» I, Ugc, WU, » I))-

For the third component we have

t
|Bl(UGOCO W lgc,, I)(0) —By(Ugc, W, Ugc,, I )(t)| < _”U 6, W, Ugc,,I)(8)—Ug W,Ugc,,J )(5)|d3 <
t

St e, |UGDC0 (s)—Ug, (S)|dS+J' Ug, IW(S) W(s)|ds+I
k 0
ty auGlcl
ZJtél(l)Zn‘gr(]l)PGln—l_,_[Wo+Jo+2\/ti‘gl(11)’_,eanél(2) t
- = > = u S)—Ug . (S)|ds +
2JL(CP)? t{ | ac, (8)—Ugc,( )|
1 ¢ _
+——=—=||J(s)—J(s)|ds <
2\/EC1(1){[|() ()|
Sz TR TR S FITR =
< n=1 n=1

k —t
( )(Uelcl Uelcl).l‘eﬂ(s ds +

2JL(CY)? ;.
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1 ) (st
<
2J_c<1> PYQ, J)je ds
~ _ m ~
I 5 o TR I EWEN s TR o
- n=1 n=1 ) —
T 2Ly o e tee )t

e#(t—tk) -1 1

®3,3) <

u o 2JLCY Pu

— _ m —
)y 2\/Icl(1>zn\ggl>pel" t +(w0 + o+ 2&2\931)’.1@1“}0}2)
- n=1 n=1 ) 7,1 -
< ﬂZ 2\/E(é(l))2 P (uelcl’uG101)+
1
eﬂ(t—tk) -1 1
u? 2L ¢
Q1) 2JLC® Zn‘gr(]l)rJGl” 1y [WO +Jo+ ZJIZ‘Q,(PPQHJC{Z) .
n=1 n=1

< = + ~ X
1 2JL(CY)? 2L CW

PO, 3) <

x P (Ug,c, WU, » . Ugc, Wil e, ), (Tg,c, W Ug e, - 3. lgc, W ligc, ) -
It follows

pY (B, (Ug,c, Wilgc,»9), Bi(Ugyc, W, Ugc,» ) <

_,..m
IENC- S E TR TIEREN s TS S
< n=1 i .
/JZ 2\/_((:]?1)) 2\/E Cl(l)

XP#)((UGOCO W, Ugc, J.Ugc, W, lg .C J), (Ugyc, » w g, J, UGOCO W Uelc1 J))—

= Klpy)((uGOCO W, ugc, . J:Ugc, W, Ug .Cy o ), (Ug,c, w Ugc, s J, UGOCO W UGlc1 J))
Finally for the fourth component we obtain

t
B89 e, Wt X0~ BY T, ., O] OV, 900~ 7., I+

ty

tk+
| W, ug e, 309~ 1OV Tag,, DOH = 1,41,
t
Since
t|alW, ug e, J) AW, u
|1sz‘31°1| 6, (8) - uGC(s)|ds+j¢|J(s) J(s)ds <
Ty 1Cy t
2J_ [0 +(ZWy + Zgdp +2V/LUg +24/LUg JE?
C L +{eow O(Egl)) & 3 ”uGlcl(s) uGlCl(s)|ds+ql) ”J(s) J(s)ds <
t
2L +[zow0 él) PP (3,3) [e#Cds < 2//LUg +24/LU ElJEf)
&

<

t
k - t
,0,(, ) (Ugc, Usc,) J. e#C s +

@ e
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_etg 2JL [V + (zow0 +Zpdg+2vLUg +24LU¢, )EP e/t 1 7,

. i P

< - Pu Ug,c, s )+ 5= P’ (3, J)<
% (P2 ST

< et (24/L [V + (Z Wo+ZoJo+2‘/—UG +2\/_UE ) 2) NN

S (LY)? o

%Py ((Ugcy WU, 3 Ugcy Wi lig, 3, (Uay, W Ug e, 3, Uge, W U, 3))

and
e al ,u

| < MP% M‘p(s) J(©)ds <
i aUGlcl

§ e#tica—t) [ZJE v +(ZOW0 +2Z4Jdy +2\/EUG1 +2\/EUEl )L1 +ﬁ}

~ = X
u ()2 By
Xpﬂ)((UGOCO W, Ugc,J.Ug,c, w, uGcl,J) (uG Co W Uggc, s J, uG Co W uGlcl J))
we get

‘B(k) (Ug,c, Wi lg,c,» I)(1) - B{¥ (Tg,c, W Ugc, j)(t)‘ S

Zeﬂo{zfq) (zow(,Jrz(,JoJrzx/_uG +24/LUg ) 2 zo]
+ X

o (&’ i
XP;,)((UGOCO W, ugc, J Ugc, W, UGQ!J) (Ug,c, W g, J, UGOC W UGc J)) :
It follows

~ (k) (R (K Sy S
A )(Bg )(UGOCOvW,UelcllJ): BS )(ercoawvuelclaJ))S

~ (K . . . _ — _ - - — . =
<K;p) )((erco W, Ugc,JUg,c, Wilgc, 9) Ugc, W lgc, 3. Ug ey W Ugc, » J))-
For the derivatives we obtain

|Bo (U, e W, U, 9)(1) — By (UGOCO W, T, )W) = |U & (UGOCO W, 3)(s)~Ug, e, W, I)(s)| <

Ue _ _
-0 w0 -0
GoCo
m -
r(10)PGOH1+(WO+JO+2x/tz,‘gr(f))rJGOnJCéz) [\N() W(t)|
n=1 Uy
2JL(CP)? e, (0= Tec, O]+ 2JLcP
WIEW$ gﬁO)PGO (Wo © Gonjc}(g)
] u(t-t) (k) U
< 2JL(CP)? e Py (Ugc, Ugyc, ) +
; ,u(t—tk) (k)
"o co € W.W) <
p(t-t) 2\/_0 Ve {WOJFJOJFZ\/—Z‘Q(O)P j il
se /(lk)(uGC ,GGC)+
y 2\/_(C0(1)) oCo oo
e//(t*tk) 1
+

(K) AN A
— p (W, W) <
puo 2L CP

) 2L nfg"g,” l+[w0 +Jo +zﬁz\gg°>peon]cg> .
n=1 n=1

= + -~ X
P 2JL(CP)? 2L C{
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A k . v . 2 — a7 — 7 = - — -
x ,0;(, ) ((Ug,c, W, Ugc,:JUg,c, W, lgc,:d), (Ug,c, W.Ugc, I, Ug,c, W.Ugc,,I)) -
Then

0 [ o
o )(Bo (Ug,c, Wil »9) Bo(Ug,c, W Ug,c, ))S

m —
n grﬂo)rJGO”’l +[W0 +Jo+ ZJIZ‘Q,(]O)PGO"JCSZ)
= n=1

1 1
<— = + = X

u 2JL(CP)? 2JL C®
XPLK)((UGOCO W, ugc,J.Ugc, W, g .Cy 7 ), (Ug,c, W Ugc, s J,Ug Co ! W UG1C1 J))—

= Kop;,)((ueoco W.ugc, J.Ug,c, w, Ugc, J), (Ug,c, » w U, J UGOCO W U(;lc1 J))
Further on we get
|Bv(\7) (Ug,c, W Ugc,» I)(t) — By (Ug,c, W, Usc, » J_)(t)| <

tkfl
&

<V (Ug,c, W, 3)(1) ~U (Tg e, W, I)(1)| +

U (ug,c, W, I)(s)~U (Ug,c, W.J )(s)|ds =W, +W,.

k+1
But
oU (Ugc, W, J) _ GU(UGOCO’W’J)L\ W
, < TPGOCO ()~ Tg,c, )+ gy W (1) -W (1) <
0~0
_ 2L ) +{2oWo + 295 + 2L UG, +24LUg, I ”| (0 To,c, O] + S WO-W ()| <
Ug,c, (Y ~Ug,c, (U] + 5y B h
(LSL)) oo 0~0 Lg-)
(@
2\/— L Ly + (ZOWOJFZO‘JOJFZ‘/—UG +2LUe ) P (Ug,c, Uo,c, )& ™) + % P(k)(W W)e ) <
() e o
'@
e”(t t) 2L L+ (ZOW0+ZOJ0+2\/—UG +2\/—U ) (k)(UGC .L;JGC )+eﬂ(t ) %O (k)(\NW)<
; @y o e fae ) g
<e/’(t (2L L + (Z Wo +2Zo JoJrz‘/—UG +2‘/—UE ) 0, Zo
< + =5 [X
u ()2 o
X p/(/k) ((UGUCO !W, UG1C1 ' J 1uGoCo ’W’ l'](3101 ! J)’ (UGOCO ’Vv' UGlcl ! j, GGOCO ,W’ Llecl , j))
and
1 %aloU(uge W, J) 1 sl oU(ugc W,J) —
W, < 0Co |I Ug,c, (s)— UGOCO (S)|dS+ 0“0 |I‘N(5) -W (S)|dSS
tk+1 _tk ty auGoco | k+l_tk f w

szgD ZoWo +Zgdo +2JLUg +24LUg @ 1 _
(0 ° : S ) ﬂueoco () —Ug,c, (S)|d5+

(L2 =t
ZO tk+1
iy e W

< et _1[2‘/I Ly’ +(ZOWO +ZoJdo JFZ\/IUG0 +2JLu E )I:gZ) +ﬁ}<

(e~ ) (L)? LY

X/aLk) ((Ug,c, W, Ugc,:J.Ug,c, W, g clﬁj):(ﬁe Co :Vv,aelcl J, le Co W, 1(:1aj))S
_les-1 2JL [+ (z Wy +ZoJg +2JLUg, +2v/LUg,

M (L§))? A(1>

X ﬁLk) ((UGOCO ,W,uc_:‘lc1 y J y uGOCO ,W, L'IGlcl , J), (UGOCO ,W, UGlcl y -] ’UGOCO ,W y UG1C1 y j)) .
Therefore
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‘Bv(\lf) (Ug,c, W, » )0 — B (T c, W Usgc, j)(t)‘ =

_en tk)[z\/_ [ 4 (z Wy +ZoJ +2VLUg, +2v/LUg ) ZOJ
+

“ (& 5

X/?;,)((UGOCU W, UG, J:Ugc, w Ugc, J), (Ug,c, W UGQ'J UGc W UGc J))+

1 e 1 (2\/_ [+ (zow0+z Jo+2vLUg, +24LU¢ ) @) ZOJ
+= +

M Ho (L)? L5

X/?;,)((UG co Wiligc, 1 J:Ugc, » w Mg, J), (Ug,c, » w U, J UGc W UGc J))<

@
Se”(t_tk)[l+ gt —lJi[Z\/E Ly +(ZOW0 +ZO\]0+2\/IUG0 +2\/EUE0 )LO +ﬁ}<
Ho JH

()’ A
~(k . y . 1 — N7 — T = - - =
X ,0;(, ) ((Ug,c, Wilg e, J.Ugyc, Wil e, I). (Ug ey W Ugc, I, Ugyc, W Ugc, ) -
It follows

A(k)(B\/(\;()(uGOCO W, ugc . J), va (Ug,c, W, qu'J))

< KW[),E, )((erc0 W, Ugc,,J,Ugc, W, Ug,c, » J), (erc0 W, Ug,c,JUgc, W, Ug, I )
Since

|Bl(ueoco,w,uelcl,axt)—sl(aeoco,vV s, J )<t>| <|Ug, W U, I)S) ~Ug, W T, IN) <

< c, () —Ugc, (t)| +
GC,
2ﬁcfl)2n‘ggl)pel”‘l+(wo+JO+2\/EZ‘ggl)pGl"Jcl(2) .
< = - = Ug,c, ©) = Tgc, O+ === [F O -I(®)] <
2JL(CY)? s, (-, 0 2JL GO | |
NECHY IV 1+{w0+JO+2\/EZ|95”P61"J01(2) ©) 7
<t n=1 n=1 20 (Ug o )+ey(t—tk)p,u .9) _
= 2\/I(é(1))2 u \¥G,Cy ¥GiCy 2\/{ él(l) =
_.om
ZJECl(l)Zn|g,(})}Jel (WO +Jg + 2\/_Z|g l)'J J c?
ety L n-1 0l g, e, ) +e 0 L 1p7(3.9) ) <
H 2J/L(CY)? oo TR i 2JL CO
m m
<) o}, n1 o} " |lc@
) 2/LC! nz_ln‘gn Ve, +[WO+J0+2\/IHZ_1‘gn Ve, jcl .
< — = = + ~ X
P 2JL(CY)? 2L CO

x 'b/(lk) ((UGOCO W, UG1C1 J ’uGOCo ’W’ uGlcl ! J)’ (UGOCO ’Vv’ UGlcl ! j’ leoco ’W_’ GGlcl ! j))
then

(k)(Bl(UGOCO W,ugc, . J), B, (Ug +Co ? W g, )<

_..m
2JLCO Y NP (W0+JO+ZJ_Z‘9(1)P j(z) .
n=1
2JL(CW)? e |

IA
NE

k
XPL)((UGOCU W, ugc, J:Ugc, W, g ol ), (Ug,c, » w g, J, UGOCO W UGlc1 J))—

= Kl,o/,)((uGOCO W, ugc,,Jd,Ug,c, W, Ug C.o ,J), (uGOCO W Ugc,» J, uGOC[J W uGlcl J))
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Finally for the fourth component we obtain
B Ug,c, Wiig e, O -BY e, W, B, I)O] <1 W, g, IO ~ 1 W B, I)(O)| +

1,
1 k+1 — _ . .
+ [1w,uge, . 3)(8)~ 1 W, T, , )(S) S| = iy + 1.
tk+1_tk t
Since
ol(W,ugc ,J) _ (W, ugc
1S g, (0 Tag, (O] + %pa) J)|<
Ug,c,
(1 1 (2)
i L L0+ (zoWo + ZJo +2VL U, +24LU¢ I 0 w20 100 7)<
<e 2 w WUgc, Ugc,)+e )Py (J3,J)
(L") L
_ 1 (2
_eHtw 2L L§1)+(ZOW0+ZOJO+2\/IU61+2\/EUE1)L§)p(k)(u e )+eﬂ<t Wz, S0 ) <
S ~ G.Cy - 7
U (Lgl))Z H 1C1 1C1 y Lgl) H
et (21 L0 +(Zy Wy + ZgJg +20/LUg +2v/LUg |2 7
< 0 oYo G, L L0 0
“ () )
x 'b/(lk) ((uGoco W, UG1C1 J ’uGOCo ’W’ uGlcl ! J)’ (UGOCO ’Vv’ UGlcl ! j’ leoco ’W_’ GGlcl ! j)) ;
and
1, 1,
1 K+l 6|(\N,u ,‘_]) _ 1 K+l ,J) _
, < GG |uGlC1 ()~ Ugyc, (s)|ds + | |IJ (s)-J(s)ds <
e =t ¢ | g,c, b =t ¢ | aJ |

2L [0 +(2gWy +Zgdg +2VL UG +2VLUL P 1 _
< D2 j“ue.lcl (8)-Ugc, (S)|d3 +
(Li ) tk+1 - tk ty

+ %—O#TJ (s)-J(s)ds <
LDty -t i
_lettaw) _1{2\5 LY+ (zow0 +Zodg+2JLUg +2JLUg, )EP . Zo J
S u s —t) ()2 LY
X /3,(,k) ((Ug,c, WG, J.Ugc, W, Ug,c, » J), (U c, W, Ugc, s J, ljGoc0 W, Ljelcl : j))
we obtain
‘ng) (Ug,c, W Ugc, » I)(1) — B{¥ (Tg,c, W Ugc, j)(t)‘ <

e _1)1 [ 2JL LV + (z Wy +Zdg +2VLUg +2V/ UE) 27,
<|1+ + =5 [X
w Ju (@ 2

~(k . I SN — — _ T - = =
X P;(, )((UGUCO Wlgc . J.Ugc, Wi lgc, J). (Ugc, W.Ugc, I, Ug,c, W.Ugc,: ).
Thus
ﬁ(k)(B(k)(UG Co Wil ) ng)(UGC W lg e, J))S
<K Pﬂ)((ueoco W, ugc, JUgc, w Ugc, J), (Ug,c, » w Ugc,s J erc0 W UG1C1 J))
Therefore if K = max{KRO,_0 Ky, KRo'—o , Ku}<1 then the operator B has a unique fixed point. It is an oscillatory

solution of the problem stated.
Theorem 4.1 is thus proved.
V. Numerical example

We collect all inequalities guaranteeing an existence-uniqueness of an oscillatory solution:

1
ey U

(0) ;
g <Ug,
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R / /
—T R ZW,+7Z,Jn+2+/LU +24/LU
[ +—3Lsinh(—LToj oo~ ToTo S E°}<Wo;

~(L
L

R
1 L . RT,
——  —sinh| —2 We'— +3p+2JL Y |g? <Ugq
VLR (Lj( o2 L8 Jeve

R
=T ZWy+ZyJdg+2vLUg +2VLU
[W(,e‘ﬂe L +%sinh(%TO] oo ToTo < El]SJO;

2/LC{ Y n[o"Ye, " +(W0 +o+ zﬁz‘g§°’p60”jcgz)
n=1 n=1

(L
Lg)

Ho
_ eA - 0 +1|<1;
2L CPu Co
_ 2
oo (2L Lgl)+(ZOWO+ZOJO+2\/IUGO+2\/EUEO)LB)+Z <1
W — '\(1) 2 A(l) 0
Ly’ 1 Lo
m -
o)y, " 1+[W0+Jo+2~/IZ‘9r(11)PelnjC1(2)
et n=1 +1|<1;

K, = =
oL COp?

o

J =

1,2
Lﬁ)

2t [NI O+ (zowo+z Jo+2LUg +24LUg )(2) ,

Lgl) + 0]<1;

m

o= 2c<1)J_

@

st

C
(O) n—l WO
C (l)

© ”J :|<1

2JE [ (ZOW0+ZOJO+2JIUGO +2JEUEO )E{f’

. Mo _
Ky =1+ 2|1
Ho L()/l

@ (@ ¥ ZO) <b

K __ 1
N

Oy, "ty c’ D (Wo o J+1:| <1;
C

. Ho _
K, =(1+e 1} =
My L7 u

2JL O (ZoWy+Z4dp+24LU +2\/—U [
\/_L1 ( 0 0 G, ) 17, |<1

1 1
Lg) Lﬁ)

Consider a transmission line with length A =100m, cross-section area S =4 mm?, specific resistance for the
cuprum p, =0,0175. Then R=(p,A)/S ~044Q . Let L =0,45,H/m; C =80 pF/m; v=1/y/LC :1/(6.10’9);
Z,=+LIC =75Q; T=AJLC =10*6.10° =6.10°. Let us check the propagation of waves with length
Ao =(1/6)10™*m . Then f, =1/(/10\/E )=1o13 Hz = T, =1/ f, =103 Choose x =10, then 4T, = s =10,

and T=6.10°T, = m=6.10% (RT)/L~587; e R)VL_e %87 20, (RT,)/L~098.107; sinh(RT,/L)~
RT,/L=098.10"; (L/R)sinh(RTy/L)~T,. If Gy(i)=G,(i)=0,028i —0125i* and Ly (i) =L, (i) =3i — (1/12)i

then

dLy i)/ di = i(dL (i) /di)+ Lo (i) =6i — (1/3)i%; d2Ly(i)/diZ =6—i2.

Choose I =1 then

dly (i)/di=i—(1/3)i% > 6

~(1/3) =L =17/3 and [dL, (i)/di| <6+1/3=> LY =19/3, [d*Ly (i) /di®| < LY =7
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Let us take Cy(U) =C, (U) =Coy/®g / /Py —U , where h=2,c, =50pF =5.10"**F and ®,=0,4V; ¢ =0,04.
Then Cy(U) =Cu1[®g /[Py —U = Co(~hy) = Co/ Do/ /Dy +¢y =C,=5.10"1/0,4/,/0,4+0,2 =38.10*;
dCo(W)| _ <ay  Co(1+0,5(4, /D L
C;)u SCél) — 0( ( 0 §0))zco =5.10 11,
[1—(¢0 /CDO)]2

dCo(u) _ 2y Co ( h-1 j 11
——=2>C;’ = 1- [®y)|~cy=5.10""7
TR B /NTS I TILD b
2~ h 2 2
o) o - cm/;Do 2h2, + (2h +h1+1)¢0 23610
du h (q)o —¢0)2+E
Then for W, = J, =10">; Ug, =0,01;Ug, =0,01 the above inequalities become: 2,98(10’5+0,038.10’5)£10’2;
9.10—13.(150.10—5 +2.10—5,/0,45.2)/17310—5; Ko=45.10" <1,

3836(8510° +(1510 +0027.10°)7 | 29145
10" 5,6666 10"

W

VI. Conclusion

We have noticed that the transmission line loaded by the shown configurations of nonlinear elements (cf.
Figure 1) requires different way of derivation of the boundary conditions and respectively leads to different type
of differential equations. Here one more difficulty arises. One could not exclude some transitional currents and
so we have to solve a system of 4 equations for 4 unknown functions. Our fixed point method, however, is again
applicable and we obtain existence-uniqueness of an oscillatory solution for lossy lines.

We point out that the procedure for treating of time-varying specific parameters might be applied to the present
circuit.
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