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Abstract:  This paper deals with a fixed point theorem on fuzzy metric space with the concept of weak and semi 

compatible mappings. The object of this paper is to describe an implicit relation by taking six mappings in the 

settings of fuzzy metric space and apply the same to get some common fixed point theorems in fuzzy metric spaces. 

The main theorem of our research article elaborates previous ones in fuzzy metric spaces. 
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I. Introduction 

The study of common fixed points of weak and semi compatible mappings in a fuzzy metric space satisfying some 

implicit relation has been at the center of flourish research activity. In 1965 Zadeh [17] proposed a mathematical 

way by defining fuzzy set.  In the next decade Kramosil and Michalek [8] presented the notion of fuzzy metric 

spaces in 1975, which unlocked an avenue for further expansion of analysis and topology in such spaces. The 

outstanding feature of fuzzy set is that it allows partial membership for elements in its domain, while in ordinary 

set theory particular element has either full membership or no membership, no intermediate situation is considered. 

Researchers are using fuzzy based ideas to increase the efficiency and to overcome the drawbacks of ordinary 

sets. To use the fuzzy concept in analysis and topology, several researchers have defined fuzzy metric space in 

various ways [3,4, 7, 9].  Recently lots of work has been done on applying fuzziness Tripathy and Borgogain [13]   

Tripathy and Dutta ( [14], [15]), Tripathy and Debnath [16]  and others. In the section 3 we improve the result 

given by Singh and Jain [11] by taking six mappings as opposed to four. For the sake of completeness, we begin 

with some definitions and preliminary concepts. 

 

II. Definitions and Preliminaries 

Definition 2.1 Let(X, d) be any merit linear space. A fuzzy set in X is a function with domain X and values in [0, 

1]. 

 

Definition 2.2 If A is a fuzzy set and x € X, the function values A(x) (or µA(x)) is called the grade of membership 

of x in A. The collection of all fuzzy sets in X is denoted by F(x). 

 

Definition 2.3 Let X is an arbitrary set and Y be any metric linear space. Then F is called a fuzzy mapping if and 

only it F is a mapping from the set X into Y. 

 

Definition 2.4 A Point p € X is called a fixed point of a fuzzy mapping F if   Fp(p)  ≥  Fp(x), ∀ x ∈ X. 

 

Lemma 2.1 [1]   Fp(p)  ≥ Fp(x)   ↔   p ∈  �̂�(p) , ∀ x ∈ X. 

 

Definition 2.5 [10]  A binary operation *: [0,1] ×[0,1]→[0,1] is continuous  t-norm if ([0,1],*) is a topological 

monoid with unit 1 such that a*b ≤ c*d, whenever  a ≤ c and b ≤ d, for all a, b, c, d  € [0,1].  

 

Definition 2.6  [5] The 3 tuple (X,M,*) is said to be a fuzzy  metric space if X is an arbitrary set, *  a continuous 

t- norm and  M, a fuzzy set on x2 × (0,∞)  satisfying the following  conditions: 

(F-1)              M (x,y,t) >0; 

(F-2)              M (x,y,t) = 1,if and only if x = y; 

(F-3)              M (x,y,t) =M(y,x,t); 
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(F-4)              M (x,y,t)*M (y,z,s) ≤ M (x,z,t+s); 

(F-5)              M (x,y,.) : (0,∞) →[0,1] is continuous for all  x ,y, z ∈ X  and  s > 0.        

 

Definition 2.7 A sequence {xn} in fuzzy metric space (X, M, *) converges to x if and only if M (xn, x, t)→ 1, as 

n →∞ , for all t > 0. 

 

Definition 2.8 A sequence {xn} in fuzzy metric space (X, M, *) is said to be Cauchy sequence if and only if M(xn
, 

xn+p
, t) →1, as n→ ∞ , for all t > 0 and p >0. 

 

Definition 2.9 [17] Fuzzy metric space (X, M, *) is said to be complete if every Cauchy sequence in (X , M, *) is 

convergent sequence. 

 

Lemma 2.2 [2] Let a sequence {yn} in fuzzy metric space (X, M, *) with the condition lim
𝑡→∞

𝑀(𝑥, 𝑦, 𝑡) = 1 ∀ 

x,y є X. If there exist a number kє(0,1) such that M(yn+2, yn+1
 ,kt)≥M(yn+1, yn,t), ∀ t > 0. Then {yn} is a Cauchy 

sequence in X. 

 

Definition 2.10  [12] A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings 

(A,S)  are said to be weak compatible if Ax =Sx implies that ASx = SAx 

 

Definition 2.11 [6] Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings 

are said to be compatible if 

lim
n → ∞

 

M(ASxn
, SAxn

,t) =1,  ∀ t > 0 

Whenever {Xn} is a sequence in X such that   

lim
n → ∞

   A

 

x n=   
lim

n → ∞
  Sxn  = x ∈ X 

 

Proposition 2.1 [11] Self mappings A and S of a fuzzy metric space (X, M, *) are compatible, then they are weak 

compatible. 

 

Definition 2.12 Let A and S be mappings from a fuzzy metric space (X, M,*) into itself. Then the mappings are 

said to be semi-compatible if  

lim
n → ∞

 M (ASxn
, Sx, t) = 1, ∀ t >0 

Whenever {xn} is a sequence in X such that  

lim
n → ∞

Axn = 
lim

n → ∞
 Sxn = x ∈ X. 

   It follows that if (A,S) is semi- compatible and Ay = Sy, then ASy = SAy. Thus if the pair (A,S) is semi-

compatible, then it is weak compatible.  

 

Definition 2.13 (Implicit Relation) Let 𝛷 be the set of all real continuous functions 𝜙:(R+)4 →R, non-decreasing 

in first argument and satisfying the following conditions: 

a. For u,v ≥ 0,𝜙 (u,v,v,u,) ≥ 0 or 𝜙 (u,v,v,u,) ≥ 0 Implies that u≥v ; 

b. (u,u,1,1,) ≥ 0 implies that u ≥ 1. 

Example:  Define (t1,t2,t3,t4) t1-13t2+5t3-7t4.  Then 𝜙є𝛷 

 

 

III. Main Result 

In this section we establish the main result of this paper. 

 

Theorem 3.1  Let A,B,J,R,S  and T be self- mapping of complete fuzzy metric space (X,M,*) satisfying the  

AB(X)⊆ T(X), JR(X))⊆ S(X)                                                      (3.1) 

The pair (AB.S) is semi-compatible and (JR,T)is weak  compatible                                                                 (3.2) 

One of AB or S is continuous;                                                          (3.3) 

For some,  Φ in  𝜙, there exists k∈ (0,1) such that for all x,y ∈ X and t > 0 ,  

 Φ (M(ABx, JRy, k t), M ( Sx,Ty,t), M(ABx,Sx,t), M(JRy, Ty, kt)) ≥ 0,                                              (3.4) 
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 Φ (M(ABx, JRy, kt), M ( Sx,Ty,t), M(ABx,Sx,kt), M(JRy, Ty, kt)) ≥ 0.                                                        (3.5) 

Then AB, JR, S and T have unique common fixed point in X. 

 

Proof: Let x0 ∈ X be any arbitrary point as AB (X) ⊆ T (X) and JR (X)  ⊆ S (X) , there exist x1 , x2 ∈ X such 

that ABx0 = Tx1,  and JRx1 = Sx2.  

 

Inductively, construct sequence {yn} and {xn} in X such that  

y2n+1, = ABx2n = Tx2n+1 , JRx2n+1 = SX2n+2 = y2n+2, for n =0, 1, 2,… . 

 

 Now using (4.2.4) with x=x2n , y=x2n+1, we get. 

Φ(M(ABX2n, JRx2n+1, kt), M(Sx2n, Tx2n+1,t), M(ABx2n, Sx2n, t), M(JRx2n+1, Tx2n+1, kt)) ≥ O ; 

Φ(M(y2n+1, y 2n+2,kt),M(Y2n,Y2n+1,t),M(Y2n+1 ,Y2n, t), M(y2n+2, Y2n+1, kt)) ≥ 0, 

 

Using (a), we get M(y2n+2,y2n+1,kt) ≥ M(y2n+1,Y2n,t). 

 

Similarly, by putting x=x2n+2 and Y=x2n+2 in (3.5), we have 

Φ(M(y2n+3, Y2n+2,kt),M(y2n+1,Y2n+2,t),M(Y2n+3,Y2n+2,kt),M(y2n+1,Y2n+2,t)) ≥ 0. 

 

Using (a), we get M(y2n+3, y 2n+2 , kt)  > M (y 2n+1’ y 2n+2’ t). 

 

Thus, for any n and t, we have M (y n,y n+1,kt) > M (y n-1, y n, t). 

 

Hence by lemma 2.2 {yn} is a Cauchy sequence in X, which is complete. Therefore {yn} and its subsequences, 

converge to u ∈ X, that is 

            {ABx 2n }  
   
→ u, { JRx 2n + 1}→ u                                                                                               (3.6) 

            {Sx2n} → u,  {Tx2n+1} → u.                                                                                                         (3.7) 

 

Case I : (S is continuous). In this case, we have 

            S(ABx2n) → SU, S2x2n →  SU.                                   (3.8) 

 

The semi-compatibility of the pair (AB, S) gives 

            
lim

n → ∞
(AB)(Sx2n) = Su.                                                                                                          (3.9) 

  

Step 1: By putting x = Sx2n, y = x2n+1 in (3.4), we obtain that  

Ф(M((AB)Sx2n, (JR)x2n+1, kt), M (SSx2n, Tx2n+1, t) , M((AB),Sx2n, SSx2n, t), M(JRx2n+1 , kt))  ≥ 0. 

 

Letting n→ ∞, using (3.6),(3.7),(3.8),(3.9)and the continuity of  the T-norm* we have  

ф(M( Su ,u,kt), M ( Su ,u,t), M( Su ,Su,t), M( u ,u,kt)) ≥ 0. 

 

That is                                                           ф (M(Su,u,kt),M(Su,u,t),1,1) ≥ 0. 

 

As ф is non-decreasing in the first argument, we have Ф(M(Su, u, t), M(Su, u, t), 1, 1) ≥ 0. 

 

Using (b), we get M (Su, u, t) ≥ 1, for all t > 0 which gives M (Su, u, t) = 1, that is, Su = u. 

 

Step 2:  By putting x = u, y = x2n+1  in (3.4), we obtain that 

 Φ (M(ABu, JR x2n+1, kt), M ( Su,T x2n+1,t), M(ABu,Su,t), M(JR x2n+1, T x2n+1, kt)) ≥ 0, 

 

Taking limit as n → ∞ and using (3.7), (3.10), we get.  

 Φ (M(ABu, u, k t),1, M(ABu,u,t), 1) ≥ 0, 

 

As ф is non-decreasing in the first arguments, we get  Φ (M(ABu, u,t),1, M(ABu,u,t), 1) ≥ 0, 

 

Using (a), we have M (Abu, u, t) ≥ 1, for all t > 0 , which gives  u=Abu,  

Hence, Abu = u = Su.                                                                                                                                        (3.11) 
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Step 3: As AB(X) ⊆ T(X), there exists w ∈ X such that ABu=Su=u Tw. By putting x=x2n’ y= w in (3.4) we obtain 

that: 

 Φ (M(AB x2n, JRw, kt), M ( S x2n,Tw,t), M(AB x2n,S x2n,t), M(JRw, Tw, kt)) ≥ 0, 

 

Taking limit as n → ∞ and using (3.6) and (3.7), we get 

 Φ (M(u, JRw, kt), 1, 1, M(JRw, u, kt)) ≥ 0, 

 

Using (a), we have M (u, JR w, kt) ≥ 1, for all t> 0. Hence M (u, JRu, t) = 1 

 

Thus u = JRw. Therefore JRw = Tw = u. since JR,T) IS weak compatible, we get that   T(JRw)=(JR)Tw,  

That is,                                                             JRu=Tu.                                                                             (3.12) 

 

Step 4: By putting x=u, y=u in condition (3.4) and using (3.11) and (3.12), we obtain that 

 Φ (M(Abu,JRu, kt),M(su,Tu,t), M(Abu,Su,t), M(JRu,Tu,kt))≥0 

 

That is, Φ (M(ABu, JRu, kt),M(ABu, JRu, t),1,1)≥0.  

 

Using (a) we have M(ABu, JRu, t)≥1, for all t>0. 

 

Thus, M(Abu ,JRu, t)=1, we have JRu=Abu. Therefore u=Abu=Su=JRu=Tu, that is, u is a common fixed point of 

AB, JR, S and T. 

 

Case II (AB is continuous). In this case, we have (AB)Sx2n   →ABu. 

 

The semi-compatibility of the pair (AB,S) gives  (AB)Sx2n   →Su. 

 

 By uniqueness of limit in fuzzy metric space, we obtain that Abu = Su. 

 

Step 5: By putting x = u y=x2n+1 in (3.4) ,we get  

Φ (M(ABu , JRx2 n+1’,kt),M(Su,Tx 2n+1’)M(ABu,Su,t), M(JRx 2n+1’Tx 2n+1’kt))≥0. 

 

Taking limit as n →∞ and using (3.6), (3.7) & (3.10),we get 

ф (M(ABu,u,kt),1, M(ABu,u,t) ≥0. 

 

As Φ is non-decreasing in the first argument, we have Φ(M(Abu,u,t),1,M(Abu,u,t),1) ≥0. 

 

Using (a), we have M(Abu, u, t) ≥ 1, for all t > 0 , which gives u = Abu and rest of the proof follows from step 3 

onwards of the pervious case. 

 

Step 6.  Uniqueness: Let z be another common fixed point of AB, JR, S and T. Then Z = ABz = JRz = Sz = Tz. 

Putting x = u and y = z in (3.4), We get 

 Φ (M(ABu, JRz, kt), M ( Su,Tz,t), M(ABu,Su,t), M(JRz, Tz, kt)) ≥ 0, 

 

That is:                                                             Φ (M(u, z, Kt), M ( u,z,t), 1, 1) ≥ 0,   

As Φ is non-decreasing in the first argument, we have  Φ (M(u, z, t), 1, 1) ≥ 0, 

 

Using (a), we have M(u, z, t) ≥ 1, for all t > 0. Hence M(u, z,t) = 1,That is u = z. Therefore u is the unique common 

fixed point of the self-mappings AB, JR, S and T. 

 

Corollary 3.1 Let A, B, S, T, J and R be self-mapping of a complete fuzzy metric shape (X, M, *) satisfying (3.1), 

(3.4), (3.5) and that the pairs (AB, S) and (JR, T) are semi compatible, One of AB, JR, S or T is continuous. Then 

AB, JR, S and T have a unique common fixed point in X. 

 

Proof: As semi-compatibility implies weak compatibility the proof follows from theorem 3.1  
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