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I. Introduction 

Instrumental methods of analysis are widely used to determine the physicochemical properties of natural and 

synthetic materials. Data produced by analytical instruments is named as analytical signal [1] (AS). AS is the 

source of physicochemical information about the sample under study. AS of a multicomponent mixture is a 

superposition of the ASs of the mixture components. E. g., in spectroscopy [2] and chromatography [3] AS can 

be represented as a sum of elementary peaks. Peaks have symmetrical (Gaussian, Lorentzian and Voigt) and 

asymmetrical [4-6] bell-shaped shapes. Peaks are often strongly overlapped. The instrumental methods cannot 

completely resolve overlapping peaks; therefore, mathematical signal processing must be performed. 

In order to avoid terminological confusion, a short description of some terms will follow. 

Extraction of elementary peaks from badly resolved AS means complete separation of peaks. The term 

"separation" seems to us the most relevant to chromatography where complete separation of peaks indicates a 

good separation of pure components of a mixture. Resolution enhancement, often referred as “deconvolution”, 

causes partial separation due to the narrowing of the peaks. These terms have specific meaning. Resolution is 

one of the main concepts in spectroscopy [2] which describes the ability of a spectral instrument to resolve 

overlapping peaks. Deconvolution is the inversion of a convolution of "true" (undisturbed) AS with instrumental 

(kernel) function of analytical tool [7]. We considered resolution enhancement as pseudo deconvolution [6].  

The separation problem should be considered, according to how much a priori information on the AS 

is available. If all elementary components of AS are known (the white box model), then the separation of 

overlapping components is not complicated. In contrary, blind source separation, without knowing the AS 

components (the black box model) and some constrains, in principle impossible [8]. Fortunately, in spectroscopy 

and chromatography the gray box model is valid [9]. This model is based on a priori information about peak 

shape and peak parameters; approximated values of these parameters can be evaluated in the pre-processing 

step.   

Mathematical methods of separation of overlapping symmetrical peaks have been discussed in numerous articles 

(see references in [1] and reviews [9-13]). A smaller number of papers has been devoted to  modeling and 

separation of overlapping asymmetrical peaks in spectroscopy, chromatography, polarography and related 

techniques [4-6, 9-49], since this problem is more complicated and less common than that of the processing of 

symmetrical peaks. Moreover, similar mathematical algorithms are often developed and used in different fields 

of instrumental analytical chemistry making it difficult to understand the separation problem as a whole. 

Sometimes, chemist "cannot see forest for the trees" because of unnecessary technical details which should be 

included in the supplementary materials section of a manuscript.   

In the present chemistry-oriented analytical review, the most common methods of separation of overlapping 

asymmetrical peaks in spectroscopy and chromatography are critically discussed.  The advantages and 

disadvantages of these methods are demonstrated using sufficiently simple mathematical tools which should be 

clear to wide audience. Since the matrix approach to the separation problem was thoroughly reviewed in 

chemometrics literature, present study was mainly dedicated to the one-dimensional ASs. 

In what follows, for the sake of simplicity, term “peak” is used for short of phrases "spectral line and band" and 

"chromatographic peak". 

Standard algebraic notations are used throughout the article. All calculations were performed and the plots were 

built using the MATLAB program. 
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II. Theory 

a. Model 

In general, AS is modeled as a linear combination of   peaks, a baseline (     ) and a random noise ( ): 

                                                                                                                                                      
    

where    is the maximal peak amplitude (peak height),               is the shape of the  th peak,   is abscissa of 

the AS (e.g., time, wavelength),     is the abscissa of the peak maximum,   is the vector of the peak-shape 

parameters which define the full peak width at half-maximum (FWHM,     and the peak asymmetry. It is 

common to assume that all peaks have the same shape and that   has a normal distribution with zero mean. 

Another noise models were considered in [4, 50, 51].  

To simplify the analysis of asymmetrical peaks,               has been transformed to the new dimensionless 

variable [6]:   

                                                                                                                                                                                   

where    is a peak shape parameter. Transformation (2) is applicable to all peak models that include 

dimensionless asymmetry coefficients. However, asymmetry coefficients which have dimension are also 

sometimes included for the sake of better fitting theoretical peak profile to experimental data. For example, the 

Parabolic-Variance Modified Gaussian model [33]: 

                                                                     
  
 

           
                                                                                   

where          contains coefficient        , which unit of measure is    .  
The Exponential-Gaussian Hybrid (EGH) model [34] is a partial case of Eq. 3 when     . The denominator 

of the fraction (Eq. 3) must have a positive value. Since the coefficient    is physically unreasonable, the 

corresponding models were not considered in [6]. 

The bi-Gaussian peak model [35] can be transformed to the dimensionless variable (2): 

                                                                 
       

        

       
          

                                                                                

where           is the ratio of the FWHMs of the right and the left peak regions.  

The Tail Modifier of symmetrical Gaussian, Lorentzian, and Voigt profiles [36] is also the asymmetrical 

multiplier used for improving AS fitting.   

The generalized exponentially modified Gaussian function (GEMG) is a linear combination of two EMG peaks 

obtained by convolution of Gaussian peak with two different decay functions [19]. The essential drawback of 

GEMG is doubling of independent elementary components of AS. 

Some peak models have very limited application since they are focused only on a specific problem. For 

example, emission spectral lines of neutral atoms in plasmas were represented as convolution of Gaussian and 

complex integral asymmetrical function based on rigorous physical foundation [25].  

Mathematical expressions of some non-integral peak models (for     ) in the spatial and in the frequency 

domains are given in the Table. 

Mathematical analysis of peak asymmetry was performed by decomposition of the theoretical peak shape ( ) to 

the sum and to the product of symmetrical and asymmetrical parts [6]. Asymmetry factor as a measure of peak 

tailing (AFPT) was evaluated using different empirical parameters [49]. The ratios of the extremal intensities of 

the first-order derivative and of the satellite intensities of the second-order derivative were taken as the 

asymmetry factor of the proximal and of the distal parts of the peak tails, respectively [6]. In another approach 

the measured chromatographic peak was approximated by the function    
   

 [49]; the symmetrical peak (    ) 

with the same peak maximum position, height and width as    
   

  was generated. Difference between    
   

 and 

     was used for calculating of the AFPT. 

However, since all asymmetrical factors are not related to the physical origin of peak asymmetry, they are only 

phenomenological characteristics of asymmetry. 

Real-life model of AS includes systematic errors (unknown background or baseline) due to the minor 

unidentified components and slow instrumental drifts. Background uncertainties greatly complicate the curve 

fitting problem since additional background parameters must be included in the fitting algorithm.    

In many cases baseline may be approximated by the low-order polynomial in the peak-free regions [48]. 

However, these regions are usually absent in chromatograms of complex mixtures due to the overlap between 

baseline and long tails of asymmetrical peaks [30]. Linear baseline can be suppressed by the second-order 

differentiation. 

Since the tails of asymmetrical peaks go far from the peak center, establishing of integration limits of 

chromatographic peaks becomes serious problem in the presence of baseline. For this purpose the second-order 

derivative of chromatographic AS has been used [41]. 

 

 
Table. Peak shape models 



J. Dubrovkin, International Journal of Emerging Technologies in Computational and Applied Sciences, 11(1), December 2014-February 

2015, pp. 01-08  

IJETCAS 15-109; © 2015, IJETCAS All Rights Reserved                                                                                                                Page 3 

Model Mathematical  expression  
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where L=       
          ,         

*                    is the angular frequency  and        
 

Numerous background shapes were included in Casa Software program packet designed for processing X-ray 

photoelectric spectra [36]. Flexible non-linear background functions based on cubic spline polynomials were 

adjusted interactively using mouse control or were optimized in the fitting to the peak model. 

   

b. Curve  fitting 

Extraction of pure components from overlapping peaks by fitting the model (1) to the experimental data is one 

of the main pre-processing tasks in instrumental analytical chemistry [1]. The reliability of the peak parameters 

obtained by curve fitting will affect the reliability of the results of the qualitative and quantitative analyses. 

Simple approach to curve fitting: Non-linear Iterative Curve Fitting (NLICF) has been discussed by prof. Tom 

O'Haver in his practical guide to signal processing [52]. NLICF includes the following steps: 

1. Determination of initial parameters of the model (1). 

2. Curve fitting by minimizing the sum of the squared differences (the objective function) between the measured 

AC  (                 ) and fitted data (     ) with respect to the vector   of unknown parameters of the   

peaks and baseline:                     

                                                                                 
                                                                           

3. If the fitting error is greater than the specified error, then the model parameters, obtained in step 2 must be 

corrected, and a computer program loops back around to step 3.  

Impact of statistical properties of the measured data and of the model parameters on minimization procedures 

has been thoroughly discussed by [53, 54].   

The following object function takes into account a priory known values of the model parameters:  

 

                                                                                              
  

                                                     

where    is a weighting factor,       is the initial value of      parameter,        is the standard deviation  of the 

normally distributed       which mean value is zero.  

The main problem of the curve fitting is finding the global minimum of the objective function instead of the 

local minima or "plateaus" (when fitting parameters do not affect the objective function) [18]. Convergence of 

curve fitting algorithm in the neighborhood of the global solution point depends on the correctness of the model 

and on how the initial parameters are close to the true values [53]. Rate of convergence also depends on the 

numerical method of curve fitting [23]. It was pointed out that the probability of finding accurate values of peak 
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parameters (the global solution) increases with increasing resolution [23]. This conclusion can be explained 

using MATLAB function nlinfit as an example. It uses the Gauss-Newton algorithm with Levenberg-Marquardt 

(LM) modifications for global convergence which depends on the sensitivity of the objective function to small 

changes in the model parameter values. The sensitivity increases with increasing resolution.  Since the 

resolution of overlapped ASs can be enhanced by differentiation, the convergence of curve fitting is improved 

using low-order derivatives of analytical signal [23]. However, the noise enhancement in derivatives is a serious 

disadvantage of this method.   

The NLICF algorithms may be divided into two main groups: the classical optimization methods for small- and 

large residual problems [54] and the nature-inspired (genetic and immune) methods [18], e. g., a hybrid genetic 

algorithm (LOGA [20]). The LM and genetic algorithms were used for the modeling of HPLC retention surfaces 

[17, 18].  

Brief description of genetic algorithm is given in the MATLAB software documentation and by [18]. This 

algorithm begins by creating a random set of initial parameters of AS. At the following steps the new "children" 

sets were produced from the "parent" sets using the ''best" (elite) estimated parameters and by modification 

(mutation) of other parameters. This process is the most critical to a rapid convergence of the algorithm to the 

global minimum of the objective function.  Various stopping conditions of the genetic algorithm are listed in the 

documentation of the MATLAB function ga.m.  

The first analytical application of   the immune network method which models the defending process of an 

immune biological system against its invaders was given by [40]. Symmetrical Gaussians were used as models. 

It was shown that the immune algorithm is more rapid than LM method.  

Practical recommendations for choosing the quasi-optimal curve fitting algorithm have been discussed in details 

by [23]. However, in each particular case, the decision, what is the best algorithm for NLICF, should be made 

only by trial and error procedure.        

Model correctness can be improved by using flexible models of asymmetrical peak incorporating more 

parameters [36]. Unfortunately, if a number of model parameters increases, then the fitting algorithm is 

complicated, and its rate of convergence significantly decreases. 

Study [21] was dedicated to a priory prediction of the possibility of obtaining inaccurate parameters of 

deconvoluted AS. The prediction based on different resolution criteria was performed using retention data set of 

16 aromatic compounds eluted in methanol-water and acetonitrile-water mixtures. It was found that the 

multivariate selectivity obtained from the net analyte signals of mixture components is the best failure prediction 

measure of deconvolution. 

Peak fitting to the Gaussian shape was performed using adaptive digital filters in the spatial and frequency 

domains [55]. For baseline suppression and resolution enhancement the second-order derivatives were taken. In 

the case of weakly asymmetric peaks this method can be useful only for evaluation of initial peak parameters. 

Peak fitting to the Log-Normal shape was performed using the pseudo-phase representation of parameters 

characterizing the shape of fluorescence spectra [44, 45]. This method based on the rigorous physical foundation 

is applicable only to fluorescence spectra.     

 

c. Determination of initial peak parameters 

1. Peak detection 

Statistical methods for detecting peaks are based on the testing the null hypothesis ("some sample of AS belongs 

to the peak") against the alternative hypothesis ("this is a noise sample") [50]. The weighted sum of the baseline-

free AS values is compared with a threshold. The drawback of this method is a broadening of AS. Another one-

point algorithm compares the first-order derivative of AS with some threshold. This algorithm does not require 

correction of the constant baseline. However, since smoothing of the noisy AS is needed the resolution of 

overlapping peaks decreases. Peak detection in the second-order derivatives has some advantages due to the 

removal of a linear baseline and to the resolution enhancement [50].  

Peak detection algorithms in Liquid-Chromatography-Mass Spectrometry (LC/MC) for protein identification 

and quantification were reviewed by [56]. The LC elution profile of these objects demonstrates structured 

asymmetrical shape which has some local maxima. Software packages for LC/MS analysis perform peak 

recognition using polynomial approximation and wavelet transform. Peak shapes are Gaussian and EMG.    

2. Fitting data to peak models 

Model-based estimation of approximate peak parameters is widespread in spectroscopy and chromatography; 

two examples are given in Appendix. In the Natural Logarithm Derivative Method (LNDM) the position of peak 

maxima was estimated using linearization of symmetrical Gaussian model [57]. In the case of overlapping non-

equal-width peaks a non-linear system of equation must be solved. Therefore, LNDM has limited application.   

3. Peak sharpening using self-deconvolution  

Narrowing (sharpening or deconvolution) of asymmetrical lines was firstly studied by [16] using EMG model of 

chromatographic peaks (Table,       ). Fourier transform of the EMG peak (            ) was divided 

by the Fourier transform of the kernel function 
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Since the peak and the kernel have identical mathematical expression, this method is named Fourier self-

deconvolution [26]. Deconvoluted peak in the spatial domain obtained by the inverse Fourier transform contains 

Gauss error function (erf) which cannot be expressed using elementary functions. 

Resolution enhancement and asymmetry of deconvoluted peaks depend on the kernel parameters    and    . 

Change of asymmetry may cause apparent shifts of the maximum peak position from the accurate value. 

However, these shifts are small compared to the shifts of the strongly overlapping peaks which are significantly 

eliminated by deconvolution.   

It is well known that deconvolution of a noisy AS produces wrong side lobes (oscillations) which intensity 

increases with increasing resolution enhancement [7]. Therefore, deconvolution should be performed using 

special regularization procedures based on the compromise between resolution enhancement and acceptable 

level of side lobes [7].  

4. Peak sharpening using derivatives of AS 

Mathematical differentiation of AS is widely used for qualitative and quantitative analysis in chemistry [58]. 

First- and second-order derivatives provide valuable information about initial parameters of overlapping peaks 

due to the resolution enhancement and reducing baseline signal. However, differentiation increases the noise 

and creates wrong structure (satellites). Also differentiation causes a redistribution of the peak intensities since 

the derivative peak intensity is inversely proportional to the peak width in the power of the order of the 

derivative.  

Numerous algorithms for detection of symmetrical overlapped peaks and for approximate evaluation of their 

parameters have been developed in derivative spectroscopy [58, 59]. The most popular applications of the 

second-order derivative were dedicated to the evaluation of the maximum peak positions (e. g., as a first stage of 

the empirical and semi blind algorithm in chromatography [38], using modified Lorentz model [31]). In the 

study [22] chromatogram was separated into independent parts. The second-order derivative of each part was 

divided into zones located between zero points. The upper and the lower boundaries of peak parameters were 

estimated in these zones. Finally, the intensity of each individual peak was corrected by the iterative fitting the 

experimental chromatogram to the model. Wrong (negative) peaks were removed after each iteration.   

d. Matrix methods 

Chemometrics approach to the separation of the overlapping peaks based on the matrix methods which was 

thoroughly discussed in reviews [9, 12]. In this section we briefly note some characteristics of these methods 

used to extract asymmetrical peaks from composite ASs.  

1. Dual detection 

Multidimensional data obtained by simultaneous dual detection of the UV-visible absorption and chiral 

dispersion spectra was used for the extraction of the pure-component chromatograms [27]. Decomposition was 

based on the ratio method which requires a priory information about chromatograms of the pure mixture 

components. This approach is similar to the Signal Ratio Resolution Method based on the single detection [28, 

29].  As was pointed earlier [61], the ratio method has limited applications due to the strong impact of the noise 

and significant sensitivity to the selection of analytical points.  

2. Multivariate curve resolution (MCR) 

The MCR is based on data matrix decomposition into the concentration matrix ( ) and the matrix of the pure-

component of AS ( ) [13]: 

                                                                                        

                                                                                                               
The convergence of the MCR algorithms to the exact solution strongly depends on the accurate estimation of the 

number of pure components in AS [24] and on a priory information about a set of possible solution (initial 

estimation of matrix  ) and different constrains [13].  

Due to the numerous limitation of MCR [13] each row of matrix   is represented as the sum of the same 

number of asymmetrical peaks (3). The peak shapes are identical, but the maximum positions and intensities 

differ [20]:   

                                                                                                                            
 
    

The advantages of the developed method were demonstrated by decomposition of binary chromatograms using 

LOGA method [20]. 

In conclusion it is important to underline that all decomposition algorithms were tested using relative small 

number of experimentally obtained or synthesized objects. Therefore, published results do not allow a priory 

error evaluation in determining parameters of elementary peaks using particular decomposition method. We 

intend to solve this problem in future studies.    
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APPENDIX 

A. Bi-Gaussian fitting of asymmetrical peak [11] 

Estimation of the peak parameters from the noisy data is performed using the log-ratios of the truncated zero- 

and second order moments of the left and the right peak sides: 
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          The log-scale is used for partial linearization of the estimation procedure. 

The maximum peak position (  ) is the solution of the equation 

                                                                                                
The widths: 

            
        

                                                        (A4) 

            
        

                                           (A5) 

Peak intensity ( ) is calculated by a weighting average in the log-scale:    

                                                  
                                

       

         
                                                 

where           and          are evaluated (Eq. 3) and observed values at discrete point    , respectively. 

 

B. Fitting of  PVMG peak [33] 

Logarithm of Eq. 3 is equal to 

                
   

 

           
                                                                       

Substituting the left     and the right     half width into Eq. B1, we have 
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Since the denominator of Eq. B1 must be positive, then        and  

  
                                                                                     

Empirical solution of Eq. B2 with constrains (Eq. B3) is obtained using the half widths at 10% peak height. 

For EGN model (    ) [34]: 

                                                                             
  
    

 

  
   

                                                                                                

where   is the peak intensity relative to the maximum intensity,   
  and   

   are the left and the right half widths 

at   % peak height.  

 

 


