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Solving Fully Intuitionistic Fuzzy Assignment Problem Using Branch and
Bound Technique
A.Nagoor Gani1*& S.Abbas2
P.G. & Research Department of Mathematics, Jamal Mohamed College (Autonomous), Trichy, India.
2
P.G. & Research Department of Mathematics, Khadir Mohideen College, Adirampattinam, India.

1

Abstract: This paper develops an approach to solve Fully Intuitionistic Fuzzy Assignment Problem Using
Branch and Bound Technique. Here the elements of the cost matrix of the Intuitionistic Fuzzy Assignment
Problem are Triangular Intuitionistic Fuzzy Number. The ranking procedure is used to compare the
Triangular Intuitionistic Fuzzy Number. The efficiency of the proposed technique is illustrated be a
Numerical Example.
Keywords: Intuitionistic Fuzzy Set, Intuitionistic Fuzzy Number, Triangular Intuitionistic Fuzzy Number,
Intuitionistic Fuzzy Assignment Problem.
AMS Mathematics Classification (2010): 03E72
I. Introduction
An assignment problem is a particular case of transportation problem in which a number of operations are to be
assigned to an equal number of operators, where each operator performs only one operation. The objective is to
maximize overall profit or minimize overall cost for a given assignment schedule.
However, in real life situations, the parameters of assignment problem are imprecise numbers instead of fixed
real numbers because time/cost for doing a job by a facility (machine/person) might vary due to different
reasons. The theory of fuzzy set introduced by Zadeh [10] in 1965 has achieved successful applications in
various fields. In 1970, Belmann and Zadeh [4] introduce the concepts of fuzzy set theory into the decisionmaking problems involving uncertainty and imprecision. Bai et.al[3] investigated fuzzy generalized assignment
problem with credibility constraints. Kalaiarasi et.al [5] Optimization of fuzzy assignment model with triangular
fuzzy numbers.
The concept of intuitionistic fuzzy sets (IFSs) proposed by Atanassov [2] in 1986 is found to be highly useful to
deal with vagueness. The major advantage of IFS over fuzzy set is that IFSs separate the degree of membership
(belongingness) and the degree of non-membership (non-belongings) of an element in the set. Here we
investigate a more realistic problem, namely intuitionistic fuzzy assignment of assigning the j th job to the ith
machine. We assume that one machine can be assigned exactly one job also each machine can do at most one
job. The problem is to find an optimal assignment so that the total intuitionistic fuzzy cost of performing all jobs
is minimum or the total intuitionistic fuzzy profit is maximum. In 2015, Srinivas and Ganesan [7] investigate a
method for solving intuitionistic fuzzy assignment problem using branch and bound method.
In this paper, we first review some basic concepts of intuitionistic fuzzy set theory in section 2. In section 3, the
operations on triangular intuitionistic fuzzy numbers. In section 4, we explain the method of ranking triangular
intuitionistic fuzzy numbers with example. In section 5, we define intuitionistic fuzzy assignment problem. In
section 6, give the branch and bound algorithm to solve the intuitionistic fuzzy assignment problem with
triangular intuitionistic fuzzy numbers. In section 7, a numerical example is given and we conclude in section 8.
II. PRELIMINARIES
Definition: Intuitionistic Fuzzy Set
An Intuitionistic fuzzy set (IFS)

~
A I in

X is given by a set of ordered triples :
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~
AI
Where

= {<x,

 A~

I

(x),  A~ I (x)>/xX},

 A~ , A~ I :X[0,1] are functions such that 0   A~
I

numbers

 A~

I

(x) and

 A~

I

I

(x) +  A~ I (x)  1 for all x X. For each x the

(x) represent the degree of membership and degree of non-membership of the

element xX to A X, respectively.
Note : Here we use

~
A I to denote an intuitionistic fuzzy set.

Definition: Intuitionistic Fuzzy Number

~
A I ={<x,  A~ I

An intuitionistic fuzzy subset

(x),  A~ I (x)>/xX}, of the real line R is called an

Intuitionistic Fuzzy Number (IFN) if the following holds:
i) There exist mR,

 A~

I

(m)=1 and

 A~

I

(m) =0, ( m is called the mean value of

ii) A is a continuous mapping from R to the closed interval [ 0,1 ] and  xR,

~
AI

).

the relation

0  A~ I (x) +  A~ I (x ) 1 holds.
The membership and non-membership function of

 A~

I

(x)

=

~
AI

is of the following form:

0

for - < x  m-

f1(x)

for x [ m- , m]

1

for x = m

h1(x)

for x  [m , m+]

0

for m +  x <

Where f1(x) and h1(x) are strictly increasing ad decreasing function in [ m- , m] and [m,m+] respectively.

 A~

 A~

I

(x)

=

1

for - < x  m-

f2(x)

for x [ m- , m] ; 0  f1(x)+f2(x)  1

0

for x = m

h2(x)

for x  [m , m+] ; 0  h1(x) + h2(x)  1

1

for m +  x 

Here m is the mean value of
I

~
A I .  and  are called left and right spreads of membership function

(x) respectively. and represents left and right spreads of non membership function

respectively. Symbolically, the intuitionistic fuzzy number is represented as
ICOMAC 2019-001; © 2019, AIJRSTEM All Rights Reserved
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I
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~
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Definition: Triangular Intuitionistic Fuzzy Number (TIFN)

~
A (TIFN) A I is an intuitionistic fuzzy set in R with the following membership function

 A~

I

(x) and non

membership function  A~ I (x):

x  a1
for a1 x  a2
a 2  a1

 A~

I

(x) =

a3  x
a3  a 2

for a2 x  a3

0

otherwise

a2  x
a2  a

 A~

I

(x)=

x  a2
a3 ' a 2
1

'

for a1 x  a2

1

for a2 x  a3
otherwise

Where a1a1 a2  a3 a3and  A~ I (x) , A~ I (x )  0.5 for
~
by A I TIFN = (a1, a2, a3)(a1,a2, a3) or (a1, a2, a3;a1,a2, a3).

 A~

I

(x) =  A~ I (x )  xR. This TIFN is denoted

III. Operations on Triangular Intuitionistic Fuzzy Number

~
a~ I = (a1,a2,a3;a1,a2,a3) and b I = (b1,b2,b3;b1, b2, b3) two Triangular Intuitionistic Fuzzy Number then
~ I and b~ I as follows :
the arithmetic operations on a
~ I  b~ I = ( a1+ b1, a2+b2, a3+b3;a1+b1, a2+b2, a3+b3)
Addition
: a
Let
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~I
: a

Subtraction

Multiplication

~
 b I =( a1-b3, a2-b2, a3-b1; a1-b3, a2-b2, a3-b1)

~ I  b~ I = ( a1b1, a2b2, a3b3;a1b1, a2b2, a3b3)
: a

~ = (ka1,ka2,ka3;ka1,ka2,ka3)
Scalar Multiplication : (i) If k>0 then k a
I

~ = (ka3,ka2,ka1;ka3,ka2,ka1)
(ii) If k<0 then k a
I

IV.Ranking of Triangular Intuitionistic Fuzzy Number
An Triangular Intuitionistic Fuzzy Number = (a,b,c;e,b,f) is completely defined by its membership and nonmembership function as follows:
𝐿𝜇 (x) =

xa
ba

; axb

𝐿𝑣 (x) =

bx
be

;

and 𝑅𝜇 (x) =

exb

cx
c b

x b
f b

and 𝑅𝑣 (x) =

;

bxc

; bxf

The inverse functions L-1 and R-1 can be analytically express as given below:
𝐿−1
𝜇 (h) = a + ( b - a) h
𝐿−1
𝑣 (h) = b – ( b – e) h

𝑅𝜇−1 (h) = c – ( c – b ) h
𝑅𝑣−1 (h) = b + ( f – b) h

~
Then the Graded Mean Integration Representation (GMIR) of membership function of A I is,


h 

~

0
Pµ( A I ) =

1

1

L




1
(h)  (1   ) R  (h)  dh

1

 h dh
0

=

 (a  c)  c  2b
3

~
The Graded Mean Integration Representation (GMIR) of non- membership function of A I is,

 h  L (h)  (1   ) R (h) dh
0

~
P( A I ) =

1

1

1
0

 h dh
1

=

2  (e  f )  b  2 f
3

 (a  c)  c  2b 2 (e  f )  b  2 f
~
P( A I ) = [
,
]
3

3

~I

~I

~I

In the same way we find the P( B ) and we get a interval (a1,a2) for A and (b1,b2) for B , if a1> b1 and a2 >

~I ~I
b2 then A > B for the values of α = 0 , 0.5 ,1 and β = 0, 0.5 , 1.
Example:

~
A I = ( 2,3,5 ; 1,3,6)

and

~
B I = ( 5,6,9 ; 1,6,13)
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 (2  5)  5  6

~I

𝑃𝜇𝛼 ( A ) =

~I

𝑃𝜇𝛼 ( B ) =

3

 (5  9)  9  12
3

 3  11
;
3



 4  21
2  (1  13)  26  6  24  32
𝛽 ~I
; 𝑃𝑣 ( B ) =

3
3
3

~I

~I

~I

𝑃𝜇𝛼 ( A ) = 2.66

~I

𝛽

𝛽

𝑃𝑣 ( A ) = 3.33

~I

~I

𝑃𝜇𝛼 ( B ) = 6.66

~I

𝑃𝜇𝛼 ( B ) = 5.66

~I

𝛽

𝑃𝑣 ( B ) = 2.66

𝛽

𝑃𝑣 ( B ) = 6.66

~I

~I

𝑃𝜇𝛼 ( A ) < 𝑃𝜇𝛼 ( B )

and

𝛽

~I

~I

𝑃𝑣 ( A ) = 5.66

~I

𝑃𝜇𝛼 ( B ) = 7

Therefore

  1,   0

𝑃𝜇𝛼 ( A ) = 3.16

𝑃𝑣 ( A ) = 1.66

So

~I

~I

𝑃𝜇𝛼 ( A ) = 3.67

𝛽

𝛽

𝑃𝑣 ( A ) =

  0.5 ,   0.5

  0,  1

𝛽

2  (1  6)  12  3  10  15

3
3



~I

𝑃𝑣 ( B ) = 10.66
𝛽

~I

𝑃𝑣 ( A ) < 𝑃𝑣 ( B )

~
~
AI < B I
V. Intuitionistic Fuzzy Assignment Problem(IFAP)

Consider the situation of assigning n machines to n jobs and each machine is capable of doing any job at
different costs. Let Cijbe an intuitionistic fuzzy cost of assigning the j th job to the ith machine. Let Xijbe the
decision variable denoting the assignment of the machine i to the job j. The objective is to minimize the total
intuitionistic fuzzy cost of assigning all the jobs to the available machines (one machine per job) at the least total
cost. This situation is known as balanced intuitionistic fuzzy assignment problem.
𝑛

𝑛

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐴̃𝐼 = ∑ ∑ 𝑥̃𝑖𝑗𝐼 𝑐̃𝑖𝑗𝐼
𝑖=1 𝑗=1

Subject to

∑𝑛𝑖=1 𝑥̃𝑖𝑗𝐼

= 1,

𝑗 = 1,2, … , 𝑛
∑𝑛𝑗=1 𝑥̃𝑖𝑗𝐼 = 𝑎̃𝑖𝐼 ,

𝑖 = 1,2, … , 𝑛

1 , 𝑖𝑓 𝑡ℎ𝑒 𝑖 𝑡ℎ 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑖𝑠 𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑 𝑡𝑜 𝑗𝑡ℎ 𝑗𝑜𝑏
Where 𝑥̃𝑖𝑗𝐼 = {
0, 𝑖𝑓 𝑡ℎ𝑒 𝑖 𝑡ℎ 𝑚𝑎𝑐ℎ𝑖𝑛𝑒 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑 𝑡𝑜 𝑗𝑡ℎ 𝑗𝑜𝑏

The above IFAP can be stated in the below tabular form:

Job1

Job2

…..

Job j

Job n

Person 1

a~ I 𝟏𝟏

a~ I 𝟏𝟐

…..

a~ I 𝟏𝒋

a~ I 𝟏𝒏

Person 2

a~ I 𝟐𝟏

a~ I 𝟐𝟐

…..

a~ I 𝟐𝒋

a~ I 𝟐𝒏
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.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Person i

a~ I 𝒊𝟏

a~ I 𝒊𝟐

…..

a~ I 𝒊𝒋

a~ I 𝒊𝒏

Person n

a~ I 𝒏𝟏

a~ I 𝒏𝟐

…..

a~ I 𝒏𝒋

a~ I 𝒏𝒏

VI. Algorithm for Fully Intuitionistic Fuzzy Assignment Problem
Branch and Bound Technique:
1. Let k be the level number in the branch tree 𝜀 be the assignment in the current node of a branching tree.
Assume that the root node is 0.
2. 𝑃𝜀𝑘 be an assignment at level k of the branching tree. A is the set of assigned cells (partial assignment) up to
the node𝑃𝜀𝑘 from the root node ( set of i and j values with respect to the assigned cells up to the node 𝑃𝜀𝑘 from the
root node), and 𝑉𝜀 be the lower bound of the partial assignment up to 𝑃𝜀𝑘 such that,
𝑉𝜀 = ∑𝑖,𝑗𝜖𝑋 𝐶𝑖,𝑗 + ∑𝑖𝜖𝑋 ∑𝑗𝜖𝑌 max 𝐶𝑖,𝑗
Where Cij is the cell entry of the cost matrix with respect to the i th row and jth column. X be the set of rows
which are not deleted up to the node 𝑃𝜀𝑘 from the root node in the branching node.
Branching Methodology:
1. At Level k, the row marked as k of the assignment problem, will be assigned with the best column of the
assignment problem.
2. If there is tie on the lower bound, then the terminal node at the upper most level is to be considered for the
further branching.
3. If the minimum lower bound happiness to be at any of the terminal node at the (n-1)th level, the optimality is
reached. Then the assignments on the path of the node to that node along with the missing pair of row-column
combination from the optimum solution.
VII. Numerical Example
Let us consider an fully intuitionistic fuzzy assignment problem with rows representing 4 machines
M1,M2,M3,M4 and columns representing the 4 jobs J 1,J2,J3,J4 . The cost matrix [Cij] is given whose elements are
TIFN. The Problem is to find the optimal assignment so that the total cost of job assignment becomes minimum.
J1

J2

J3

J4

M1

(7,10,12;5,10,13)

(11,12,14;10,12,150

(16,19,22;15,19,24)

(10,11,12;9,11,13)

M2

(3,5,8;2,5,9)

(8,10,11;7,10,13)

(6,7,10;5,7,11)

(7,8,9;6,8,10)

M3

(10,12,13;9,12,14)

(12,14,16;10,14,18)

(10,13,15;9,13,16)

(9,11,13;8,11,14)

M4

(5,8,11;4,8,12)

(13,15,17;12,15,18)

(8,11,12;7,11,14)

(8,9,10;7,9,11)

Solution: Consider the fully intuitionistic fuzzy assignment problem and we solve it by branch and bound
technique to get the optimal solution.
Branching: The four different sub problems under the root nodes and upper bounds are shown in figure.
1
Compute the upper bound 𝑃11

𝑉𝜀 = ∑𝑖,𝑗𝜖𝑋 𝐶𝑖,𝑗 + ∑𝑖𝜖𝑋 ∑𝑗𝜖𝑌 max 𝐶𝑖,𝑗
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Where 𝜀 = (1,1) 𝐴 = (1,1) 𝑋 = (2,3,4) 𝑌 = (2,3,4)

𝑉11 = 𝐶11 +

∑

∑ max 𝐶𝑖𝑗

𝑖∈(2,3,4) 𝑗∈(2,3,4)
1
𝑃11
= (7,10,12; 5,10,13) + max(𝐶22 , 𝐶23 , 𝐶24 ) + max(𝐶32 , 𝐶33 , 𝐶34 ) + max(𝐶42 , 𝐶43 , 𝐶44 )

= (40,49,56;34,49,62)
1
Similarly𝑃21
= (44,53,63;39,53,69)

1
𝑃31
= (47,56,63;43,56,69)

1
𝑃41
= (41,51,60;36,51,67)

𝑃00

1
𝑃11

1
𝑃21

(40,49,56;34,49,62)

1
𝑃31

(44,53,63;39,53,69)

1
𝑃41

(47,56,63;43,56,69)

(41,51,60;36,51,67)

1
The greatest upper bound is 𝑃31
. So, eliminate third row and first column.

Further branching:
𝑉22 = 𝐶31 + 𝐶𝑖2 + ∑

∑ max 𝐶𝑖𝑗

𝑖∈(3,4) 𝑗∈(3,4)

2
2
𝑃12
= (35,42,49; 31,42,54)𝑃22
= (42,52,58;38,52,65)

2
𝑃42
= (45,53,62;41,53,67)

1
𝑃31

2
𝑃12

2
𝑃42

2
𝑃22

(35,42,49;31,42,54)

(42,52,58;38,52,65)

(45,53,62;41,53,67)

2
The greatest upper bound is 𝑃42
. So, eliminate fourth row and second column.

Further branching:
𝑉33 = 𝐶31 + 𝐶42 + 𝐶𝑖3 + ∑ ∑ max 𝐶𝑖𝑗
𝑖∈4 𝑗∈4
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3
3
𝑃13
= (46,54,61; 42,54,66)𝑃23
= (39,45,52; 35,45,56)

2
𝑃42

3
𝑃13

3
𝑃23

(39,45,52;35,45,56)

(46,54,61;42,54,66)

3
The greatest upper bound is 𝑃13
. So, eliminate first row and third column.

𝑉0

1
𝑃11

1
𝑃21

1
𝑃31

2
𝑃12

2
𝑃22

1
𝑃41

2
𝑃42

3
𝑃13

3
𝑃23

4
𝑃24

The optimal assignment is Machine 1 Job 3, Machine 2 

Job 4,

Machine 3  Job 1 and Machine 4  Job 2.
The optimal cost = (16,19,22;15,19,24) + (7,8,9;6,8,10) + (10,12,13;9,12,14) + (13,15,17;12,15,18)
= (46,54,61;42,54,66)
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VIII. Conclusion
In this paper, the assignment cost has been considered as a fully triangular intuitionistic fuzzy numbers which
are realistic and general in nature. Optimal solution to fully intuitionistic fuzzy assignment problem is obtained
using Branch and Bound techniques. Numerical example has been shown that the total profit obtained is
optimal. Branch and Bound method is a systematic procedure, which easy to apply in all type of assignment
problems be it to maximize or minimize the objective function.
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Finding the Feasible Solution of Fuzzy Sequential Linear Programming
Problem by Zoutendijk Method
1
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Tiruchirappalli-620 020, Tamilnadu, INDIA.
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Abstract:In this paper, an algorithmic method is introduced to find the feasible solution of fuzzy sequential
linear programming problems. When the objective function is non-linear and constraints are linear, this
algorithmic approach can be used to solve the problem. By themethod of feasible solution, the fuzzy
sequential linear programming problem is converted into fuzzy linear programming problem.
Keywords: Fuzzy Set, Fuzzy numbers, Hexagonal fuzzy numbers, Fuzzy Linear programming problem,
Sequential Linear Programming Problem, Ranking functions, Methods of feasible direction
I. Introduction
Sequential Linear Programming was originally proposed by Griffith and Stewart [6]. Bhavikatti [3] suggested
several improvements to the method to ensure that the method can be used almost as a black box for practical
problems. Sequential Linear Programming [1,5,7,8] is one of the dominant methods for solving nonlinear
optimization problems. The Sequential Linear Programming [4] consists in linearizing the constraints and the
objective function in the neighborhood of a design vector and solving the resulting linear programming problem
to get a new design vector. The linearization of non-linear equations and the solution of linear programming
problem is sustained in a sequence till optimal solution is reached [2].
The theoretical basis for the method of feasible directions (MFD) was initially developed by Zoutendijk [13] in
1960’s, several basic variations and modifications of method of feasible directions were proposed and
investigated. Non-linear programming problems are always solved using feasible directions method. These
methods explore the feasible region by analyzing along with the directions which reduce the objective function
while maintaining feasibility. At an initial point, a search direction is determined. The design is altered along
with this direction until either a minimum of the objective function is found or a constraint is encountered. At
the new design, a new search direction is determined and it is then changed by moving along the new direction.
For small moves with these directions, the design must not violate any constraint nor allow the objective
function to increase [9].
Fuzzy sets have been introduced by Lotfi. A. Zadeh (1965) [11] as a mathematical way of representing
impreciseness or vagueness in everyday life. Fuzzy set theory has been practically applied to many disciplines
such as control theory and operational research, mathematical modelling and industrial applications. The
concept of fuzzy optimization in wide-ranging was first proposed by Tanaka et al, 1974 [10]. Zimmerman, 1978
[12], Proposed the first formatting of fuzzy linear programming.
The paper is organized as follows: Basic concepts of fuzzy sets and hexagonal fuzzy numbers are given in
Section 2, and Section 3 deals with the concepts fuzzy sequential linear programming problem with methods of
feasible direction. In section 4 proposed algorithms is given to solve FSLPP. Finally, in Section 5, the efficiency
of the proposed method is explained by means of an example.
II. Preliminaries
Definition 2.1
A fuzzy set

A is defined by A = (x,μ A (x)) : x  A,μ A (x) [0,1]} [11]. In the pair (x,μ A (x))

,the first element x belongs to the classical set A and the second element

μ A (x) belongs to the interval [0, 1]

called membership function.
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Definition 2.2
A fuzzy set

A on R must possess at least the following three properties to qualify as a fuzzy number:

(i) A must be a normal fuzzy set;
(ii)  A must be a closed interval for every α ∈ [0, 1]; and
(iii) the support of A must be bounded.
Definition 2.3

AH is a hexagonal fuzzy numbers denoted by AH  (a1 , a2 , a3 , a4 , a5 , a6 ) , where
(a1 , a2 , a3 , a4 , a5 , a6 ) are real numbers and its membership function  A ( x) is given below

A fuzzy number

H

A

H

0

 1  1  x  a2 


2
2  a2  a1 


1  x  a3 
1 


2  a3  a2 


( x )  1

1  1  x  a4 



2  a5  a4 

1
1  x  a6 

  
2
2  a6  a5 


0

x  a1
a1  x  a2
a2  x  a3
a3  x  a4
a4  x  a5
a5  x  a6
x  a6

Operations of Hexagonal Fuzzy numbers 2.4
Following are the three operations that can be performed on hexagonal fuzzy numbers, suppose
AH  (a1 , a2 , a3 , a4 , a5 , a6 ) and BH  (b1 , b2 , b3 , b4 , b5 , b6 ) are two hexagonal fuzzy Numbers then
Addition: AH  BH  (a1  b1 , a2  b2 , a3  b3 , a4  b4 , a5  b5 , a6  b6 )
Subtraction: AH  BH  (a1  b1 , a2  b2 , a3  b3 , a4  b4 , a5  b5 , a6  b6 )
Multiplication: AH  BH  (a1  b1 , a2  b2 , a3  b3 , a4  b4 , a5  b5 , a6  b6 )
Ranking Function 2.5
An efficient approach for comparing the fuzzy numbers is by the use of an efficient ranking function

 : F(R)  R , where F(R) is a set of fuzzy numbers defined on set of real numbers, which maps each fuzzy
number into the real line, where a natural order exists i.e.
(i ) A  B if and only if ( A )  ( B )
(ii ) A  B if and only if ( A )  ( B )
(iii ) A  B if and only if ( A )  ( B )

i.e.

 2a  10a2  15a3  15a4  10a5  2a6   19 w 
R ( AH )   1
  54 
54




where (a1 , a2 , a3 , a4 , a5 , a6 ) are hexagonal fuzzy numbers.
Definition 2.6
When w = 1 the hexagonal fuzzy number is a normal fuzzy number.

III. Fuzzy Sequential Linear Programming Problem: Methods of Feasible Direction
Consideringtheconstrained fuzzy nonlinearprogramming problem:
Minimize f ( x )
Subject to
g j ( x)  0 ; j  1, 2, 3.....
hk ( x )  0 ; k  1, 2, 3.....
xil  xi  xiu ; i  1, 2, 3.....
and xi  0
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In order to avoid the complexities associated with nonlinearities, linearization can be an attractive option. This
is especially true because fuzzy Linear Programming Techniques are well-understood and readily available.
However, linearization is only accurate in the neighborhood of the linearization point. Before proceeding to
optimization, one needs to be prepared the problem on understanding to linearize it.
Problem Linearization
Let the assumption be to linearize the fuzzy non linear programming problem around pointxi, then the
Taylor Expansion,
f ( x)  f ( xi )  [f ( x(t ) )]T ( x  xi )
Similarly,in equality and equality constraints,
g j ( x)  g j ( xi )  [g j ( x ( t ) )]T ( x  xi )  0 ; j  1, 2, 3....
hk ( x)  hk ( xi )  [hk ( x ( t ) )]T ( x  xi )  0 ; k  1, 2, 3....

Once this step is achieved, the problem can be transformed into:
Minimize f ( x )  f ( xi )  [f ( x ( t ) )T ]( x  xi )
Subject to
g j ( x)  g j ( xi )  [g j ( x ( t ) )]T ( x  xi )  0 ; j  1, 2, 3....
hk ( x)  hk ( xi )  [hk ( x ( t ) )]T ( x  xi )  0 ; k  1, 2, 3....
xil  xi  xiu ; i  1, 2, 3.....
and xi  0

Method of Feasible Direction
If x* is apotential point, then
f ( x)  f ( xi t )  [f ( x(t ) )T ]( x*  xt i )
This algorithm is however limited to problems that are subject to only fuzzy linear in equality constraints. To
understand this algorithm, one has to consider the case where both xt (initial guess) and x* (potential optimal
points) are feasible.
This problem gives a search direction and explains the point at which the feasible region will be intersected.
Hence the problem can be restated as a single variable constrained problem,
Minimize f [ xt   ( x*  xt i )] ; 0    1
1
1
The solution of this problem is labelled as x .By using x as an initial guess for an extcycle, one can use the
above formula as a way to successively approximate the function.

IV. Proposed Algorithm to solve Fuzzy Sequential Linear Programming Problems
Step 1: Start with an initial point x
positive numbers

(t )

. (Initially, let t= 0 and declare two smalls

1  0.01 and 2  0.01

). The point x

(1)

Step 2: Linearize the objective and constraint functions about the point
Minimize f ( x )  f ( xi )  [f ( x ( t ) )T ]( x  xi )
Subject to

need not be feasible.

xi

as

g j ( x)  g j ( xi )  [g j ( x ( t ) )]T ( x  xi )  0 ; j  1, 2, 3....
hk ( x)  hk ( xi )  [hk ( x ( t ) )]T ( x  xi )  0 ; k  1, 2, 3....
xil  xi  xiu ; i  1, 2, 3..... and xi  0

Step 3: Formulate the following fuzzy linear programming problem
Minimize f ( x)  f ( xi )  [f ( x ( t ) )T ]( x  xi )
Subject to
g j ( x )  g j ( xi )  [g j ( x ( t ) )]T ( x  xi )  0 ; j  1, 2, 3....
and xi  0

Step 4:Then we get
Step 5: Find 

(t )

x (t )

be the optimal solution to the above fuzzy LPP.

that minimizes f (( x )   ( y  x ) in the range 0    1
(t )

( t 1)

Step 6: Calculate x

(t )

x

(t )

 (y

(t )

(t )

(t )

(t )

x )
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( t 1)

(t )

Step 7: If x  x

(t )

1 x

and if

(t )

( t 1)

f (x )  f (x

(t )

) 2 f ( x )

Terminate. Else t = t+1 and go to step 2.
V. Numerical Example
4

Minimize f ( x)   x1 x 2
Subject to
x1  x 2  5
x1  2 x 2  6

Non-negative restriction x1 , x 2  0
Solution:
The Formulated Fuzzy Sequential Linear Programming Problem is converted in to Hexagonal Fuzzy Sequential
Linear Programming Problem as
4

Minimize f ( x)  (0, 0.5,1,1.3,1.5, 2;1) x1 x 2

Subject to
(0, 0.5,1,1.3,1.5, 2;1) x1  (0, 0.5,1,1.3,1.5, 2;1) x 2  (3,4,5,5.5,6,7;1 )
(0, 0.5,1,1.3,1.5, 2;1) x1  (0,1, 2, 2.5,3, 4;1) x 2  (4,5,6,6.5,7,8;1 )

Non-negative restriction
x1 , x2  (0,0,0,0,0,0) .
By using Ranking function, we obtained
 (0,0.5,1,1.3,1.5,2;1)= 0.35  ( 0,1, 2, 2.5, 3, 4;1 )= 0.70
 (3,4,5,5.5,6,7 ;1 )= 1.76  (4,5,6,6.5,7,8;1 )= 2.11
Therefore
4

Minimize f ( x)  0.35 x1 x 2

2

Subject to
0.35 x1  0.35 x 2  1.76
0.35 x1  0.70 x 2  2.11
Non-negative restriction x1 , x2  0
(t )

Let us calculate fuzzy cost and fuzzy constraints gradients functions at the point t = 0 and x
Choose 1 2  0.01 . x
(t )
Iterations

(0)

 (2,1)

Value of 

Linearization

x

Solutions

Converges

0  1
4

1

Minimize f ( x)  0.35 x1 x 2
( 0)

 (2,1)

x

2

Subject to
0.35 x1  0.35 x 2  1.76
0.35 x1  0.70 x 2  2.11
Non-negative restriction
x1 , x2  0



x1  4.11
= 0.7

x2  0.3

No

Minimize f ( x)  28.94 x1  98.90 x2

2

Subject to

(1)

 (4.11,

x

0.3)

x1  3.6

0.35 x1  0.35 x 2  1.76
0.35 x1  0.70 x 2  2.11



= 0.11

x2  0.6

No

Non-negative restriction
x1 , x2  0

3

Minimize f ( x)  36.01x1  58.78x2

(2)

x

x1  4

 (3.6, Subject to
0.6)

0.35 x1  0.35 x 2  1.76
0.35 x1  0.70 x 2  2.11
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= 1.00

x2  1

No
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Non-negative restriction
x1 , x 2  0
Minimize f ( x)  89.60 x1  22.40 x2

4

Subject to
0.35 x1  0.35 x 2  1.76

(3)

x

 (4,1)



0.35 x1  0.70 x 2  2.11

= 1.00

x1  6.01
x2  1.00 Yes

Non-negative restriction
x1 , x2  0
( t 1)

Therefore, the criteria x

(t )

x

( t 1)

(t )

1 x

and f ( x

(t )

(t )

)  f ( x ) 2 f ( x ) is satisfied.

The optimal solution is x1  6.01 and x2  1.00 .
VI. Conclusion
In this paper, a new algorithm is proposed to find the feasible solution of fuzzy sequential linear programming
problem by Zoutendijk method. The algorithm is successfully tested in Fuzzy Sequential linear programming
problem where nonlinearity is in objective and linear is in constraints. An illustration is given for the solvation of
fuzzy sequential linear programming problem using the newly proposed algorithm. The optimal solutions
obtained from the proposed algorithm are more approximate than many other solutions obtained from the existing
methods
VII. References
[1].
[2].
[3].
[4].
[5].
[6].
[7].
[8].
[9].
[10].
[11].
[12].

Arora, J. S, Introduction to optimum design, McGraw-Hill, 1989.
Belegundu, A. D., Berke, L. and Patnaik, S. N, An optimization algorithm based on the method of feasible
directions, Structural Optimization, 9,83–88, 1995.
Bhavikatti S. S, Computational efficiency of Improved Move Limit Method of Sequential Linear Programming for structural
optimization, Computers and Structures, 11, 91-196, 1980.
Carpentieri. G and Tooren J.L, Improving the efficiency of Aerodynamic Shape
optimization on Unstructured Meshes, 44th
AIAA Aerospace Sciences Meeting and Exhibit, Reno, NV, Jan 2006.
Deb, K. Optimization for engineering design: Algorithms and examples. Prentice Hall of India, 1995.
Griffith R.E, and Steward R.A, A nonlinear programming technique for the Optimization of continuous processing systems, Journal
of Management Science, 7, 379-392.
Himmelblaue D.M, Applied Nonlinear Programming, McGraw Hill, New York, 1972.
Rao, S. S, Engineering Optimization-Theory and practice, New Age International (P) Ltd. Publishers, New Delhi, 1996.
Smith E.A and Carpenter W.C, Technical Note a Feasible Direction Method Based on Zoutendijk's Procedure P1, Engineering
Optimization, 8,109-112,1978.
Tanaka H, Okuda T, Asai K, On Fuzzy Mathematical Programming, The Journal of Cybernetic, 3 (2), 37-46, 1974.
Zadeh L.A., Fuzzy sets, information and Control, 8, 338-353,1965.
Zimmerman H J, Fuzzy programming and linear programming with several objective functions”. Fuzzy sets and systems, 1 (1), 4555, 1978.

VIII.Acknowledgments
At this time, with heartfelt reverence and devotion, I wish to place on record the deep sense of gratitude and thanks to my Research Advisor
Dr. A. Nagoor Gani, P.G. & Research Department of Mathematics, Jamal Mohamed College (Autonomous), Tiruchirappalli, for providing
me an opportunity, to have his valuable guidance, continuous encouragement and help at every stage of my research work.

ICOMAC 2019-002; © 2019, AIJRSTEM All Rights Reserved

Page 14

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Farthest Points in 2-Fuzzy 2- Anti Normed Linear Space.
1&2
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Abstract: In this paper, the conceptualization of 2- fuzzy farthest point, 2- fuzzy strongly unique farthest
point in 2- fuzzy 2- Anti normed linear space (X, N*) are introduced. The notion of 2- fuzzy extreme point is
delineated and the necessary condition for the existence of uniqueness of farthest point is developed.
Keywords: 2- Fuzzy farthest point, 2- Fuzzy extreme point, 2- Fuzzy strongly unique farthest point.
AMS Classification: 46S40, 03E72
I. Introduction
Initially, fuzzy set was coined by Zadeh[16] in 1965, thereby fuzzy set theory came into existence. The
2- norm on a normed linear space was introduced by Gahler [9]. The concept of fuzzy norm was introduced by
Katsras[12] in 1984.Further Bag and Samanta[2,3,4], Felbin [6,7], Jialuzhang [11] have defined fuzzy norm in a
different way. The concept of fuzzy 2- normed linear space initiated by A.K Meenakshi and R.Cokolavani [13]
in 2001. R.M Somasundaram and Thangaraj Beaula [15] defined 2- fuzzy 2- normed linear space in 2009.
The concept of fuzzy anti norm on a linear space was initiated by Iqbal H Jebril and Samanta[10].
The problem of farthest points in normed linear spaces has been studied by Franchetti and Singer [8]
and has acquired characterization and existence theorems of farthest point in normed linear space in terms of
bounded linear functionals. Asplund [1] and Edelstein [5] have observed the farthest points of sets in uniformly
convex Banach space.Many conclusions related with farthest points in the context of normed linear space was
produced by Panda[14]
In this paper, we investigated the existence of 2- fuzzy farthest point, 2-fuzzy strongly unique farthest
point and studied their attributes. The various results and theorems are delineated in this paper.
II. Preliminaries
Definition2.1
A fuzzy set in X is a map from X to [0,1] it is an element of [0,1] X
Definition 2.2
Let X be a real linear space of dimension greater that one and let ‖. , . ‖be a real valued function on X xX
satisfying the following conditions

(i)
(ii)
(iii)
(iv)

‖x, y‖
= 0 if and only if x , y are linearly dependent.
‖x, y‖
= ‖y, x‖.
‖αx, y‖ = |α|‖x, y‖ whereα is real.
‖x, y + z‖ ≤ ‖x, y‖ + ‖x, z‖.

‖. , . ‖is called a 2- norm on X and the pair (X, ‖. , . ‖) is called 2- norm linear space.
Definition 2.3
Let F(X) =[0,1] X denote the set of all fuzzy sets in X. A 2- fuzzy set on X is a fuzzy set on F(X)
Definition 2.4
Let F(X) be a linear space over the real field K a fuzzy subset N of F(X) x F(X) xR, (R is the set of all
real numbers) is called a 2- fuzzy 2-norm on X if and only if
(N1) for all t ∈ R with t ≤0, N( f1, f2, t) = 0
(N2) for t ∈ R with t > 0, N(f1, f2, t) = 1 if and only if f1, f2are linearly dependent
(N3)N( f1, f2, t) is invariant under any permutation of f1, f2
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t

(N4) for all t ∈ R with t ≥0 ,N(f1, cf2, t) = N(f1, f2, |c|) if c ≠0 c∈ K (field)
(N5) for all s,t ∈ R, N(f1, f2+ f3, s+t) ≥ min N{(f1, f2, s) , N(f1, f3, t)}
(N6) N(f1, f2, .) = (0,∞ ) ⟶ [0,1] is continuous.
(N7) lim N(f1, f2, t) = 1.
t

Then the pair (F(X), N) is a fuzzy 2- normed linear space.
Definition2.5
Let X be the linear space over the real field K. A fuzzy subset N*of F(X) x F(X) x R. (R, the set of all
real numbers) is called a 2- fuzzy 2 - anti norm on X if and only if
(A-N1) for all t ϵ R with t ≤ 0, N*( f1,f2,t) = 1.
(A-N2) for all t ϵ R with t ≥ 0, N*(f1,f2,t) = 0 if and only if f1 and f2 are linearly dependent.
(A-N3) N*(f1,f2,t) is invariant under any permutation of f1,f2 .
t
(A-N4) for all t ϵ R with t ≥ 0, N*(f1, cf2, t) = N*(f1, f2 , ) if c ≠ 0, c ϵ K (field).
ǀcǀ
(A-N5) for all s, t ϵ R, N*(f1, f2 + f3, s + t) ≤ max {N*(f1, f2, s), N*(f1, f3, t)}.
(A-N6) N*(f1, f2, ∙ ) : (0, ∞) → [0,1] is continuous.
(A-N7) lim N*(f1, f2, t) = 0.
t

Then (F(X), N*) is a fuzzy 2- anti normed linear space or (X, N*) is a 2- fuzzy 2- anti normed linear
space.
III. Existence and Characterization of Farthest Points
Definition3.1
Let B be a bounded subspace of a fuzzy 2- anti normed linear space of F(X) and f ∈ F(X). An element
g0 ∈ B is called the 2-fuzzy farthest point to f ∈ F(X) from B if,
inf
N*(f – g0 , h, t) ≤ N*( f – g, h, t) and N*( f – g0 , h, t ) = h∈B
N*( f – g, h, t)
Definition3.2
Let B be a bounded subspace of fuzzy 2- anti normed linear space F(X) and f ∈ F(X). An element of
g0 ∈ B is called a 2-fuzzy strongly unique farthest point to F(X) from B, if there exist a constant K f ∈ (0,1) such
that for every g ∈ B.
N*( f – g0 , h, t ) ≤ max { N*( f – g, h, t), N*( Kf (g – g0), h , t) }
𝑡
≤ max {N*(f – g, h, t), N*(g – g0 , h ,
)}
|𝐾𝑓 |

Definition3.3
F(X) is set of all continuous functions, Define ‖𝑓‖ = sup |𝑓(𝑥)|
|𝑓|
𝑖𝑓 𝑡 < 0
Let N*(f, g, t) = { 𝑡+ | 𝑓 |
Then N* is a 2- fuzzy 2- anti norm on C [ 0,1].
0
𝑖𝑓 𝑡 > 0
∥ ∥
Define N'(f, g, t) = {
A point f ∈ F(X) is said to be 2- fuzzy extreme point if, N'( f, g, t) = N*( f, g, t)
𝑡+ ∥ ∥
the set of all extreme points of f in F(X) is defined by,
F( E(f)) = { f ∈ F(X) : N'( f, g, t) = N*(f, g, t) for g ∈ F(X) }
Theorem3.4
Let C be a compact subspace in 2- fuzzy 2- anti normed linear space ( X, N*). Then for every f ∈ F(X)
there exist a farthest point from C.
Proof
inf
Take d = g∈C
{ N*( f – g, h, t) } then there exist a sequence { gn } in C such that, N*( f – gn, h, t) → d as
n → ∞. Where d ∈ (0,1). As C is compact by the definition of infimum C is sequentially compact and so there
exists a subsequence { g nk } of {gn} such that { g nk } converges to g0. For some g0 ∈ C.
Consider, N*( f – 𝑔𝑛𝑘 , h, t) ≤ N*( f – 𝑔𝑛𝑘 + 𝑔𝑛𝑘 – g0 , h, t)
≤ max {N*( f – 𝑔𝑛𝑘 , h, t) , N*( 𝑔𝑛𝑘 – g0, h, t)}
{ g nk } → g0 implies N*( g nk – g0, h, t) → 0.
N*(f – g0, h, t) ≤ d. Since g0 ∈ C, N*(f – g0, h, t) ≥ d . Hence N*( f – g0, h, t) = d.
Theorem3.5
Every 2-fuzzy strongly unique farthest point is a unique 2-fuzzy farthest point.
Proof
Let F(X) be a fuzzy 2- anti normed linear space. Let B be a bounded subspace of F(X). f ∈ F(X) and
g0 ∈ B be a strongly unique farthest point to f from B.
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Claim
Let g0 be a unique 2- fuzzy farthest point. First to prove uniqueness, assume that g1 ∈ B is another 2fuzzy farthest point to f ∈ F(X) from B.
Then,
N*(f – g1, h, t) ≤ N*( f – g1, h, t) for every g ∈ B. Implies that, N*( f – g, h, t) ≤ N*( f – g0, h, t)--------(1) since
g0 ∈ B. As g0 is the strongly unique farthest point to f from G
𝑡
N*( f – g0, h, t) ≤ N*( f – g1, h, t), N*( g1– g0, h, | | ) for k > 0 ---------(2)
𝑘

From (1) and (2) prove the uniqueness we have,
𝑡
N*( f – g1, h, t) ≤ max {N*( f – g1, h, t), N*( g1– g0, h, | |)}
𝑘

≤ max {N*( f – g1, h, t), N*( k(g1– g0), h, t)}
≤ max { N*( f – g1, h, t), N*( k(g1– g0), h, t)}
Therefore N*( k(g1– g0), h, t) = 0
Implies g0 = g1. Hence every 2-fuzzy strongly unique farthest point is a unique 2-fuzzy farthest point.
Theorem3.6
Let C be a 2- fuzzy compact subspace of F(X), containing 0̅. f ∈ F(X) and g0 ∈ C. Then the following
statements are equivalent.
(i)
g0 is a farthest point to f from C
(ii)
For every function g ∈ C, f−g ∈max
[ N'(f−g, h, t), N'(g0−g, h, t)] ≥ 0
F(E(f−g)
Proof
(ii) ⟹ (i) suppose g ∈ C, then,
max
[ N'(f−g, h, t), N'(g0−g, h, t)] ≥ 0 ⟹ min { N*(f−g, h, t), N'(g0−g, h, t)] ≥ 0
f−g ∈ F(E(f−g)
Consider,
N' (f− g0 , h, t) ≤ max {N'(f –g, h, t), N' (g − g0, h, t)}
= max {N*( f –g, h, t) , N'(g − g0, h, t)}
≥ N*( f–g, h, t)
N*(f− g0 , h, t) ≥ N'(f− g0, h, t)
≥ N*( f –g, h, t)
N*( f− g0 , h, t) ≥ N*( f –g, h, t)
To Prove
F(E(f– g1) is compact, as E(f– g1) is bounded it is enough to show that F(E(f– g1) is closed.
Let {fn} be a sequence in F(E(f– g1)) converging to f0.
Then
N'(fn – g1, h, t) = N*( fn– g1, h, t) for every g ∈ F(X)
lim N'(fn – g1, h, t) = lim N*( fn – g1, h, t) f0 ∈ F(E(f–g))
N'(f0 – g1, h, t) = N*( f0 – g1, h, t)
Hence F(E(f– g1)) is compact. Since F(E(f–g)) is compact, then there exist k ∈ (0,1)
such that, max [ N'(f– g1, h, t), N' ( g0 – g1, h, t)] < k. Also, for a neighborhood of F(E(f–g))
𝑘
max [ N'(f– g1, h, t), N' ( g0 – g1, h, t)] <
2

and, N*(f – g1, h, t) ≤ N'(f– g1, h, t)
F(E(f–g)) \ A is compact and N*( f– g1, h, t) exists and by definition of N' we get,
N*(f– g1, h, t) ≥ N'(f– g1, h, t)
Hence N*(f– g1, h, t) = N' (f – g1, h, t)
Case(i)
Suppose f ∈ F (f – g)) / A. Then N*( f– g0, h, t) ≤ max{ N*( f– g1, h, t), N*( g0 – g1, h, t)}
≤ max {N'( f– g1, h, t), N' ( g0 – g1, h, t)}
= N' (f– g1, h, t)
Case(ii)
Suppose f ∈ A then,
N'(f– g1, h, t) = N' (f– g1– g0+ g1, h, t)
≤ max {N'( f– g1, h, t), N*( g1 – g0, h, t)}
< N*( f– g1, h, t)
Thus for all f ∈ F (f – g)), N'(f– g0, h, t) < N*(f– g1, h, t).
Hence N'(f– g0, h, t) < N*(f– g1, h, t)
Thus g0 is not a 2-fuzzy farthest point f from C a contradiction.
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Theorem3.7
Let C be a 2- fuzzy compact subspace of F(X) containing 0̅. f ∈ F(X) /C and g0 ∈ C. then the following
conditions are equivalent
(i)
The function g0 is a 2-fuzzy strongly unique farthest point to f from C
(ii)
There exists a constant kf ∈ [0,1] such that for every g ∈ C.
max
[N*(f−g, h, t), N*(g0−g, h, t)] ≥ 0
f−g ∈ F(E(f−g)
max
[N'(f−g,
f−g ∈ F(E(f−g)

h,

𝑡
|𝐾𝑓 |

), N' (g0−g, h,

𝑡
|𝐾𝑓 |

)] ≥ 0

Proof (ii) ⟹ (i)
If (ii) holds g ∈ C be given, since g ∈ C then there exists a point f − g ∈ F(E(f − g) such that,
N*(f− g0, h, t) ≤ max {N*(f – g, h, t), N*(g − g0, h, t)}
𝑡
𝑡
≤ max{ N*( f – g, h,
), N*( N*(g − g0, h,
)}
|𝐾𝑓 |

|𝐾𝑓 |

≤ N' (f – g, h, t)
There g0 is the 2-fuzzy strongly unique farthest point.
(i) ⟹ (ii) suppose that (ii) fails, then there exists a function g1 ∈ C such that for all f ∈ F(E(f − g)
𝑡
𝑡
max{N*( f – g1, h, t), N*(g0 – g, h, t)} > max{ N'(f− g1, h,
), N' (g0−g, h,
)}
|𝐾𝑓 |

by theorem 3.3 f ∈ F(E(f − g) is compact.
For all f ∈ U a neighborhood of F(E(f – g1)
max{N*( f – g1, h, t) ,N*( g0−g1, h, t)} > max { N' (f− g1, h,
N*(f– g1, h, t) ≥ N' (f− g1, h, t)
Choose the neighborhood to be small such that for all f ∈ U with
max {N*( f– g1, h, t) , N*( g0−g1, h, t)} > 0
N*( g0−g1, h, t) > N' (g0−g1, h,

𝑡
|𝐾𝑓 |

𝑡

|𝐾𝑓 |

), N'(g0−g1, h,

𝑡

)} and

|𝐾𝑓 |

)

|𝐾𝑓 |

Case (i)
Let f ∈ F(X) \ U, N*(f – g0, h, t) = {N*( f– g1 + g0−g1, h, t)}
≤ max { N*(f– g1, h, t), N*( g0−g1, h, t)}
= N'(f– g1, h, t)
Case (ii)
Let f ∈ U max{N*( f– g1, h,t) , N*( g1−g0, h, t) } > 0
N*( f– g1, h, t) = N*(f – g1+ g1−g0 h, t)
≤ max { N*(f– g1, h, t), N*( g1−g0, h, t)}
< max {N*( f– g1, h, t ) , 𝑘𝑓 (g1−g0), h, t)}
t

≤ max { N*(f– g1, h, t), N*( g1−g0, h, |K |)}
t

f

= max {N'(f– g1, h, t), N' (g1−g0, h, |K |)}
f

If max{N*( f– g1, h, t), N*( g0− g1, h, t) > 0, then it follows that,
N*(f– g0, h, t) = N*(f– g1− g0+ g1)}
≤ max { N*(f– g1, h, t), N*(g1−g0, h,t)}
< N*(f– g1, h, t)
= N'(f– g1, h, t)
t
Thus for all f ∈F(X), N*(f– g0, h, t) ≤ max{ N'(f– g1, h, t), N'(g1−g0, h, |K |)}
This implies that,

t

f

N' f– g0, h, t) ≤ max{N'(f– g1, h, t), N'(g1−g0, h, |K |)}
f

Which shows that g0 is not a 2-fuzzy strongly unique farthest point to f from C a contradiction.

Corollary 3.8
Let C be a closed and bounded subspace of 2- fuzzy 2- anti normed linear space (X,N*). Then for every
f ∈ F(X) there exists a 2-fuzzy farthest point in C.
Corollary3.9
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If C is a complete and totally bounded subspace of 2-fuzzy 2-anti normed linear space (X,N*) then for
every f ∈ F(X) there exists a 2- fuzzy farthest point in C.
Corollary3.10
(X,N*) be a 2-fuzzy 2- anti normed linear space. Let C be a closed subspace of a compact space F(X).
Then for every f ∈ F(X) there exists a 2- fuzzy farthest point in C.
Corollary3.11
Let f : G ⟶ F(G) be a continuous mapping from G to F(G). Let C be a compact space in F(X) then for
every g ∈ F(C), there exists a 2- fuzzy farthest point.
Corollary3.12
Let F(X) be a 2-fuzzy 2- anti Banach space. Then C be a totally bounded subspace of F(X). Then for
every f ∈ F(X), there exists a 2- fuzzy farthest point in C.
IV. Conclusion
The notion of 2- fuzzy farthest point, 2- fuzzy strongly unique farthest point in 2- fuzzy 2- anti normed
linear space (X,N*) are established. It is proved that every 2- fuzzy strongly unique farthest point is a unique 2fuzzy farthest point. Also the opinion about the extreme point is developed and further some theorems related
to above concepts are established.
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Aggregation operator on triangular Fuzzy numbers and its Applications
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Abstract: In this paper, a distance measure and some aggregation operations on triangular fuzzy numbers are
introduced. A fuzzy multi criteria decision making problem is solved using the power aggregation algorithm.
Further a numerical example is solved to highlight the procedure of the proposed method.
Keywords: Aggregation operators, distance measure, fuzzy multi criteria decision making, triangular fuzzy
numbers, TOPSIS.
I. Introduction
Aggregation operations combining several fuzzy numbers, yields a single fuzzy number. Multiple criteria
decision making (MCDM) involves making best selection among the alternatives in the presence of multiple
criteria and constraints. Multiple Criteria Decision Making (MCDM) is a largely used discipline to solve
complex decision problems involving more than one criterion. MCDM is continuously growing in fields of
Mathematics, Decision Sciences, Business, Management and Accounting, Medicine, Social Sciences,
Environmental Science, Economics, Econometrics and Finance, etc.,
II. Preliminaries
Definition 2.1
(Triangular fuzzy numbers)
A fuzzy number 𝐴̃ = (a, b, c) is said to be triangular fuzzy number a < x < b if it is membership function is given
𝑥−𝑎
,𝑎 ≤ 𝑥 ≤ 𝑏
𝑏−𝑎

1

𝜇𝐴̃ (x) =

by

𝑐−𝑥
𝑐−𝑏

,
𝑥=𝑏
, 𝑏≤𝑥≤𝑐

{0 ,

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Definition 2.2
The -cut representation of a triangular fuzzy number 𝐴̃ is

A = [AL(), AR()]
That is, A = [a + (b-a), c-(c-b)]
III. Aggregation operations on Triangular fuzzy numbers
Aggregation operations on fuzzy sets are operations which yield a single fuzzy number by combining several
fuzzy numbers. In this section let us define some possible aggregation operations for Triangular fuzzy numbers.
Definition 3.1
Let 𝐴̃i = (𝑎1𝑖 , 𝑎2𝑖 , 𝑎3𝑖 ) , i{1,2,…,n} be a set of n triangular fuzzy numbers then define
1. Power mean aggregation:
Pow _ aggreg (𝐴̃1, 𝐴̃2,…, 𝐴̃n) =
𝑚

𝑚

1
𝑚 m

(𝑎11 ) + (𝑎12 ) +⋯+(𝑎1𝑛 )

((

𝑛

𝑚

𝑚

(𝑎21 ) + (𝑎22 ) +⋯+(𝑎2𝑛 )

) ,(

𝑛

1
𝑚 m

𝑚

𝑚

1
𝑚 m

(𝑎31 ) + (𝑎32 ) +⋯+(𝑎3𝑛 )

) ,(

𝑛

) )

2. Quadratic mean:
Qua _ aggreg (𝐴̃1, 𝐴̃2,…, 𝐴̃n) =
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2 ½

2

2

(𝑎11 ) + (𝑎12 ) +⋯+(𝑎1𝑛 )

((

2

𝑛

2 ½

2

(𝑎21 ) + (𝑎22 ) +⋯+(𝑎2𝑛 )

) ,(

𝑛

2

2

(𝑎31 ) + (𝑎32 ) +⋯+(𝑎3𝑛 )

) ,(

𝑛

2 ½

) )

3. Logarithmic mean:
Log _ aggreg (𝐴̃1, 𝐴̃2,…, 𝐴̃n) = ((

𝑎11 +𝑎12 +⋯+𝑎1𝑛
ln(𝑎11 + 𝑎12 +⋯+𝑎1𝑛 )

),(

𝑎21 +𝑎22 +⋯+𝑎2𝑛
ln(𝑎21 + 𝑎22 +⋯+𝑎2𝑛 )

),(

𝑎31 +𝑎32 +⋯+𝑎3𝑛
ln(𝑎31 + 𝑎32 +⋯+𝑎3𝑛 )

))

The above mentioned aggregation operations satisfies the following fundamental properties:
Proposition 3.2
(Idempotency)
Pow _ aggreg (𝐴̃, 𝐴̃,…, 𝐴̃) = 𝐴̃
1

LHS = ((

𝑎1𝑚 + 𝑎1𝑚 +⋯+𝑎1𝑚 m

= ((

) ,(

𝑛
1
𝑛𝑎1𝑚 m

) ,(

𝑛

1

𝑎2𝑚 + 𝑎2𝑚 +⋯+𝑎2𝑚 m

1
𝑛𝑎2𝑚 m

𝑛

) ,(

) ,(

𝑛

1

𝑎3𝑚 + 𝑎3𝑚 +⋯+𝑎3𝑚 m

) )

𝑛

1
𝑛𝑎3𝑚 m

𝑛

) )

= (a1, a2 ,a3
= 𝐴̃ = RHS
Proposition 3.3
(Boundedness)
min (𝐴̃1, 𝐴̃2,…, 𝐴̃n) ≤ pow_ aggreg(𝐴̃1, 𝐴̃2,…, 𝐴̃n)
≤ max(𝐴̃1, 𝐴̃2,…, 𝐴̃n)
Proof.
min (𝐴̃1, 𝐴̃2,…, 𝐴̃n) = (min (𝑎11 , 𝑎12 ,…, 𝑎1𝑛 ) , min (𝑎12 , 𝑎22 ,…, 𝑎2𝑛 ) , min (𝑎13 , 𝑎32 ,…, 𝑎3𝑛 ))
≤ pow_ aggreg(𝐴̃1, 𝐴̃2,…, 𝐴̃n)
̃
max (𝐴1, 𝐴̃2,…, 𝐴̃n) = (max (𝑎11 , 𝑎12 ,…, 𝑎1𝑛 ) , max (𝑎12 , 𝑎22 ,…, 𝑎2𝑛 ) , max (𝑎13 , 𝑎32 ,…, 𝑎3𝑛 ))
≥ pow_ aggreg(𝐴̃1, 𝐴̃2,…, 𝐴̃n)
Proposition 3.4
( Monotonicity )
𝑎𝑘𝑖 < 𝑏𝑘𝑖 , k = 1,2,3 for each i = 1,2,3,…,n then
(pow_ aggreg (𝐴̃1, 𝐴̃2,…, 𝐴̃n)) k < (pow_ aggreg (𝐵̃ 1, 𝐵̃ 2,…, 𝐵̃ n)) k
Proof.
Given that 𝑎𝑘𝑖 < 𝑏𝑘𝑖 , k = 1,2,3 for each i = 1,2,3,…,n
𝑚

𝑚

𝑛
1
2
(𝑎𝑘
) + (𝑎𝑘
) +⋯+(𝑎𝑘
)

(

𝑛

1
𝑚 m

)

𝑚

𝑚

1
𝑚 m

(𝑏𝑘1 ) + (𝑏𝑘2 ) +⋯+(𝑏𝑘𝑛 )

<(

𝑛

)

IV. New distance between two fuzzy numbers
Let A1 and A2 be two arbitrary triangular fuzzy numbers with -cut representation
𝛼𝐴1 = [ 𝐴1𝐿 () − 𝐴1𝑅 ()] and 𝛼𝐴2 = [ 𝐴𝐿2 () − 𝐴𝑅2 ()] respectively. The distance between
A1 and A2 is defined as
d (𝛼𝐴1 , 𝛼𝐴2 ) = [(a.c - 𝐴1𝐿 ())2 +(𝐴1𝑅 () - a.c)2 – [(a.c - 𝐴𝐿2 ())2 + 𝐴𝑅2 () - a.c)2]]½
1

1

D2(A1,A2) = ∫02(1 − )(𝑑(𝛼𝐴1 , 𝛼𝐴2 ) d+ ∫1/2  𝑑

𝛼𝐴1 , 𝛼𝐴2 ) d

𝐿()+ 𝑅()

Where
a.c =
2
Modified Topsis Method 4.1
Let MCDM have n alternatives A1,A2,…,An ,m criteria C1,C2,…,Cm and k decision makers D1,D2,…,Dk
Step 1: Construct the decision matrix by aggregating the evaluation of each decision maker and determine the
weight of each normalized decision matrix.
Step 2: Let X = (xij) be the decision matrix. W = (w1,w2,…,wm) be the weight vector.
Step 3: The weight decision matrix V is given by wjxij for i = 1,2,…,n , j = 1,2,…,m.
𝑣11 𝑣12 ⋯ 𝑣1𝑛
⋮
⋮ ]
V=[ ⋮
𝑣𝑚1 𝑣𝑚2 ⋯ 𝑣𝑚𝑛
Step 4: Determine positive ideal solution A+ and negative ideal solution A¯
+
+
+
+
A+ = ( 𝑣1+ , 𝑣2+ ,…,𝑣𝑚
) where 𝑣𝑗+ = max_ aggreg (𝑣1𝑗
, 𝑣2𝑗
,…, 𝑣𝑚𝑗
)
−
−
−
−
−
−
−
A¯ = (( 𝑣1 , 𝑣2 ,…,𝑣𝑚 ) where 𝑣𝑗 = min_ aggreg (𝑣1𝑗 , 𝑣2𝑗 ,…, 𝑣𝑚𝑗
)
Step 5: Calculate the weighted distance between each alternative and positive / negative ideal solution.
Weighted distance between each alternative Ai and A+ is given by
+
𝐷𝑖+ (Ai, A+) =∑𝑚
𝑗=1 𝐷( 𝑣𝑖𝑗 , 𝑣𝑗 ) , i = 1 to n
Weighted distance between each alternative Ai and A¯ is given by
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−
𝐷𝑖− (Ai, A¯) =∑𝑚
𝑗=1 𝐷( 𝑣𝑖𝑗 , 𝑣𝑗 ), i = 1 to n
Step 6: A relative closeness is defined to determine the ranking order of all alternatives once the 𝐷𝑖+ and 𝐷𝑖− of
each alternative Ai (i = 1,2,…,n) has been calculated. The relative closeness of each alternative is calculated as

RCi =

𝐷𝑖−(Ai ,A¯ )

𝐷𝑖+(Ai ,A+)+ 𝐷𝑖− (A𝑖 ,𝐴¯ )

, i = 1 to n

V. Numerical example
Suppose that a school desires to hire a teaching faculty. After preliminary screening, three candidates A1, A2
and A3 remain for further evaluation. A committee of three
Decision-makers, D1, D2 and D3 has been formed to conduct the interview and to select the most suitable
candidate. Five benefit criteria are considered:
(1) Professional responsibilities (C1),
(2) Knowledge of subject (C2),
(3) Monitoring learning (C3),
(4) Adult involvement (C4),
(5) Consistency of message (C5).
The proposed method is currently applied to solve this problem and the computational
Procedure is summarized as follows:
Table 1
Linguistic variables for the importance weight of each criterion
Very low (VL)
(0, 0, 0.1)
Low (L)
(0, 0.1, 0.3)
Medium low (ML)
(0.1, 0.3, 0.5)
Medium (M)
(0.3, 0.5, 0.7)
Medium high (MH)
(0.5, 0.7, 0.9)
High (H)
(0.7, 0.9, 1.0)
Very high (VH)
(0.9, 1.0, 1.0)
Table 2
Linguistic variables for the ratings
Very poor (VP)
(0, 0, 1)
Poor (P)
(0, 1, 3)
Medium poor (MP)
(1, 3, 5)
Fair (F)
(3, 5, 7)
Medium good (MG)
(5, 7, 9)
Good (G)
(7, 9, 10)
Very good (VG)
(9, 10, 10)
Table 3
The importance weight of the criteria
D1
D2
D3
C1
H
VH
MH
C2
VH
VH
VH
C3
VH
H
H
C4
VH
VH
VH
C5
M
MH
MH
Table 4
The ratings of the three candidates by decision makers under all
Criteria
Criteria

C1

Candidates

A1
A2
A3

Decision-makers
D1

D2

MG
G
VG

G
G
G
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C2

A1
A2
A3

G
VG
MG

MG
VG
G

F
VG
VG

C3

A1
A2
A3

F
VG
G

G
VG
MG

G
G
VG

C4

A1
A2
A3

VG
VG
G

G
VG
VG

VG
VG
MG

C5

A1
A2
A3

F
VG
G

F
MG
G

F
G
MG

Table 5
The fuzzy decision matrix and fuzzy weights of three alternatives
C1
C2
C3
C4
C5
A1 (3.3,3.8,4.2) (3.3,3.7,4.1) (3.5,3.8,4.2) (4,4.3,4.3) (2.7,3.1,3.7)
A2 ( (3.5,4,4.3) (4.1,4.3,4.3) (4,4.3,4.3) (4.1,4.3,4.3) (3.7,4.1,4.3))
A3 (3.7,3.9,4.2) (3.7,4.1,4.3) (3.7,4.1,4.3) (3.7,4.1,4.3) (3.5,4,4.3)
Weight (-1.8,-5.5,-26.4) (-8.2,0,0) (-2.8,-12.7,0) (-8.2,0,0) (-0.5,-1.3,-4.2)
Table 6
The fuzzy normalized decision matrix
C1
C2
C3
C4
C5
(0.77,0.88,0.98)
(0.77,0.86,0.95)
(0.81,0.88,0.98)
(0.93,1,1)
(0.63,0.72,0.86)
A1
(0.95,1,1)
(0.93,1,1)
(0.95,1,1)
(0.86,0.95,1) )
A2 ( (0.81,0.93,1)
(0.86,0.91,0.98)
(0.86,0.95,1)
(0.86,0.95,1)
(0.86,0.95,1)
(0.81,0.93,1)
A3
Table 7
The fuzzy weighted normalized decision matrix
C1
A1 (−1.4, −4.8, −25.9)
A2 ((−1.5, −5.1, −26.4)
(−1.5, −5, −25.9)
A3

C2
(−6.3,0,0)
(−7.8,0,0)
(−7.1,0,0)

C3
C4
C5
(−2.3, −11.2,0) (−7.6,0,0) (−0.3, −0.9, −3.6)
(−2.6, −12.7,0) (−7.8,0,0) (−0.4, −1.2, −4.2))
(−2.4, −12.1,0) (−7.1,0) (−0.4, −1.2, −4.2)

Determine fuzzy positive_ ideal solution (FPIS) as
A+ = [(1 − δ, 1,1 + δ), (1 − δ, 1,1 + δ), (1 − δ, 1,1 + δ), (1 − δ, 1,1 + δ), (1 − δ, 1,1 + δ)]
A¯ = [(−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ)]
The distance measurement FPIS respectively
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(1 − δ, 1,1 + δ)
1+δ−𝑥
= α,
= 
δ
δ
x = αδ+1−δ , x = 1+δ − αδ
[αδ+1−δ, 1 + δ − αδ]
a.c = 1

(-1.4,-4.8 ,-25.9)
−25.9−𝑥
=α ,
= α
−3.4
−21.1
x =-3.4 α − 1.4 , x = 21.1α − 25.9
[-3.4 α − 1.4, 21.1α − 25.9]
17.7α−27.3
a.c =
𝑥+1.4

𝑥−1+δ

2

D2(A+,A1C1) = 78
Similarly the other distances are
D2(A+,A1C2) = 5
D2(A+,A1C3) = 0.7
D2(A+,A1C4) = 7.5
D2(A+,A1C5) = 1.3
Sum of the distances of A1= 92.5
D2(A+,A2C1) = 80.7
Similarly calculate the distances
D2(A+,A2C2) = 7.8
D2(A+,A2C3) = 0.9
D2(A+,A2C4) = 7.8
D2(A+,A2C5) = 1.9
Sum of the distances of A2= 99.1
D2(A+,A3C1) = 77.8
Similarly calculate the distances
D2(A+,A3C2) = 6.8
D2(A+,A3C3) = 0.79
D2(A+,A3C4) = 6.8
D2(A+,A3C5) = 1.9
Sum of the distances of A3= 94.09
Table 8
The fuzzy normalized decision matrix
C1
A1 (0.79,0.87,1)
A2 ( (0.770.83,0.94)
A3 (0.79,0.85,0.89)

C2
C3
C4
C5
(0.8,0.89,1)
(0.83,0.92,1) (0.86,0.86,0.93)
(0.73,0.87,1)
(0.77,0.77,0.8) (0.81,0.81,0.88) (0.86,0.86,0.9) (0.63,0.66,0.73))
(0.77,0.8,0.89) (0.81,0.85,0.95)
(0.86,0.9,1)
(0.63,0.68,0.77)

Table 9
The fuzzy weighted normalized decision matrix
C1
A1 (−1.4, −4.8, −26.4)
A2 ((−1.4, −4.6, −24.8)
A3 (−1.4, −4.7, −23.5)

C2
C3
C4
C5
(−6.6,0,0) (−2.3, −11.2,0) (−7.1,0,0) (−0.4, −1.1, −4.2)
(−6.3,0,0) (−2.3, −10.3,0) (−7.1,0,0) (−0.3, −0.9, −3.1))
(−6.3,0,0) (−2.3, −10.8,0) (−7.1,0,0) (−0.3, −0.9, −3.2)

Determine fuzzy negative ideal solution (FNIS) as
A¯ = [(−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ), (−δ, 0, δ)]
The distance measurement FNIS respectively
(−δ, 1, δ)
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𝑥+δ

𝑥+1.4

δ−𝑥

= α,
= 
δ
x = αδ − δ , x = δ − αδ
[αδ − δ , δ − αδ]
a.c = 0

−26.4−𝑥

=α ,
= α
−21.6
x =-3.4 α − 1.4 , x = 21.6α − 26.4
[-3.4 α − 1.4 , 21.6α − 26.4]
a.c = 9.1 α-13.9
−3.4

δ

D2(A¯,A1C1) = 81.5
Similarly calculate the distances
D2(A¯,A1C2) = 5.8
D2(A¯,A1C3) = 199
D2(A¯,A1C4) = 6.8
D2(A¯,A1C5) = 1.9
Sum of the distances of A1= 295
D2(A¯,A2C1) = 71.3
Similarly calculate the distances
D2(A¯,A2C2) = 5.3
D2(A¯,A2C3) = 0.8
D2(A¯,A2C4) = 6.8
D2(A¯,A2C5) = 1.03
Sum of the distances of A2= 85.23
D2(A¯,A3C1) = 63.7
Similarly calculate the distances
D2(A¯,A3C2) = 0.61
D2(A¯,A3C3) = 5.3
D2(A¯,A3C4) =6.8
D2(A¯,A3C5) = 1.03
Sum of the distances of A3= 77.44
Calculate the distance of each candidate
A+

A−

A1

92.5

295

A2

99.1

85.23

A3

94.09

77.44

RCi =

𝐷𝑖−(Ai ,A¯ )
+
𝐷𝑖 (Ai ,A+)+ 𝐷𝑖− (A𝑖 ,𝐴¯ )

, i = 1 to n

RC1 = 0.761
RC2 = 0.462
RC3 = 0.451
According to the relative closeness coefficient, the ranking order of the three candidates is A 1, A2 and A3
.Obviously, the best selection is candidate A1.
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I. Introduction
Y. Imai and K. Iseki [1-3] introduced two classes of abstract algebras: BCK-algebras and BCI-algebras.
It is known that the class of BCK-algebras is a proper subclass of the class of BCI-algebras. P. Bhattacharya,
N.P. Mukherjee and L.A. Zadeh [4] are introduced fuzzy relations and fuzzy groups. The notion of BH-algebras
is introduced by Y. B Jun, E. H. Roh and H. S. Kim [8] Since then, several authors have studied BH-algebras.
In particular, Q. Zhang, E. H. Roh and Y. B. Jun [9] studied the fuzzy theory in BH-algebras. L.A. Zadeh [6]
introduced notion of fuzzy sets and A. Rosenfeld [7] introduced the notion of fuzzy group. O.G. Xi [5]
introduced the notion of fuzzy BCK-algebras. After that, Y.B. Jun and J. Meng [10] studied Characterization of
fuzzy subalgebras by their level sub algebras on BCK-algebras. In this paper we classify the notion of Fuzzy
subalgebras on BH - algebras.
II. Preliminaries
In this section we cite the fundamental definitions that will be used in the sequel:
2.1. Definition [1-3]
Let X be a nonempty set with a binary operation ∗ and a constant 0. Then(X,∗, 0) is called a BCKalgebra if it satisfies the following conditions:
1. ((𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧)) ∗ (𝑧 ∗ 𝑦) = 0
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2. (𝑥 ∗ (𝑥 ∗ 𝑦)) ∗ 𝑦 = 0
3.𝑥 ∗ 𝑥 = 0
4. If𝑥 ∗ 𝑦 = 0 and𝑦 ∗ 𝑥 = 0 ⇒ 𝑥 = 𝑦
5.0 ∗ 𝑥 = 0 𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦, 𝑧 ∈ 𝑋
Example 2.2: Let X= {0, 1, 2, 3} be a set with the following Cayley table

*

0

1

2

3

0

0

0

0

0

1

1

0

1

0

2

2

2

0

0

3

3

3

1

0

Then (X,∗ ,0) 𝑖𝑠𝑎𝐵𝐶𝐾 − 𝑎𝑙𝑔𝑒𝑏𝑟𝑎
2.3. Definition [1-2]
Let X be a nonempty set with a binary operation ∗ and a constant 0. Then(X,∗, 0) is called a BCIalgebra if it satisfies the following conditions:
1. ((𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧)) ∗ (𝑧 ∗ 𝑦) = 0
2. (𝑥 ∗ (𝑥 ∗ 𝑦)) ∗ 𝑦 = 0
3.𝑥 ∗ 𝑥 = 0
4.If𝑥 ∗ 𝑦 = 0 and 𝑦 ∗ 𝑥 = 0 ⇒ 𝑥 = 𝑦𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦, 𝑧 ∈ 𝑋
2.4. Definition [1-2]
Let X be a nonempty set with a binary operation ∗ and a constant 0. Then (X,∗, 0) is called a BCHalgebra if it satisfies the following conditions:
1. (𝑥 ∗ 𝑦) ∗ 𝑧 = (𝑥 ∗ 𝑧) ∗ 𝑦
2.𝑥 ∗ 𝑥 = 0
3. If𝑥 ∗ 𝑦 = 0 and𝑦 ∗ 𝑥 = 0 ⇒ 𝑥 = 𝑦
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2.5. Definition [1-3]
Let S be a nonempty subset of a BCK-algebra X, then S is called subalgebra of X. If 𝑥 ∗ 𝑦 ∈
𝑆𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦 ∈ 𝑆
2.6. Definition [1-3]
Let X be a BCK- algebra and I be a subset of X, then I is called an ideal of X if
(I1) 0∈ 𝐼
(I2) 𝑦𝑎𝑛𝑑𝑥 ∗ 𝑦 ∈ 𝐼 ⇒ 𝑥 ∈ 𝐼𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦 ∈ 𝐼
2.7. Definition [8]
A nonempty set X with a constant 0 and a binary operation ∗ is called a BH-algebra, if it satisfies the
following axioms
(BH1) 𝑥 ∗ 𝑥 = 0
(BH2)𝑥 ∗ 0 = 0
(BH3)If𝑥 ∗ 𝑦 = 0 𝑎𝑛𝑑𝑦 ∗ 𝑥 = 0 ⇒ 𝑥 = 𝑦 for all 𝑥, 𝑦 ∈ 𝑋
Example 2.8: Let X = {0, 1, 2} be a set with the following cayley table

*

0

1

2

0

0

1

1

1

1

0

1

2

2

1

0

Then (X, ∗, 0) is a BH-algebra.
2.9. Definition [8- 9]
Let S be a non empty subset of a BH-algebra X, then S is called Subalgebra of X if 𝑥 ∗ 𝑦 ∈
𝑆𝑓𝑜𝑟𝑎𝑙𝑙𝑥, 𝑦 ∈ 𝑆
Example 2.10: Let X= {0, 1, 2, 3} be a set with the following cayley table
*

0
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0

0

2

3

2

1

1

0

1

1

2

2

0

0

0

3

3

1

2

0

In X, the set 𝑆1 = {0, 2, 3} is a BH-sub algebra of X and 𝑆2 = {0, 1, 2}, 𝑆3 = {0, 1}is not a BHSubalgebra of X.
2.11. Definition [4], [6-7]
Let X be a non empty set. A fuzzy (sub) set 𝜇 of the set X is a mapping 𝜇: 𝑋 → [0,1]
2.12. Definition [4], [6- 7]
Let 𝜇be the fuzzy set of a set X. For a fixed s∈ [0,1], the set𝜇𝑠 = {𝑥 ∈ 𝑋: 𝜇(𝑥) ≥ 𝑠}is called an upper
level of μ or level subset of 𝜇
2.13. Definition [5], [10]
A fuzzy set 𝜇 in BCK-algebra X is called a fuzzy subalgebra of X if it satisfies 𝜇(𝑥 ∗ 𝑦) ≥
𝑚𝑖𝑛{𝜇(𝑥), 𝜇(𝑦)} for all𝑥, 𝑦 ∈ 𝑋.
Example 2.14: Let X = {0, 1, 2…} be a set given by the following cayley table
0

1

2

0

0

0

0

1

1

0

0

2

1

1

0

*

0
𝑥∗𝑦={
1

𝑖𝑓
𝑖𝑓

𝑥≤𝑦
𝑦<𝑥

Then (X, ∗ 0) is an infinite BCK-algebra. It is easy to see that μ is a fuzzy subalgebra of X.
III. Fuzzy Subalgebras on BH-Algebras
3.1. Definition
A fuzzy set 𝜇 in BH-algebra X is called a fuzzy subalgebra of X if it satisfies 𝜇(𝑥 ∗ 𝑦) ≥
𝑚𝑖𝑛{𝜇(𝑥), 𝜇(𝑦)} for all𝑥, 𝑦 ∈ 𝑋.
Example 3.2: Let X = {0, 1, 2} be a set given by the following cayley table
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*

0

1

2

0

0

0

0

1

1

0

2

2

2

1

0

Then (X, ∗, 0) is a BH-algebra.
We define a fuzzy set 𝜇: 𝑋 → [0,1] by𝜇(0) = 0.7, 𝜇(𝑥) = 0.2, where for all𝑥 ≠ 0. It is easy to see that𝜇 is a
fuzzy subalgebra of X.
Example 3.3: Let X = {0, 1, 2…} be a set given by the following cayley table

*

0

1

2

0

0

0

0

1

1

0

0

2

2

1

0

0
𝑥∗𝑦={
𝑥−𝑦

𝑖𝑓
𝑖𝑓

𝑥≤𝑦
𝑦<𝑥

Then (X, ∗, 0) is an infinite BH-algebra. If we define a fuzzy set𝜇: 𝑋 → [0,1]by𝜇(0) = 𝑡1 , 𝜇(𝑥) = 𝑡2
for all 𝑥 ≠ 0, where𝑡1 > 𝑡2 then μ is a fuzzy BH-subalgebra of X.
3.4. Proposition
A fuzzy set 𝜇 of a BH-algebra X is a fuzzy subalgebra if and only if for every t∈ [0,1], the upper level
𝜇𝑡 is either empty or a subalgebra of X.
Proof
If 𝜇 is a fuzzy subalgebra of a BH-algebra X and𝜇𝑡 ≠ ∅, then for any 𝑥, 𝑦 ∈ 𝜇 𝑡 . We have 𝜇(𝑥 ∗ 𝑦) ≥
min{𝜇(𝑥), 𝜇(𝑦)} ≥ 𝑡. which implies 𝑥 ∗ 𝑦 ∈ 𝜇𝑡 and so 𝜇𝑡 is a subalgebra of X.Conversely, take 𝑡 =
min{𝜇(𝑥), 𝜇(𝑦)}for any 𝑥, 𝑦 ∈ 𝑋. Then by the assumption 𝜇𝑡 is a subalgebra of X, which implies𝑥 ∗ 𝑦 ∈ 𝜇𝑡 . So
that𝜇(𝑥 ∗ 𝑦) ≥ 𝑡 = min{𝜇(𝑥), 𝜇(𝑦)}. Hence 𝜇 is a fuzzy subalgebra of X.
Theorem3.5
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Let X be a BH-algebra and let 𝜇be a fuzzy set in X such that 𝜇𝑡 is a subalgebra for all 𝑡 ∈ [0,1], 𝑡 ≤
𝜇(0). Then 𝜇 is a fuzzy subalgebra of X.
Proof
Let 𝑥, 𝑦 ∈ 𝑋
And let 𝜇(𝑥) = 𝑡1 𝑎𝑛𝑑𝜇(𝑦) = 𝑡2
Then 𝑥 ∈ 𝜇𝑡1 𝑎𝑛𝑑𝑦 ∈ 𝜇𝑡2
Assume that 𝑡1 ≤ 𝑡2
Then 𝜇𝑡2 ⊆ 𝜇𝑡1 and so 𝑦 ∈ 𝜇𝑡1
Since 𝜇𝑡1 is a subalgebra of X, we have 𝑥 ∗ 𝑦 ∈ 𝜇𝑡1
Thus 𝜇(𝑥 ∗ 𝑦) ≥ 𝑡1 = min{𝜇(𝑥), 𝜇(𝑦)}
This completes the proof
3.6. Definition
Let X be a BH-algebra and let 𝜇 be a fuzzy subalgebra of X. the subalgebras 𝜇𝑡 , 𝑡 ∈ [0,1] and 𝑡 ≤ 𝜇(0)
are called a level subalgebra of 𝜇
3.7. Proposition
Any sub algebra of a BH-algebra X can be realized as a level subalgebra of some fuzzy sub algebra of
X.
Proof
Let A be a sub algebra of a given BH- algebra X and let 𝜇 be a fuzzy set in X defined by
𝑡𝑖𝑓𝑥 ∈ 𝐴
𝜇(𝑥) = {
0 𝑖𝑓𝑥 ∉ 𝐴
Where 𝑡 ∈ (0,1)is fixed.It is clear that𝜇𝑡 = 𝐴. We prove that such defined 𝜇 is a fuzzy subalgebra of X.If 𝑥, 𝑦 ∈
𝐴then also𝑥 ∗ 𝑦 ∈ 𝐴. Hence 𝜇(𝑥) = 𝜇(𝑦) = 𝜇(𝑥 ∗ 𝑦) = 𝑡 and 𝜇(𝑥 ∗ 𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)}
If 𝑥, 𝑦 ∉ 𝐴, then 𝜇(𝑥) = 𝜇(𝑦) = 0 and so 𝜇(𝑥 ∗ 𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)} = 0
If atmost one of𝑥, 𝑦 ∈ 𝐴,
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Then at least one of 𝜇(𝑥) and𝜇(𝑦)is equal to 0.
Therefore, min{𝜇(𝑥), 𝜇(𝑦)} = 0 and 𝜇(𝑥 ∗ 𝑦) ≥ 0
Which completes the proof.
3.8. Corollary
Let A be a subset of X. Then the characteristic function 𝜒𝐴 is a fuzzy subalgebra of X if and only if A
is a subalgebra of X.
3.9. Lemma
Let 𝜇 be a fuzzy subalgebra with finite image. If 𝜇𝑠 = 𝜇𝑡 for some 𝑠, 𝑡 ∈ 𝐼𝑚(𝜇) then s = t
3.10. Lemma
Let 𝜇 and 𝜆 be two fuzzy subalgebras of X with identical family of level sublagebras.
If 𝐼𝑚(𝜇) = {𝑡1 , 𝑡2 … 𝑡𝑛 } and Im (𝜆) = {𝑠1 , 𝑠2 … . 𝑠𝑚 } where 𝑡1 ≥ 𝑡2 ≥ ⋯ 𝑡𝑛 and𝑠1 ≥ 𝑠2 ≥ ⋯ 𝑠𝑚 .
Then 1). 𝑚 = 𝑛
2). 𝜇𝑡𝑖= 𝜆𝑠𝑖 for i = 1,2…n
3). 𝜇(𝑥) = 𝑠𝑖 , then 𝜆(𝑥) = 𝑠𝑖 for all 𝑥 ∈ 𝑋 and 𝑖 = 1,2, … 𝑛
3.11. Proposition
Let 𝜇 and 𝜆 be two fuzzy subalgebras of X with identical family of level sublagebras.
Then 𝜇 = 𝜆⇒𝐼𝑚(𝜇) = 𝐼𝑚(𝜆)
Proof
Let 𝐼𝑚(𝜇) = 𝐼𝑚(𝜆) = {𝑠1 , 𝑠2 … . 𝑠𝑛 } and 𝑠1 > 𝑠2 > ⋯ > 𝑠𝑛
By lemma 3.10, for any𝑥 ∈ 𝑋, there exists 𝑠𝑖 such that 𝜇(𝑥) = 𝑠𝑖 = 𝜆(𝑥)
Thus 𝜇(𝑥)=𝜆(𝑥), for all 𝑥 ∈ 𝑋 and this completes the proof.
3.12. Proposition
Two level sub algebras 𝜇𝑠 and𝜇𝑡 , (s< 𝑡) of a fuzzy subalgebra are equal if and only if there is no 𝑥 ∈ 𝑋 such that
𝑠 ≤ 𝜇(𝑥) < 𝑡.
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Proof
Suppose that 𝜇𝑠 = 𝜇𝑡 for some s < t
If there exists 𝑋 ∈ 𝑥 such that 𝑠 ≤ 𝜇(𝑥) < 𝑡, 𝜇𝑡 𝑡ℎ𝑒𝑛 is a proper subset of𝜇𝑠 .which is contradicting the
hypothesis.Conversely, suppose that there is no 𝑥 ∈ 𝑋 such that 𝑠 ≤ 𝜇(𝑥) < 𝑡. If𝑥 ∈ 𝜇𝑠 , then 𝜇(𝑥) ≥ 𝑠 and
so𝜇(𝑥) ≥ 𝑡, since 𝜇(𝑥) does not lie between s and t.Thus 𝑥 ∈ 𝜇𝑡 , which gives 𝜇𝑠 ⊆𝜇𝑡 .
The converse inclusion is Obvious since s < t.
Therefore 𝜇𝑠 = 𝜇𝑡
IV. Homomorphism in BH-Algebras
4.1. Definition
A mapping 𝑓: 𝑋 → 𝑌of BH-algebra is called a homomorphism if 𝑓(𝑥 ∗ 𝑦) = 𝑓(𝑥) ∗ 𝑓(𝑦) for all 𝑥, 𝑦 ∈
𝑋.
Note that if 𝑓: 𝑋 → 𝑌 is homomorphism of BH-algebras, then 𝑓(0) = 0
4.2. Definition
Let 𝑓: 𝑋 → 𝑌be a mapping of BH-algebra and 𝜇 be a fuzzy set of Y the map𝜇 𝑓 is the pre-image of 𝜇
under f if 𝜇 𝑓 (𝑥) = 𝜇(𝑓(𝑥)) for all 𝑥 ∈ 𝑋.
4.3. Definition
A fuzzy set 𝜇 in X is called fuzzy BH-ideal of X if it satisfies the following inequalities
1.𝜇(0) ≥ 𝜇(𝑥)
2.𝜇(𝑥) ≥ min{𝜇(𝑥 ∗ 𝑦), 𝜇(𝑦)}
3.𝜇(𝑥 ∗ 𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)} for all 𝑥, 𝑦 ∈ 𝑋
4.4. Theorem
Let 𝑓 ∶ 𝑋 → 𝑌be a homomorphism of BH-algebra if 𝜇 is a fuzzy BH-ideal of Y then 𝜇 𝑓 is a fuzzy BHideal of X.
Proof
For any x∈ 𝑋, wehave
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𝜇 𝑓 (𝑥) = 𝜇(𝑓(𝑥)) ≤ 𝜇(0)
= 𝜇(𝑓(0)) = 𝜇 𝑓 (0)
Let x, 𝑦 ∈ 𝑋, Then
min{𝜇 𝑓 (𝑥 ∗ 𝑦), 𝜇 𝑓 (𝑦) = min{ 𝜇(𝑓(𝑥 ∗ 𝑦)), 𝜇(𝑓(𝑦))}
=min{𝜇(𝑓(𝑥) ∗ 𝑓(𝑦)), 𝜇(𝑓(𝑦))} ≤ 𝜇(𝑓(𝑥))
= 𝜇 𝑓 (𝑥)
That is, 𝜇 𝑓 (𝑥) ≥ min{𝜇 𝑓 (𝑥 ∗ 𝑦), 𝜇 𝑓 (𝑦)}
min{𝜇 𝑓 (𝑥), 𝜇 𝑓 (𝑦)} = min{ 𝜇(𝑓(𝑥)), 𝜇(𝑓(𝑦))}
≤ 𝜇(𝑓(𝑥)) ∗ (𝑓(𝑦))
= 𝜇(𝑓(𝑥 ∗ 𝑦)) = 𝜇 𝑓 (𝑥 ∗ 𝑦)
That is 𝜇 𝑓 (𝑥 ∗ 𝑦) ≥ 𝑚𝑖𝑛{𝜇 𝑓 (𝑥), 𝜇 𝑓 (𝑦)}
Hence 𝜇 𝑓 is a fuzzy BH-ideal of X.
4.5. Theorem
Let 𝑓 ∶ 𝑋 → 𝑌be an epimorphism of BH-algebra. If 𝜇 𝑓 is a fuzzy BH-ideal of X, then 𝜇 is a fuzzy BHideal of Y
Proof
Let𝑦 ∈ 𝑌, ∃𝑥 ∈ 𝑋 such that 𝑓(𝑥) = 𝑦
Then 𝜇(𝑦) = 𝜇 (𝑓(𝑥))
=𝜇 𝑓 (𝑥) ≤ 𝜇 𝑓 (0)
=𝜇(𝑓(0))
=𝜇(0).
Again 𝑥, 𝑦 ∈ 𝑋 then ∃𝑎, 𝑏 ∈ 𝑋 such that 𝑓(𝑎) = 𝑥 and 𝑓(𝑏) = 𝑦
It follows that 𝜇(𝑥) = 𝜇 (𝑓(𝑎))
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= 𝜇 𝑓 (𝑎)
≥ min{𝜇 𝑓 (𝑎 ∗ 𝑏), 𝜇 𝑓 (𝑏)}
= min{𝜇(𝑓(𝑎 ∗ 𝑏)), 𝜇(𝑓(𝑏))}
= min{𝜇(𝑓(𝑎) ∗ 𝑓(𝑏)), 𝜇(𝑓(𝑏))}
= min {𝜇(𝑥 ∗ 𝑦), 𝜇(𝑦)}
That is
And

𝜇(𝑥) ≥ min{𝜇(𝑥 ∗ 𝑦), 𝜇(𝑦)}
𝜇(𝑥 ∗ 𝑦)=𝜇(𝑓(𝑎) ∗ 𝑓(𝑏))
= 𝜇(𝑓(𝑎 ∗ 𝑏))
= 𝜇 𝑓 (𝑎 ∗ 𝑏)
≥ min{𝜇 𝑓 (𝑎), 𝜇 𝑓 (𝑏)}
= min{𝜇(𝑓(𝑎), 𝜇(𝑓(𝑏))}

= min{𝜇(𝑥), 𝜇(𝑦)}
Hence

𝜇(𝑥 ∗ 𝑦) ≥ min{𝜇(𝑥), 𝜇(𝑦)}

Hence 𝜇 is a fuzzy BH-ideal of Y.
V. References
[1]

Y. Imai and K. Iseki, “On axiom systems of propositional calculi XIV,” Proc. Japan Acad, Vol. 42, 1966,pp. 19-22.

[2]

K. Iseki, “An algebra related with a propositional calculus,” Proc. JapanAcad,Vol. 42, 1966, pp. 26-29.

[3]

K. Iseki and S. Tanaka, “An introduction to theory of BCK-Algebras,” Math. Japan, Vol. 23, 1978, pp. 1-26.

[4]

P. Bhattacharya and N. P. Mukherjee, “Fuzzy relations and fuzzy groups,” Inform. Sci., Vol. 36, 1985,pp.267-282.

[5]

O. G. Xi, “Fuzzy BCK-algebras,” Math. Japan, Vol. 36, 1991, pp. 935-942.

[6]

L. A. Zadeh, “Fuzzy sets,” Information Control, Vol. 8, 1965, pp. 338-353.

[7]

A. Rosenfeld, ‘Fuzzy groups,” J. Math. Anal. Appl., Vol. 35, 1971, pp. 512–517.60-65, Shanxi Sci. Tech. Press (in china).

[8]

Y. B. Jun, E. H. Roh and H. S. Kim, “on BH-algebras,” Scientiae Mathematician, Vol. 1(1), 1998, pp. 347–354.

[9]

Q. Zhang, E. H. Roh and Y. B. Jun, “On fuzzy BH-algebras,” J. Huanggang NormalUniv., Vol. 21(3), 2001, pp.14-19.

[10]

Y. B. Jun and J. Meng, “Characterization of fuzzy sub algebras by theirLevel sub algebras,” Selected papers on BCK- and BCIalgebras, Vol.1, 1992.

ICOMAC 2019-012; © 2019, AIJRSTEM All Rights Reserved

Page 36

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Isomorphism and Complement on Single Valued Neutrosophic Graphs
Dr. J. Malarvizhi
Principal,
Govt. Arts and Science College,
Karambakkudi, Tamilnadu, INDIA.
G.Divya
Research Scholar,
PG and Research Department of Mathematics,
K.N.Govt. Arts College (Autonomous) for women,
Thanjavur – 7, Tamilnadu, INDIA.
Abstract: In this paper some isomorphic relations of Single Valued Neutrosophic(SVN) Graph are
discussed. Some properties of the self complement and weak complement of SVN graphs and get the
condition for a SVN graph to be the self complement SVN graph. Also relations between operations union,
join and complement on SVN graph are discussed.
Keywords: Single Valued Neutrosophic graph, Isomorphism, Weak isomorphism, Complement, Self
complement, union, Join.
I. Introduction
A graph theoretic model is often useful as an aid in communicating. Fuzzy set theory and intuitionistic fuzzy
sets theory are useful models for dealing with uncertainty and incomplete information. But they may not be
sufficient in modeling of indeterminate and inconsistent information encountered in real world. In order to cope
with this issue, neutrosophic set theory was proposed by Smarandache as a generalization of fuzzy sets and
intuitionistic fuzzy sets. Fuzzy set theory and intuitionistic fuzzy sets theory are useful models for dealing with
uncertainty and incomplete information. But they may not be sufficient in modeling of indeterminate and
inconsistent information encountered in real world. In order to cope with this issue, neutrosophic set theory was
proposed by Smarandache as a generalization of fuzzy sets and intuitionistic fuzzy sets.The graph isomorphism
transformations are reduced to redefinition of vertices and edges.This definition does not change the properties
of the graph determined by an adjacent and an incidence of its vertices and edges. Isomorphism properties on
fuzzy graph is investigated in [1] and isomprphism and complement on Bipolar fuzzy graphs are investigated in
[2]. In this paper we define self complement and self weak complement single valued neutrosophic graphs and
some properties of isomorphism and complement on single valued neutrosophic graphs are discussed.
II. Preliminaries
Definition 2.1 Let X be a space of points. A single valued neutrosophic(SVN) set A in X is characterized by a
truth-membership function TA(x), an indeterminacy-membership function IA(x) and a falsity-membership
function FA(x). The functions TA(x), IA(x), and FA(x) are real standard or non-standard subsets of [0, 1]. That is,
TA(x) : X → [0, 1], IA(x) : X → [0, 1] and FA(x) : X → [0, 1] and 0 ≤ TA(x) + IA(x) + FA(x) ≤ 3.
Definition 2.2 A Single-Valued Neutrosophic graph(SVN graph) is a pair G = (A,B) of the crisp graph G* = (V,
E)(i.e., with underlying set V) , where A : V → [0, 1] is single-valued neutrosophic set in V and B : V × V →
[0, 1] is single-valued neutrosophic relation on V such that
TB(xy) ≤ min{TA(x), TA(y)},
IB(xy) ≤ min{IA(x), IA(y)},
FB(xy) ≤ max{FA(x), FA(y)}
for all x, y ∈ V . A is called single-valued neutrosophic vertex set of G and B is called single-valued
neutrosophic edge set of G, respectively.
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V1(0.2, 0.3,0.7)

(0.2, 0.2,0.5)

V2(0.4, 0.3,0.6)

(0.,30.2,0.7)

(0.1, 0.2,0.3)

Example:

V3(0.6, 0.9,0.4)

(0.4, 0.3,0.6)

V4(0.5, 0.4,0.8)

Single Valued Neutrosophic Graph
Definition 2.3 Let G and G′ be single valued neutrosophic graphs with underlying sets V and V ′ respectively. A
homomorphism of single valued neutrosophic graphs, h ∶ G → G′ is a map h ∶ V → V ′ which satisfies
TA (u) ≤ TA′ (h(u)), IA (u) ≤ IA′ (h(u)), FA (u) ≤ FA′ (h(u)) for all u ∈ V
TB (u, v) ≤ TA′ (h(u), h(v)), IB (u, v) ≤ IB′ (h(u), h(v)), FB (u, v) ≤ FB′ (h(u), h(v)) for all u, v ∈ V.
Definition 2.4 Let G and G′ be single valued neutrosophic graphs with underlying sets V and V ′ respectively. An
isomorphism of single valued neutrosophic graphs, h ∶ G → G′ is a bijective map h ∶ V → V ′ which satisfies
TA (u) = TA′ (h(u)), IA (u) = IA′ (h(u)), FA (u) = FA′ (h(u)) for all u ∈ V
TB (u, v) = TB′ (h(u), h(v)), IB (u, v) = IB′ (h(u), h(v)), FB (u, v) = FB′ (h(u), h(v)) for all u, v ∈ V.Then
G is said to be isomorphic to G′ .Two isomorphic graphs are given below
a(0.2, 0.3,0.7)
V1(0.2,
0.3,0.7)

(0.2, 0.2,0.5)

V2(0.4, 0.3,0.6)
(0.1, 0.2,0.3)
(0.3,0.2,0.7)

(0.1, 0.2,0.3)

V3(0.6, 0.9,0.4)

(0.4, 0.3,0.6)

V4(0.5, 0.4,0.8)

(0.2, 0.2,0.5
b((0.4, 0.3,0.6)

d(0.6, 0.9,0.4)

(0.3,0.2,0.7)

(0.4, 0.3,0.6)
c(0.5, 0.4,0.8)

SVN graph 𝑮′

SVN graph G

Definition 2.5 A weak isomorphism of single valued neutrosophic graphs, h ∶ G → G′ is a map h ∶ V → V ′
which is a bijective homomorphism that satisfies
TA (u) = TA′ (h(u)), IA (u) = IA′ (h(u)), FA (u) = FA′ (h(u)) for all u ∈ V
Definition 2.6 A co-weak isomorphism of single valued neutrosophic graphs, h ∶ G → G′ is a map h ∶ V → V ′
which is a bijective homomorphism that satisfies
TB (u, v) = TB′ (h(u), h(v)), IB (u, v) = IB′ (h(u), h(v)), FB (u, v) = FB′ (h(u), h(v)) for all u, v ∈ V.
a(0.2, 0.2,0.7)
V1(0.1,
0.3,0.7)

(0.2, 0.2,0.5)

V2(0.4, 0.3,0.6)

(0.3,0.2,0.7)

(0.1, 0.2,0.3)

(0.1, 0.2,0.3)

(0.2, 0.2,0.5
b((0.4, 0.3,0.6)

d(0.6, 0.9,0.4)

(0.3,0.2,0.7)

(0.4, 0.3,0.6)
V3(0.6, 0.9,0.4)

(0.4, 0.2,0.6)

V4(0.5, 0.4,0.8)
c(0.5, 0.3,0.8)

SVN graph G

SVN graph 𝑮′

Definition 2.7 The complement of a single-valued neutrosophic graph G = (A,B) of a crisp graph 𝐺 ∗ = (𝑉, 𝐸)
̅ = (A
̅, B
̅), where
is a single-valued neutrosophic graphG
̅ = A = (TA , IA , FA ) where TA(v) = TA(v),IA(v) = IA(v), FA(v) = FA(v), for all v ∈ V
1. A
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̅ = (TB̅ , IB̅ , FB̅ )
2. B
where TB̅ (u, v) = min{TA(u), TA(v)}

if TB(u, v) = 0,

= min{TA(u), TA(v)} − TB(u, v)
IB̅ (u, v) = min{IA(u), IA(v)}

if IB(u, v) = 0,

= min{IA(u), IA(v)} − IB(u, v)
FB̅ (u, v) = max{FA(u), FA(v)}

if FB(u, v) > 0
(0, 0.1,0.2)

V2(0.4, 0.3,0.6)

(0.4,0.3,0.6)

(0.,10.1,0.1)

(0.,30.2,0.7)

V1(0.2, 0.3,0.7)

(0.1, 0.1,0.4)

V2(0.4, 0.3,0.6)

(0.1, 0.2,0.3)

(0.2, 0.2,0.5)

if IB(u, v) > 0
if FB(u, v) = 0,

= max{FA(u), FA(v)} − FB(u, v)
V1(0.2,
0.3,0.7)

if TB(u, v) > 0

(0.2,0.3,0.
8)

(0.4, 0.3,0.6)

V3(0.6, 0.9,0.4)

V4(0.5, 0.4,0.8)

(0.1, 0.1,0.2)

V3(0.6, 0.9,0.4)

V4(0.5, 0.4,0.8)

̅
Complement of SVN graph G:𝑮

SVN graph G

Definition 2.8 Given a single-valued neutrosophic graph G = (A,B) of a crisp graph 𝐺 ∗ = (𝑉, 𝐸), the order of G
is defined as Order (G) = (𝑂 𝑇 (𝐺), 𝑂𝐼 (𝐺), 𝑂𝐹 (𝐺)) where 𝑂 𝑇 (𝐺) = ∑𝑣∈𝑉 𝑇𝐴 (𝑣), 𝑂 𝐼 (𝐺) = ∑𝑣∈𝑉 𝐼𝐴 (𝑣), 𝑂 𝐹 (𝐺) =
∑𝑣∈𝑉 𝐹𝐴 (𝑣) and size of G is defined as Size(G) = (𝑆 𝑇 (𝐺), 𝑆(𝐺), 𝑆𝐹 (𝐺)) where 𝑆 𝑇 (𝐺) = ∑𝑢≠𝑣 𝑇𝐵 (𝑢, 𝑣), 𝑆 𝐼 (𝐺) =
∑𝑢≠𝑣 𝐼𝐵 (𝑢, 𝑣), 𝑆 𝐹 (𝐺) = ∑𝑢≠𝑣 𝐹𝐵 (𝑢, 𝑣)
III. Isomorphic graphs and their Complements
Theorem 3.1 Two single valued neutrosophic graphs are isomorphic if and only if their complements are
isomorphic.
Proof: Let G =(A, B) and G′ = (A′ , B ′ ) be two single valued neutrosophic graphs.
Assume G ≅ G′ .
There exists a bijective map ℎ: 𝑉 → 𝑉 ′ satisfying
TA (x) = TA′ (h(x)), IA (x) = IA′ (h(x)), FA (x) = FA′ (h(x)) for all x ∈ V
TB (x, y) = TB′ (h(x), h(y)), IB (x, y) = IB′ (h(x), h(y)), FB (x, y) = FB′ (h(x), h(y)) for all x, y ∈ V
By definition of complement of single valued neutrosophic graph, we have
TB̅ (x, y) = min{TA(x), TA(y)} − TB(x, y)
IB̅ (x, y) = min{IA(x), IA(y)} − IB(x, y)
FB̅ (x, y) = max{FA(x), FA(y)} − FB(x, y)

for all x, y ∈ V

TB̅ (x, y) = min{TA′ (h(x)), TA′ (h(y))} − TB′ (h(x), h(y))
IB̅ (x, y) = min {IA′ (h(x)), IA′ (h(y))} − IB′ (h(x), h(y))
FB̅ (x, y) = max{FA′ (h(x)), FA′ (h(y))} − FB′ (h(x), h(y))

for all x, y ∈ V

TB̅ (x, y) = TB̅̅̅′ (h(x), h(y))
IB̅ (x, y) = IB̅̅̅′ (h(x), h(y))
FB̅ (x, y) = F̅̅̅
B′ (h(x), h(y))

for all x, y ∈ V

̅ ≅ ̅̅̅
i.e., G
G ′.
̅ ≅ ̅̅̅
Conversely, G
G′
There exists a bijective map g: V → V ′ satisfying
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TA (x) = TA′ (g(x)), IA (x) = IA′ (g(x)), FA (x) = FA′ (g(x)) for all x ∈ V

(1)

TB̅ (x, y) = TB̅̅̅′ (g(x), h(y)), IB̅ (x, y) = I̅̅̅
̅ (x, y) = F̅̅̅
B′ (g(x), h(y)), FB
B′ (g(x), h(y)) for all x, y ∈ V

(2)

Using the definition of complement
TB̅ (x, y) = min{TA(x), TA(y)} − TB(x, y)
IB̅ (x, y) = min{IA(x), IA(y)} − IB(x, y)
FB̅ (x, y) = max{FA(x), FA(y)} − FB(x, y)

for all x, y ∈ V

T̅̅̅
B′ (x, y) = min{TA′ (g(x)), TA′ (g(y))} − TB′ (g(x), g(y))
I̅̅̅
B′ (x, y) = min{IA′ (g(x)), IA′ (g(y))} − IB′ (g(x), g(y))
F̅̅̅
B′ (x, y) = max{FA′ (g(x)), FA′ (g(y))} − FB′ (g(x), g(y))

for all x, y ∈ V

Using these in (2) and by (1), we get
TB (x, y) = TB′ (g(x), g(y)),
IB (x, y) = IB′ (g(x), g(y)),
FB (x, y) = FB′ (g(x), g(y)) for all x, y ∈ V

(3)

Hence from (1) and (2) g: V → V ′ is an isomorphism between G and G′ . i.e., G ≅ G′
Theorem 3.2 If there is a weak isomorphism between G and G' then there is a weak isomorphism between ̅̅̅
G′
̅.
and G
Proof: If h is a weak isomorphism between G & G' then,
h: V → V ′ is a bijective that satisfies h(x) = x′,x ∈ V
TA (x) = TA′ (h(x)), IA (x) = IA′ (h(x)), FA (x) = FA′ (h(x)) for all x ∈ V

(4)

TB (x, y) ≤ TB′ (h(x), h(y)), IB (x, y) ≤ IB′ (h(x), h(y)), FB (x, y) ≤ FB′ (h(x), h(y)) for all x, y ∈ V
−1

′

′

′

As h : V → V is also bijective for every x in V there is an x ∈ V such that h
get

−1 (x ′ )

TA′ (x) = TA (h−1 (x ′ )), IA′ (x) = IA (h−1 (x ′ )), FA′ (x) = FA (h−1 (x ′ ))

(5)

= x using this in (4), we
(6)

Also using (3) and (4) in definition of complement,
TB̅ (x, y) = min{TA(x), TA(y)} − TB(x, y)
IB̅ (x, y) = min{IA(x), IA(y)} − IB(x, y)
FB̅ (x, y) = max{FA(x), FA(y)} − FB(x, y)

for all x, y ∈ V

TB̅ (h−1 (x ′ )), (h−1 (y ′ )) ≥ min{TA′ (h(x)), TA′ (h(y))} − TB′ (h(x), h(y))
= min{𝑇𝐴′ (𝑥 ′ ), 𝑇𝐴′ (𝑦 ′ )} − 𝑇𝐵′ (𝑥 ′ , 𝑦 ′ )
= 𝑇̅𝐵̅̅̅′ (𝑥 ′ , 𝑦 ′ )

for all 𝑥 ′ , 𝑦 ′ ∈ 𝑉 ′

i.e., 𝑇̅𝐵̅̅̅′ (𝑥 ′ , 𝑦 ′ ) ≤ TB̅ (h−1 (x ′ )), (h−1 (y ′ ))
Similarly we get 𝐼̅𝐵̅̅̅′ (𝑥 ′ , 𝑦 ′ ) ≤ IB̅ (h−1 (x ′ )), (h−1 (y ′ ))
𝐹̅𝐵̅̅̅′ (𝑥 ′ , 𝑦 ′ ) ≤ FB̅ (h−1 (x ′ )), (h−1 (y ′ ))
̅.
Thus h−1 : V ′ → V is a bijective map, which is a weak isomorphism between ̅̅̅
G ′ and G
Theorem 3.3 If there is a co-weak isomorphism between G and G' then there is a homomorphism between ̅̅̅
G′
̅
and G.
Proof: If h is a co-weak isomorphism between G & G' then,
h: V → V ′ is a bijective that satisfies h(x) = x′,x ∈ V
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TA (x) ≤ TA′ (h(x)), IA (x) ≤ IA′ (h(x)), FA (x) ≤ FA′ (h(x)) for all x ∈ V

(7)

TB (x, y) = TB′ (h(x), h(y)), IB (x, y) = IB′ (h(x), h(y)), FB (x, y) = FB′ (h(x), h(y)) for all x, y ∈ V

(8)

̅, using (7) and (8)
In G
𝑇𝐵̅ (𝑥, 𝑦) = min{𝑇𝐴 (𝑥), 𝑇𝐴 (𝑦)} − 𝑇𝐵 (𝑥, 𝑦)
≤ min{𝑇𝐴′ (ℎ(𝑥)), 𝑇𝐴′ (ℎ(𝑦))} − 𝑇𝐵′ (ℎ(𝑥), ℎ(𝑦))
= 𝑇̅𝐵̅̅̅′ (ℎ(𝑥), ℎ(𝑦))
𝑇𝐵̅ (𝑥, 𝑦) ≤ 𝑇̅𝐵̅̅̅′ (ℎ(𝑥), ℎ(𝑦))
Similarly, 𝐼𝐵̅ (𝑥, 𝑦) ≤ 𝐼̅𝐵̅̅̅′ (ℎ(𝑥), ℎ(𝑦))
𝐹𝐵̅ (𝑥, 𝑦) ≤ 𝐹̅𝐵̅̅̅′ (ℎ(𝑥), ℎ(𝑦))

(9)

̅.
By (7) and (9) h is bijective homomorphism between ̅̅̅
G ′ and G
Theorem 3.4 Any simple single valued neutrosophic graph G = (A, B) of order ‘n’ is isomorphic to a partial
single valued neutrosophic subgraph of the complete single valued neutrosophic graph of order ‘n’.
Proof: Let G = (A, B) be the given SVN graph of order n. Now construct a complete SVN graph of order ‘n’ as
SVN graph (A, B ′ ), where
TB′ (x, y) = min{TA (x), TA (y)},
IB′ (x, y) = min{IA (x), IA (y)},
FB′ (x, y) = min{FA (x), FA (y)} for all x, y ∈ V

(10)

Where V is an underlying set of G,
As in general

TB (x, y) ≤ min{TA (x), TA (y)},
IB (x, y) ≤ min{IA (x), IA (y)},
FB (x, y) ≤ min{FA (x), FA (y)} for all x, y ∈ V

(11)

Thus from (10) and (11) , we get
TB (x, y) ≤ TB′ (x, y)
IB (x, y) ≤ IB′ (x, y)
FB (x, y) ≤ FB′ (x, y) for all x, y ∈ V
Hence G is a SVN spanning subgraph of the complete SVN graph.
i.e., G is isomorphic to a partial SVN graph of the complete SVN graph of order n.
IV. Self Complement and Self Weak Complement SVN graphs
̅.
Definition 4.1 A single valued neutrosophic graph is said to be self complement if G ≅ G
Theorem 4.2 Let G = (A, B) be self complementary SVN graph. Then
1

∑x≠y TB (x, y) = ∑x≠y min(TA (x), TA (y)),
2

1

∑x≠y IB (x, y) = ∑x≠y min(IA (x), IA (y)),
2

1

∑x≠y FB (x, y) = ∑x≠y min(FA (x), FA (y)).
2

Proof: Let G = (A, B) be self complementary SVN graph of the underlying graph G *= (V, E). Then there exist
̅ such that for every x, y ∈ V we have
an isomorphism h from G to G
TA (x) = TA̅ (h(x)), IA (x) = IA̅ (h(x)), FA (x) = FA̅ (h(x))
TB (x, y) = TB̅ (h(x), h(y)), IB (x, y) = IB̅ (h(x), h(y)), FB (x, y) = FB̅ (h(x), h(y)) for all x, y ∈ V
̅ , for every x, y ∈ V , we have
Now by definition of G
TB̅ (h(x), h(y)) = min{T A (h(x)), TA(h(y))} − TB(h(x), h(y))
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IB̅ (h(x), h(y)) = min{I A(h(x)), IA(h(y))} − IB(h(x), h(y))
FB̅ (h(x), h(y)) = max{FA(h(x)), FA(h(y))} − FB(h(x), h(y))

for all x, y ∈ V

TB (x, y) = min{TA(x), TA(y)} − TB(h(x), h(y))
IB (x, y) = min{IA(x), IA(y)} − IB(h(x), h(y))
FB (x, y) = max{FA(x), FA(y)} − FB(h(x), h(y))

for all x, y ∈ V

∑x≠y TB (x, y) + ∑x≠y TB (h(x), h(y)) = ∑x≠y min(TA (x), TA (y))
∑x≠y IB (x, y) + ∑x≠y IB (h(x), h(y)) = ∑x≠y min(IA (x), IA (y))
∑x≠y FB (x, y) + ∑x≠y FB (h(x), h(y)) = ∑x≠y min(FA (x), FA (y))
2 ∑x≠y TB (x, y) = ∑x≠y min(TA (x), TA (y))
2 ∑x≠y IB (x, y) = ∑x≠y min(IA (x), IA (y))
2 ∑x≠y FB (x, y) = ∑x≠y min(FA (x), FA (y))
1

∑x≠y TB (x, y) = ∑x≠y min(TA (x), TA (y)),
2

1

∑x≠y IB (x, y) = ∑x≠y min(IA (x), IA (y)),
2

1

∑x≠y FB (x, y) = ∑x≠y min(FA (x), FA (y)).
2

Definition 4.3 A single valued neutrosophic graph G is said to be self weak complementary single valued
̅.
neutrosophic graph if G is weak isomorphic with its complement G
Theorem 4.4 Let G = (A, B) be self weak complementary SVN graph. Then
1

∑x≠y TB (x, y) ≤ ∑x≠y min(TA (x), TA (y)),
2

1

∑x≠y IB (x, y) ≤ ∑x≠y min(IA (x), IA (y)),
2

1

∑x≠y FB (x, y) ≤ ∑x≠y min(FA (x), FA (y)).
2

Proof: Let G = (A, B) be self weak complementary SVN graph of the underlying graph G *= (V, E). Hence G is
̅, there exists weak isomorphism, h: V → V,a bijective mapping satisfying
weak isomorphic with G
TA (x) = TA̅ (h(x)), IA (x) = IA̅ (h(x)), FA (x) = FA̅ (h(x))
TB (x, y) ≤ TB̅ (h(x), h(y)), IB (x, y) ≤ IB̅ (h(x), h(y)), FB (x, y) ≤ FB̅ (h(x), h(y)) for all x, y ∈ V
̅ in above inequality, we have
Now by using definition of G
TB̅ (h(x), h(y)) ≤ min{TA (h(x)), TA(h(y))} − TB(h(x), h(y))
IB̅ (h(x), h(y)) ≤ min{IA(h(x)), IA(h(y))} − IB(h(x), h(y))
FB̅ (h(x), h(y)) ≤ max{FA(h(x)), FA(h(y))} − FB(h(x), h(y))

for all x, y ∈ V

TB (x, y) ≤ min{TA(x), TA(y)} − TB(h(x), h(y))
IB (x, y) ≤ min{IA(x), IA(y)} − IB(h(x), h(y))
FB (x, y) ≤ max{FA(x), FA(y)} − FB(h(x), h(y))

for all x, y ∈ V

∑x≠y TB (x, y) + ∑x≠y TB (h(x), h(y)) ≤ ∑x≠y min(TA (x), TA (y))
∑x≠y IB (x, y) + ∑x≠y IB (h(x), h(y)) ≤ ∑x≠y min(IA (x), IA (y))
∑x≠y FB (x, y) + ∑x≠y FB (h(x), h(y)) ≤ ∑x≠y min(FA (x), FA (y))
2 ∑x≠y TB (x, y) ≤ ∑x≠y min(TA (x), TA (y))
2 ∑x≠y IB (x, y) ≤ ∑x≠y min(IA (x), IA (y))
2 ∑x≠y FB (x, y) ≤ ∑x≠y min(FA (x), FA (y))
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1

∑x≠y TB (x, y) ≤ ∑x≠y min(TA (x), TA (y)),
2

1

∑x≠y IB (x, y) ≤ ∑x≠y min(IA (x), IA (y)),
2

1

∑x≠y FB (x, y) ≤ ∑x≠y min(FA (x), FA (y)).
2

Theorem 4.5 Let G be a SVN graph. If
1

1

∑x≠y TB (x, y) ≤ ∑x≠y min(TA (x), TA (y)) , ∑x≠y IB (x, y) ≤
2

1

∑ min(IA (x), IA (y)) and ∑x≠y FB (x, y) ≤ ∑x≠y min(FA (x), FA (y)), then G is self weak complementary
2 x≠y
2
SVN graph.
Proof: Consider the identity map g: V → V such that
TA (x) = TA (g(x)), IA (x) = IA (g(x)), FA (x) = FA (g(x)) for all x ∈ V
By definition of complement of SVN graph, we have
TB̅ (x, y) = min{TA(x), TA(y)} − TB(x, y)
IB̅ (x, y) = min{IA(x), IA(y)} − IB(x, y)
FB̅ (x, y) = max{FA(x), FA(y)} − FB(x, y)

for all x, y ∈ V

1

TB̅ (x, y) ≥ min{TA(x), TA(y)} − min{TA(x), TA(y)}
2

1

IB̅ (x, y) ≥ min{IA(x), IA(y)} − min{IA(x), IA(y)}
2

1

FB̅ (x, y) ≥ max{FA(x), FA(y)} − min{FA(x), FA(y)}
2

for all x, y ∈ V

1

TB̅ (x, y) ≥ min{TA(x), TA(y)}
2

1

IB̅ (x, y) ≥ min{IA(x), IA(y)}
2

1

FB̅ (x, y) ≥ min{FA(x), FA(y)}
2

for all x, y ∈ V

TB̅ (x, y) ≥ TB(x, y)
IB̅ (x, y) ≥ IB(x, y)
FB̅ (x, y) ≥ FB(x, y)

for all x, y ∈ V

TB(x, y) ≤ TB̅ (g(x), g(y))
IB(x, y) ≤ IB̅ (g(x), g(y))
FB(x, y) ≤ FB̅ (g(x), g(y))

for all x, y ∈ V

̅. Therefore G is self weak complementary SVN graph.
Hence G is weak isomorphic with G
V. Relation between Isomorphism, Complement & Operations
Definition 5.1 Let G1 =(A1 , B1) and G2=(A2, B2) be two SVN graphs of crisp graphsG1∗ = (V1 , E1 )and G2∗ =
(V2 , E2 ) respectively. G = G1 ∪ G2 = (A1 ∪A2 , B1 ∪ B2 ) = (A, B) be the union of G1 and G2 and is defined as
TA (x) = TA1 (x)
if x ∈ V1 , x ∉ V2
= TA2 (x)
if x ∉ V1 , x ∈ V2
= max( TA1 (x), TA2 (x))
if x ∈ V1 ∩ V2
IA (x) = IA1 (x)
if x ∈ V1 , x ∉ V2
= IA2 (x)
if x ∉ V1 , x ∈ V2
= max( IA1 (x), IA2 (x))
if x ∈ V1 ∩ V2
FA (x) = FA1 (x)
if x ∈ V1 , x ∉ V2
= FA2 (x)
if x ∉ V1 , x ∈ V2
(x),
(x))
=min( FA1
FA2
if x ∈ V1 ∩ V2
TB (x, y) = TB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= TB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= max( TB1 (x, y), TB2 (x, y))
if (x, y) ∈ E1 ∩ E2
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IB (x, y) = IB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= IB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= max( IB1 (x, y), IB2 (x, y))
if (x, y) ∈ E1 ∩ E2
FB (x, y) = FB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= FB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= max( FB1 (x, y), FB2 (x, y))
if (x, y) ∈ E1 ∩ E2
a(0.2, 0.3,0.7)

d(0.6, 0.9,0.4)

(0.1, 0.2,0.3)
(0.2, 0.2,0.5)

c(0.5, 0.4,0.8)

(0.4, 0.3,0.6)
d(0.6, 0.9,0.4)

(0.1, 0.2,0.3)
(0.3,0.2,0.7)

c(0.5, 0.4,0.8)

a(0.2, 0.3,0.7)

(0.4, 0.3,0.6)
(0.3,0.2,0.7)

b((0.4, 0.3,0.6)

(0.2, 0.2,0.5)

c(0.5, 0.4,0.8)

SVN graph G1

b((0.4, 0.3,0.6)

SVN graph G1 ∪G2

SVN graph G2

Definition 5.2 Let G1 =(A1 , B1) and G2=(A2, B2) be two SVN graphs of crisp graphsG1∗ = (V1 , E1 )and G2∗ =
(V2 , E2 ) respectively. G = G1 + G2 = (A, B) of the crisp graph (𝑉1 ∪ 𝑉2 , 𝐸1 ∪ 𝐸2 ∪ 𝐸 ′ ) be the join of G1 and G2
and is defined as
TA (x) = TA1 (x)
if x ∈ V1 , x ∉ V2
= TA2 (x)
if x ∉ V1 , x ∈ V2
= max( TA1 (x), TA2 (x))
if x ∈ V1 ∩ V2
IA (x) = IA1 (x)
if x ∈ V1 , x ∉ V2
= IA2 (x)
if x ∉ V1 , x ∈ V2
= max( IA1 (x), IA2 (x))
if x ∈ V1 ∩ V2
FA (x) = FA1 (x)
if x ∈ V1 , x ∉ V2
= FA2 (x)
if x ∉ V1 , x ∈ V2
=min( FA1 (x), FA2 (x))
if x ∈ V1 ∩ V2
TB (x, y) = TB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= TB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= max( TB1 (x, y), TB2 (x, y))
if (x, y) ∈ E1 ∩ E2
=min( TA1 (x), TA2 (y))
if (x, y) ∈ E ′
IB (x, y) = IB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= IB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= max( IB1 (x, y), IB2 (x, y))
if (x, y) ∈ E1 ∩ E2
=min( IA1 (x), IA2 (y))
if (x, y) ∈ E ′
FB (x, y) = FB1 (x, y)
if (x, y) ∈ E1 , (x, y) ∉ E2
= FB2 (x, y)
if (x, y) ∉ V1 , (x, y) ∈ V2
= min( FB1 (x, y), FB2 (x, y))
if (x, y) ∈ E1 ∩ E2
=max( FA1 (x), FA2 (y))
if (x, y) ∈ E ′
a(0.2, 0.3,0.7)

d(0.6, 0.9,0.4)

(0.1, 0.2,0.3)
(0.2,
0.2,0.5)

c(0.5, 0.4,0.8)

(0.4, 0.3,0.6)
d(0.6, 0.9,0.4)

c(0.5, 0.4,0.8)

(0.4,0.3, 0.4)
(0.4, 0.3,0.6)

(0.1, 0.2,0.3)

(0.3,0.2,0.7)

(0.3,0.2,0.7)

b((0.4, 0.3,0.6)

SVN graph G1

a(0.2, 0.3,0.7)
(0.2, 0.2,0.5)

c(0.5, 0.4,0.8)

SVN graph G2

(0.2,0.3,
0.4)

b((0.4, 0.3,0.6)

SVN graph G1+G2

Theorem 5.3 Let G1 =(A1 , B1) and G2=(A2, B2) be two SVN graphs such that V1 ∩ V2 = ϕ. Then ̅̅̅̅̅̅̅̅̅̅
G1 + G2 ≅
̅̅̅
G1 ∪ ̅̅̅
G2
Proof: Let f ∶ (V1 ∪ V2 ) → (V1 ∪ V2 ) be the identity map.
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We claim that T̅̅̅̅̅̅̅̅̅̅̅̅
A1 ∪ T̅̅̅̅
A2 )(x),
(A1 +A2 ) (x) = (T̅̅̅̅
(x)
I̅̅̅̅̅̅̅̅̅̅̅̅
= (I̅̅̅̅
A1 ∪ I̅̅̅̅
A2 )(x),
(A1 +A2 )
(x)
F̅̅̅̅̅̅̅̅̅̅̅̅
=
(F
∪
F̅̅̅̅
̅̅̅̅
A1
A2 )(x) and
(A1 +A2 )
T̅̅̅̅̅̅̅̅̅̅̅̅
B1 ∪ T̅̅̅̅
B2 )(x, y),
(B1 +B2 ) (x, y) = (T̅̅̅̅
(x)
I̅̅̅̅̅̅̅̅̅̅̅̅
=
(I
∪
I
)(x,
y),
̅̅̅̅
̅̅̅̅
B1
B2
(B1 +B2 )
F̅̅̅̅̅̅̅̅̅̅̅̅
B1 ∪ F̅̅̅̅
B2 )(x, y) for all x, y ∈ V
(B1 +B2 ) (x) = (F̅̅̅̅
Let x, y ∈ V. Then
T̅̅̅̅̅̅̅̅̅̅̅̅
(A1 +A2 ) (x) = T(A1 ∪A2 ) (𝑥)
𝑇𝐴1 (𝑥)
𝐴2 (𝑥)
T̅̅̅̅
A (𝑥)

= {𝑇

= {T

1
(𝑥)
̅̅̅̅
A
2

𝑖𝑓 𝑥∈𝑉1
𝑖𝑓 𝑥∈𝑉2
𝑖𝑓 𝑥∈𝑉1
𝑖𝑓 𝑥∈𝑉2

T̅̅̅̅̅̅̅̅̅̅̅̅
A1 ∪ T̅̅̅̅
A2 )(x)
(A1 +A2 ) (x) = (T̅̅̅̅
Similarly,
I̅̅̅̅̅̅̅̅̅̅̅̅
A1 ∪ I̅̅̅̅
A2 )(x)
(A1 +A2 ) (x) = (I̅̅̅̅
(x)
F̅̅̅̅̅̅̅̅̅̅̅̅
=
(F
∪
F
̅̅̅̅
̅̅̅̅
A1
A2 )(x)
(A1 +A2 )
Also, T̅̅̅̅̅̅̅̅̅̅̅̅
(B1 +B2 ) (x, y) = min{T(A1 +A2 ) (x), T(A1 +A2 ) (y)} − T(B1 +B2 ) (x, y)
min{T(A1 ∪A2) (x),T(A1 ∪A2 ) (y)}−T(B1 ∪B2 ) (x,y)

={

if (x,y)∈E1 ∪E2

min{T(A1 ∪A2) (x),T(A1 ∪A2 ) (y)}−min{T(B1 ) (x,y),T(B2 ) (x,y)}
min{TA (x),TA1 (y)}−T(B1 ) (x,y)

= { min{T 1

A2 (x),TA2 (y)}−T(B2 ) (x,y)

if (x,y)∈E′

if (x,y)∈E1
if (x,y)∈E2

min{TA1 (x),TA2 (y)}−min{TA1 (x),TA2 (y)} if (x,y)∈E′

T̅̅̅̅ (x,y)

(x, y) = { TB1 (x,y)
T(B
̅̅̅̅̅̅̅̅̅̅̅̅
1 +B2 )
̅̅̅̅
B2

0

if(x,y)∈E1
if(x,y)∈E2
if (x,y)∈E′

T̅̅̅̅̅̅̅̅̅̅̅̅
B1 ∪ T̅̅̅̅
B2 )(x, y)
(B1 +B2 ) (x, y) = (T̅̅̅̅
(x)
Similarly, I̅̅̅̅̅̅̅̅̅̅̅̅
= (I̅̅̅̅
B1 ∪ I̅̅̅̅
B2 )(x, y),
(B1 +B2 )
(x)
F̅̅̅̅̅̅̅̅̅̅̅̅
=
(F
∪
F̅̅̅̅
̅̅̅̅
B1
B2 )(x, y) for all x, y ∈ V
(B1 +B2 )
Theorem 5.4 Let G1 =(A1 , B1) and G2=(A2, B2) be two SVN graphs such that V1 ∩ V2 = ϕ. Then ̅̅̅̅̅̅̅̅̅̅
G1 ∪ G2 ≅
̅̅̅
G1 + ̅̅̅
G2
Proof: Let f ∶ (V1 ∪ V2 ) → (V1 ∪ V2 ) be the identity map.
We claim that T̅̅̅̅̅̅̅̅̅̅̅̅
A1 + T̅̅̅̅
A2 )(x),
(A1 ∪A2 ) (x) = (T̅̅̅̅
I̅̅̅̅̅̅̅̅̅̅̅̅
A1 + I̅̅̅̅
A2 )(x),
(A1 ∪A2 ) (x) = (I̅̅̅̅
(x)
F̅̅̅̅̅̅̅̅̅̅̅̅
= (F̅̅̅̅
A1 + F̅̅̅̅
A2 )(x) and
(A1 ∪A2 )
(x,
T̅̅̅̅̅̅̅̅̅̅̅̅
y)
=
(T
+
T
)(x,
y),
̅̅̅̅
̅̅̅̅
B1
B2
(B1 ∪B2 )
I̅̅̅̅̅̅̅̅̅̅̅̅
B1 + I̅̅̅̅
B2 )(x, y),
(B1 ∪B2 ) (x) = (I̅̅̅̅
F̅̅̅̅̅̅̅̅̅̅̅̅
B1 + F̅̅̅̅
B2 )(x, y) for all x, y ∈ V
(B1 ∪B2 ) (x) = (F̅̅̅̅
Let x, y ∈ V. Then
T̅̅̅̅̅̅̅̅̅̅̅̅
(A1 ∪A2 ) (x) = T(A1 ∪A2 ) (𝑥)
𝑇𝐴1 (𝑥)
𝐴2 (𝑥)

= {𝑇

𝑖𝑓 𝑥∈𝑉1
𝑖𝑓 𝑥∈𝑉2

= (T̅̅̅̅
A1 ∪ T̅̅̅̅
A2 )(x)
(x)
T̅̅̅̅̅̅̅̅̅̅̅̅
= (T̅̅̅̅
A1 + T̅̅̅̅
A2 )(x)
(A1 ∪A2 )
(x)
Similarly, I̅̅̅̅̅̅̅̅̅̅̅̅
=
(I
+
I̅̅̅̅
̅̅̅̅
A1
A2 )(x)
(A1 ∪A2 )
F̅̅̅̅̅̅̅̅̅̅̅̅
A1 + F̅̅̅̅
A2 )(x)
(A1 ∪A2 ) (x) = (F̅̅̅̅
(x,
(x),
T̅̅̅̅̅̅̅̅̅̅̅̅
y)
=
min{T
T(A1∪A2) (y)} − T(B1∪B2) (x, y)
(A1 ∪A2 )
(B1 ∪B2 )
min{TA1 (x),TA1 (y)}−T(B1 ) (x,y)

= {min{T

A2 (x),TA2 (y)}−T(B2 ) (x,y)

min{TA1 (x),TA2 (y)}−0
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T̅̅̅̅
B (x,y)

if (x,y)∈E1

= { T̅̅̅̅1 (x,y)

if (x,y)∈E2

B1

min{TA1 (x),TA2 (y)}

={

(T̅̅̅̅
B ∪T̅̅̅̅
B )(x,y)
1

2

(T̅̅̅̅
B ∪T̅̅̅̅
B )(x,y)
1

2

min{TA1 (x),TA2 (y)}

if x∈V1 ,y∈V2
if (x,y)∈E1
if (x,y)∈E2
if (x,y)∈E′

T̅̅̅̅̅̅̅̅̅̅̅̅
B1 + T̅̅̅̅
B2 )(x, y),
(B1 ∪B2 ) (x, y) = (T̅̅̅̅
Similarly,I̅̅̅̅̅̅̅̅̅̅̅̅
B1 + I̅̅̅̅
B2 )(x, y),
(B1 ∪B2 ) (x) = (I̅̅̅̅
(x)
F̅̅̅̅̅̅̅̅̅̅̅̅
=
(F
+
F̅̅̅̅
̅̅̅̅
B1
B2 )(x, y) for all x, y ∈ V
(B1 ∪B2 )
IV. Conclusion
In this paper, we have discussed some properties of self complementary and self weak complementary
single valued neutrosophic graphs and have obtained a condition for single valued neutrosophic graph to be self
weak complementary single valued neutrosophic graph. Also the relations between the operations union, join
and complement on single valued neutrosophic graphs are investigated.
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Abstract: An intuitionistic fuzzy graph can be obtained from two given intuitionistic fuzzy graphs using
composition. In this paper, we discuss some results on the total degree of a vertex in intuitionistic fuzzy
graphs formed by this operation in terms of the degree of vertices in the given intuitionistic fuzzy graphs in
some particular cases.
Key Words: degree of a vertex, Composition, Total degree of a vertex.
2010 Mathematics Subject Classification: 03E72, 03F55

I. Introduction
Intuitionistic Fuzzy Graph theory was introduced by Atanassov in [1]. In [6] Nagoor Gani and Shajitha Begum
introduced degree, order and size in intuitionistic fuzzy graph. In [10] Radha and Vijaya introduced the totally
regular property of the composition of some fuzzy graphs. A.Nagoor Gani and H.Sheik Mujibur Rahman
introduced the Total degree of a vertex in union, join Cartesian product and Composition of some intuitionistic
fuzzy graphs in [7] and [8]. In this paper we have discuss some results on the total degree of a vertex in
composition of intuitionistic fuzzy graphs.
II. Preliminaries
Definition 2.1. An intuitionistic fuzzy graph (IFG) is of the form 𝐺 = 〈𝑉, 𝐸〉 where
(i) 𝑉 = {𝑣1, 𝑣2 , … , 𝑣𝑛 } such that 𝜇1 ∶ 𝑉 → [0,1] and 𝜈1 ∶ 𝑉 → [0,1] denotes the degree of membership and nonmembership of the element 𝑣𝑖 ∈ 𝑉 respectively and 0 ≤ 𝜇1 (𝑣𝑖 ) + 𝜈1 (𝑣𝑖 ) ≤ 1, for every 𝑣𝑖 ∈ 𝑉.
(ii) 𝐸 ⊆ 𝑉 × 𝑉 where 𝜇2 ∶ 𝑉 × 𝑉 → [0,1] and 𝜈2 ∶ 𝑉 × 𝑉 → [0,1] such that
𝜇2 (𝑣𝑖 , 𝑣𝑗 ) ≤ min (𝜇1 (𝑣𝑖 ), 𝜇1 (𝑣𝑗 ))
𝜈2 (𝑣𝑖 , 𝑣𝑗 ) ≤ max (𝜈1 (𝑣𝑖 ), 𝜈1 (𝑣𝑗 ))
and 0 ≤ 𝜇2 (𝑣𝑖 , 𝑣𝑗 ) + 𝜈2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 1, for every(𝑣𝑖 , 𝑣𝑗 ) ∈ 𝐸.Here the triple (𝑣𝑖 , 𝜇1𝑖 , 𝜈1𝑖 ) denotes the degree of
membership and non-membership of the vertex 𝑣𝑖 . The triple (𝑒𝑖𝑗 , 𝜇2𝑖𝑗 , 𝜈2𝑖𝑗 ) denotes the degree of membership
and non-membership of the edge relation 𝑒𝑖𝑗 = (𝑣𝑖 , 𝑣𝑗 ) on 𝑉 × 𝑉.
Definition 2.2. Let 𝐺 = 〈𝑉, 𝐸〉 be an IFG. Then the degree of a vertex 𝑣 is defined by
𝑑(𝑣) = (𝑑𝜇 (𝑣), 𝑑𝜈 (𝑣)), where 𝑑𝜇 (𝑣) = ∑𝑢≠𝑣 𝜇2 (𝑣, 𝑢) and 𝑑𝜈 (𝑣) = ∑𝑢≠𝑣 𝜈2 (𝑣, 𝑢).
Definition 2.3. Let 𝐺 = 〈𝑉, 𝐸〉 be an IFG. If (𝑑𝜇 (𝑣), 𝑑𝜈 (𝑣)) = (𝑘1 , 𝑘2 ) for all v  V that is if each vertex has
same membership degree 𝑘1 and same nonmembership degree 𝑘2 then G is said to be a regular intuitionistic
fuzzy graph.
Definition 2.4. Let 𝐺 = 〈𝑉, 𝐸〉 be an IFG. Then the total degree of a vertex u  v is defined by
𝑡𝑑 (𝑢) = (𝑡d𝜇 (𝑢), 𝑡d𝜈 (𝑢)) = ( ∑𝑢≠𝑣 𝜇2 (𝑢, 𝑣) + 𝜇1 (𝑢), ∑𝑢≠𝑣 𝜈2 (𝑢, 𝑣) + 𝜈1 (𝑢))
= (d𝜇 (𝑢) + 𝜇1 (𝑢), d𝜈 (𝑢) + 𝜈1 (𝑢))
If each vertex of G has same membership total degree 𝑘1 and same non membership total degree𝑘2 , then said to
be a totally regular intuitionistic fuzzy graph.
Lemma 2.5. Let 𝐺1 : ( 𝜇1 , 𝜇2 ) and 𝐺2 : (𝜇1′ , 𝜇2′ ) be two intuitionistic fuzzy graphs.
If 𝜇1 ≥ 𝜇2′ , 𝜇1′ ≥ 𝜇2 , ν1 ≥ ν′2 , ν1′ ≥ ν2 , then
(i) 𝑡𝑑𝜇𝐺1[𝐺2] ( 𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] ( 𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
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(ii) 𝑡𝑑𝜇𝐺1[𝐺2] ( 𝑢1 , 𝑢2 ) = 𝑡𝑑𝜇(𝐺2) (𝑢2 ) + 𝑝2 𝑡𝑑𝜇(𝐺1) (𝑢1 ) − (𝑝2 − 1)𝜇1 (𝑢1 ) ∨ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] ( 𝑢1 , 𝑢2 ) = 𝑡𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 𝑡𝑑ν(𝐺1) (𝑢1 ) − (𝑝2 − 1)ν1 (𝑢1 ) ∧ ν1′ (𝑢2 )
III. Total degree of a Vertex in Composition
For any (𝑢1 , 𝑢2 ) ∈ 𝑉1 × 𝑉2 , by definition
𝑡𝑑𝜇(𝐺1[𝐺2]) (𝑢1 , 𝑢2 ) =

((𝜇2 ∘ 𝜇2′ )(𝑢1 , 𝑢2 )(𝑣1 , 𝑣2 )) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
(𝑢1 ,𝑢2 ) (𝑣1 ,𝑣2 )∈𝐸

=

𝜇1 (𝑢1 ) ∧ 𝜇2′ (𝑢2 𝑣2 ) +

∑
𝑢1 = 𝑣1 ,𝑢2 𝑣2 ∈𝐸2

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 )

∑
𝑢2 = 𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

𝜇1′ (𝑢2 ) ∧ 𝜇1′ (𝑣2 ) ∧ 𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
𝑢2 ≠ 𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝑡𝑑ν(𝐺1[𝐺2]) (𝑢1 , 𝑢2 ) =

((ν2 ∘ ν′2 )(𝑢1 , 𝑢2 )(𝑣1 , 𝑣2 )) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

∑
(𝑢1 ,𝑢2 )(𝑣1 ,𝑣2 )∈𝐸

=

ν1 (𝑢1 ) ∨ ν′2 (𝑢2 𝑣2 ) +

∑
𝑢1 = 𝑣1 ,𝑢2 𝑣2 ∈𝐸2

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 )

∑
𝑢2 = 𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

∑

ν1′ (𝑢2 ) ∨ ν1′ (𝑣2 ) ∨ ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

𝑢2 ≠ 𝑣2 ,𝑢1 𝑣1 ∈𝐸1

Example 3.1: Consider the intuitionistic fuzzy graphs 𝐺1 and 𝐺2

𝑭𝒊𝒈𝒖𝒓𝒆 𝟏
Theorem 3.2: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 :
(i) If 𝜇1 ≤

𝜇2′

and ν1 ≤

ν′2

(𝑉 ′

′)

, 𝐸 be two intuitionistic fuzzy graphs.

then

𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
(ii) If 𝜇1′ ≤ 𝜇2 and ν1′ ≤ ν2 then
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝜇1′ (𝑢2 )𝑝2 𝑑𝐺1∗ (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + ν1′ (𝑢2 )𝑝2 𝑑𝐺1∗ (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
Proof:
(i) We have 𝜇1 ≤ 𝜇2′ and ν1 ≤ ν′2
Hence 𝜇1′ ≥ 𝜇2 and ν1′ ≥ ν2
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) =

∑

𝜇1 (𝑢1 ) ∧ 𝜇2′ (𝑢2 𝑣2 ) +

𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2
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+

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

𝜇1 (𝑢1 ) +

𝑢2 𝑣2 ∈𝐸2

𝜇2 (𝑢1 𝑣1 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇2 (𝑢1 𝑣1 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
=

∑

𝜇1 (𝑢1 ) + |𝑉2 |

𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑

𝑢2 𝑣2 ∈𝐸2

𝑢1 𝑣1 ∈𝐸1

𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝜇1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 ) − − (1)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

ν1 (𝑢1 ) ∨ ν′2 (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 )

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

ν1 (𝑢1 ) +

𝑢2 𝑣2 ∈𝐸2

ν2 (𝑢1 𝑣1 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν2 (𝑢1 𝑣1 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
=

∑

ν1 (𝑢1 ) + |𝑉2 |

ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

∑

𝑢2 𝑣2 ∈𝐸2

𝑢1 𝑣1 ∈𝐸1

𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = ν1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 ) − − (2)
(ii) We have 𝜇1′ ≤ 𝜇2 and ν1′ ≤ ν2
Hence 𝜇1 ≥ 𝜇2′ and ν1 ≥ ν′2
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

𝜇1 (𝑢1 ) ∧ 𝜇2′ (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 )

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

𝜇2′ (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

𝜇1′ (𝑢2 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+𝜇1 (𝑢1 ) ∧
=

𝜇2′ (𝑢2 𝑣2 ) + |𝑉2 |

∑
𝑢2 𝑣2 ∈𝐸2

𝜇1′ (𝑢2 )

∑

𝜇1′ (𝑢2 )

𝜇1′ (𝑢2 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
𝑢1 𝑣1 ∈𝐸1

𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2 ) (𝑢2 ) + 𝑝2 𝜇1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 ) − − (3)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

ν1 (𝑢1 ) ∨ ν′2 (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

+

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 )

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

ν′2 (𝑢2 𝑣2 ) +

𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

∑

ν1′ (𝑢2 ) +

𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+ν1 (𝑢1 ) ∨
=

∑
𝑢2 𝑣2 ∈𝐸2

ν′2 (𝑢2 𝑣2 ) + |𝑉2 |

∑

∑

ν1′ (𝑢2 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν1′ (𝑢2 )

ν1′ (𝑢2 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

𝑢1 𝑣1 ∈𝐸1
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𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 ν1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 ) − − (4)
Theorem 3.3: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 : (𝑉 ′ , 𝐸 ′ ) be two intuitionistic fuzzy graphs.
(i) If 𝜇1 ≤ 𝜇2′ and ν1 ≤ ν′2 then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) − 𝑝2 ] + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) − 𝑝2 ] + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
(ii) If 𝜇1′ ≤ 𝜇2 and ν1′ ≤ ν2 then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑡𝑑𝜇(𝐺2) (𝑢2 ) + 𝜇1′ (𝑢2 )[𝑝2 𝑑𝐺1∗ (𝑢1 ) − 1] + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑡𝑑ν(𝐺2) (𝑢2 ) + ν1′ (𝑢2 )[𝑝2 𝑑𝐺1∗ (𝑢1 ) − 1] + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
Proof:
Proof is similar to the proof of theorem 3.2.
Theorem 3.4: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 : (𝑉 ′ , 𝐸 ′ ) be two intuitionistic fuzzy graphs.
(i) If 𝜇1 ≤ 𝜇2′ , 𝜇1 ≤ 𝜇1′ and ν1 ≤ ν′2 , ν1 ≤ ν1′ then
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) + 1]
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) + 1]
(ii) If 𝜇1′ ≤ 𝜇2 , 𝜇1′ ≤ 𝜇1 and ν1′ ≤ ν2 , ν1′ ≤ ν1 then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝜇1′ (𝑢2 )[𝑝2 𝑑𝐺1∗ (𝑢1 ) + 1]
𝑡𝑑ν𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + ν1′ (𝑢2 )[𝑝2 𝑑𝐺1∗ (𝑢1 ) + 1]
Proof:
(i) We have 𝜇1 ≤ 𝜇2′ , 𝜇1 ≤ 𝜇1′ , ν1 ≤ ν′2 and ν1 ≤ ν1′ .
Hence 𝜇1′ ≥ 𝜇2 , ν1′ ≥ ν2 .
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) =

𝜇1 (𝑢1 ) ∧ 𝜇2′ (𝑢2 𝑣2 ) +

∑

∑

𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

+

∑

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 )

𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

𝜇1 (𝑢1 ) +

𝑢2 𝑣2 ∈𝐸2

=

∑

𝜇2 (𝑢1 𝑣1 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇1 (𝑢1 ) + |𝑉2 |

𝑢2 𝑣2 ∈𝐸2

𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 )

∑
𝑢1 𝑣1 ∈𝐸1

𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝜇1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) + 1] − − − (5)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

ν1 (𝑢1 ) ∨ ν′2 (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

∑

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 )

𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

∑

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑
𝑢2 𝑣2 ∈𝐸2

=

∑
𝑢2 𝑣2 ∈𝐸2

ν1 (𝑢1 ) +

ν2 (𝑢1 𝑣1 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν1 (𝑢1 ) + |𝑉2 |

∑

∑

ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 )

𝑢1 𝑣1 ∈𝐸1
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𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = ν1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) + 1] − − − (6)
(ii) We have 𝜇1′ ≤ 𝜇2 , 𝜇1′ ≤ 𝜇1 , ν1′ ≤ ν2 𝑎𝑛𝑑 ν1′ ≤ ν1 . Hence 𝜇1 ≥ 𝜇2′ , ν1 ≥ ν′2 .
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

𝜇1 (𝑢1 ) ∧ 𝜇2′ (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

+

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 )

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇1′ (𝑢2 ) ∧ 𝜇2 (𝑢1 𝑣1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

𝜇2′ (𝑢2 𝑣2 ) +

𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

=

∑

𝜇1′ (𝑢2 ) +

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇2′ (𝑢2 𝑣2 ) + |𝑉2 |

𝑢2 𝑣2 ∈𝐸2

𝜇1′ (𝑢2 ) + 𝜇1′ (𝑢2 )

∑
𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

𝜇1′ (𝑢2 ) + 𝜇1′ (𝑢2 )

∑
𝑢1 𝑣1 ∈𝐸1

𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝑝2 𝜇1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) + 𝜇1′ (𝑢2 )
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝜇1′ (𝑢2 )[𝑝2 𝑑𝐺1∗ (𝑢1 ) + 1] − − − (7)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) =

ν1 (𝑢1 ) ∨ ν′2 (𝑢2 𝑣2 ) +

∑
𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 )

∑
𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

+

∑

ν1′ (𝑢2 ) ∨ ν2 (𝑢1 𝑣1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

=

∑

ν′2 (𝑢2 𝑣2 ) +

𝑢1 =𝑣1 ,𝑢2 𝑣2 ∈𝐸2

=

∑
𝑢2 𝑣2 ∈𝐸2

ν′2 (𝑢2 𝑣2 ) + |𝑉2 |

∑

ν1′ (𝑢2 ) +

𝑢2 =𝑣2 ,𝑢1 𝑣1 ∈𝐸1

∑

∑

ν1′ (𝑢2 ) + ν1′ (𝑢2 )

𝑢2 ≠𝑣2 ,𝑢1 𝑣1 ∈𝐸1

ν1′ (𝑢2 ) + ν1′ (𝑢2 )

𝑢1 𝑣1 ∈𝐸1

𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 ν1′ (𝑢2 )𝑑𝐺∗ 1 (𝑢1 ) + ν1′ (𝑢2 )
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + ν1′ (𝑢2 )[𝑝2 𝑑𝐺∗ 1 (𝑢1 ) + 1] − − − (8)
Theorem 3.5: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 : (𝑉 ′ , 𝐸 ′ ) be two intuitionistic fuzzy graphs.
(i) If 𝜇1 ≤ 𝜇2′ , 𝜇1 ≤ 𝜇1′ and ν1 ≤ ν′2 , ν1 ≤ ν1′ then
𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑𝜇(𝐺1) (𝑢1 ) + 𝜇1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) − 𝑝2 + 1] − − − (9)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 )[𝑑𝐺2∗ (𝑢2 ) − 𝑝2 + 1] − − − (10)
(ii) If 𝜇1′ ≤ 𝜇2 , 𝜇1′ ≤ 𝜇1 and ν1′ ≤ ν2 , ν1′ ≤ ν1 then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑡𝑑𝜇(𝐺2) (𝑢2 ) + 𝑝2 𝜇1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) − − − (11)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑡𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 ν1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) − − − (12)
Proof:
Proof is similar to the proof of theorem 3.4.
Theorem 3.6: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 : (𝑉 ′ , 𝐸 ′ ) be two intuitionistic fuzzy graphs.
(i) If 𝜇1 ≤ 𝜇2′ , ν1 ≤ ν′2 , 𝜇1 and ν1 are constant functions and 𝜇1 ∧ 𝜇1′ , ν1 ∨ ν1′ are also constant functions then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑐1 𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝐶
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑐2 𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + 𝐶
(ii) If 𝜇1′ ≤ 𝜇2 , ν1′ ≤ ν2 , 𝜇1′ 𝑎𝑛𝑑 ν1′ are constant functions and 𝜇1 ∧ 𝜇1′ , ν1 ∨ ν1′ are also constant functions then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2 ) (𝑢2 ) + 𝑝2 𝑐3 𝑑𝐺1∗ (𝑢1 ) + 𝐶
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2 ) (𝑢2 ) + 𝑝2 𝑐4 𝑑𝐺1∗ (𝑢1 ) + 𝐶
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Proof:
(i) We have 𝜇1 ≤ 𝜇2′ 𝑎𝑛𝑑 ν1 ≤ ν′2 . Hence 𝜇1′ ≥ 𝜇2 𝑎𝑛𝑑 ν1′ ≥ ν2 .
From (1), 𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝜇1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1 ) (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
⇒ 𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑐1 𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑𝜇(𝐺1) (𝑢1 ) + 𝐶 − − − (13)
From (2), 𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = ν1 (𝑢1 )𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
⇒ 𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑐2 𝑑𝐺2∗ (𝑢2 ) + 𝑝2 𝑑ν(𝐺1) (𝑢1 ) + 𝐶 − − − (14)
(ii) We have 𝜇1′ ≤ 𝜇2 𝑎𝑛𝑑 ν1′ ≤ ν2 . Hence 𝜇1 ≥ 𝜇2′ 𝑎𝑛𝑑 ν1 ≥ ν′2 .
From (3), 𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2) (𝑢2 ) + 𝑝2 𝜇1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) + 𝜇1 (𝑢1 ) ∧ 𝜇1′ (𝑢2 )
⇒ 𝑡𝑑𝜇𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑𝜇(𝐺2 ) (𝑢2 ) + 𝑝2 𝑐3 𝑑𝐺1∗ (𝑢1 ) + 𝐶 − − − (15)
From (4), 𝑡𝑑ν𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 ν1′ (𝑢2 )𝑑𝐺1∗ (𝑢1 ) + ν1 (𝑢1 ) ∨ ν1′ (𝑢2 )
⇒ 𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑑ν(𝐺2) (𝑢2 ) + 𝑝2 𝑐4 𝑑𝐺1∗ (𝑢1 ) + 𝐶 − − − (16)
Theorem 3.7: Let 𝐺1 : (𝑉, 𝐸) and 𝐺2 : (𝑉 ′ , 𝐸 ′ ) be two intuitionistic fuzzy graphs.
(i) If 𝜇1 ≤ 𝜇2′ , ν1 ≤ ν′2 , 𝜇1 𝑎𝑛𝑑 ν1 are constant functions and 𝜇1 ∧ 𝜇1′ , ν1 ∨ ν1′ are also constant functions then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑𝜇(𝐺1) (𝑢1 ) + 𝑐1 [𝑑𝐺2∗ (𝑢2 ) − 𝑝2 ] + 𝐶 − − − (17)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑝2 𝑡𝑑ν(𝐺1) (𝑢1 ) + 𝑐2 [𝑑𝐺2∗ (𝑢2 ) − 𝑝2 ] + 𝐶 − − − (18)
(ii) 𝜇1′ ≤ 𝜇2 , ν1′ ≤ ν2 , 𝜇1′ 𝑎𝑛𝑑 ν1′ are constant functions and 𝜇1 ∧ 𝜇1′ , ν1 ∨ ν1′ are also constant functions then
𝑡𝑑𝜇𝐺1[𝐺2 ] (𝑢1 , 𝑢2 ) = 𝑡𝑑𝜇(𝐺2) (𝑢2 ) + 𝑐3 [𝑝2 𝑑𝐺1∗ (𝑢1 ) − 1] + 𝐶 − − − (19)
𝑡𝑑ν𝐺1[𝐺2] (𝑢1 , 𝑢2 ) = 𝑡𝑑ν(𝐺2) (𝑢2 ) + 𝑐4 [𝑝2 𝑑𝐺1∗ (𝑢1 ) − 1] + 𝐶 − − − (20)
Proof:
Proof is similar to the proof of theorem 3.6.
IV. Conclusion
In this paper we have discussed some results and properties on total degree of a vertex in composition of
intuitionistic fuzzy graphs.
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Fixed Point Theorems for Occasionally Weakly Compatible in Fuzzy Metric Space
1

A.Muraliraj, 2S.Sumithiradevi
PG and Research Department of Mathemaics,
Urumu Dhanalakshmi College,
Tiruchirappalli, Tamilnadu, INDIA.

1

Abstract: In this paper, Some fixed point theorems for occasionally weakly compatible with self maps using
some contraction in fuzzy metric space and illustrate result.
Key words and Phrases: Fuzzy set, Fuzzy metric space, compatible, weakly compatible,
occasionally weakly compatible.

1 Introduction
In 1965, the notion of fuzzy set was introduced by Zadeh [9] which laid the foundation of fuzzy mathematics
.A.George,P.veeramani[3] introduced the concept of fuzzy metric space.G. Jungck and B.E.Rhoades[6]
discussed the compatible and weakly compatible. M.Al-Thagafi and Naseer Shahzad[2] introduced the
concept of occasionally weakly compatible.Recently C.T.Aage and J.N.Salunk[1] developed the occasionally
weakly compatible. In this work, we have proved fixed point theorems for occasionally weakly compatible
using maximum and minimum with t-norm contraction in fuzzy metric space.
II. Preliminaries
Definition 2.1 [9]
A fuzzy set A in X is a function with domain X and values in [0,1]
Definition 2.2 [8]
A binary operation ∗: [0,1] × [0,1] → [0,1] is a continuous t-norm if * is satisfying conditions:
i.
ii.
iii.
iv.

* is an commutative and associative,
* is continuous,
a*1 = a for all a ∈ [0,1]
a*b ≤ c*d whenever a≤c and b≤d, and a,b,c,d ∈ [0,1]

Definition 2.3 [3]
The triple (X,M, ∗) is a fuzzy metric space if X is an arbitrary set, ∗ is a continuous t-norm, M is a fuzzy set in
𝑋 2 × [0,∞ ) satisfying the following condition.
(i)M(x,y,t) > 0
(ii)M(x,y,t) = 1, if and only if x=y
(iii)M(x,y,t) = M(y,x,t)
(iv)M(x,y,t) ∗ M(y,z,s) ≤ M(x,z,t+s), ∀ x,y,z ∈ X and t,s > 0.
(v)M(x,y,.) : (0,∞) → (0,1] is continuous.
Definition 2.4 [3]
A sequence {𝑥𝑛 } in a fuzzy metric space (X,M, ∗) is called Cauchy if for each ∈>0 and each t>0,there exists
𝑛0 ∈N such that M(𝑥𝑛 , 𝑥𝑚 , 𝑡)> 1-∈ for all n,m ≥ 𝑛0
Definition 2.5 [3]
A sequence {𝑥𝑛 } in a fuzzy metric space (X,M, ∗) is called Convergent to x∈ X if for each ∈>0 and each
t>0,there exists 𝑛0 ∈N such that M(𝑥𝑛 , 𝑥 , 𝑡)> 1-∈ for all n ≥ 𝑛0
Definition 2.6 [3]
A fuzzy metric space (X,M, ∗) is said to be complete if every Cauchy sequence in X converges in X.
Definition 2.7[4]
Two self mappings f and g of a fuzzy metric space (X,M,*) are called compatible if lim 𝑀(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛 , 𝑡) = 1
𝑛→∞

whenever{𝑥𝑛 } is a sequence in X such that lim 𝑓𝑔𝑥𝑛 = lim 𝑔𝑓𝑥𝑛 = x for some x in X.
𝑛→∞
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Definition 2.8 [5]
A pair of maps S and T is called weakly compatible pair if they commute at coincidence points.
Example 2.9
Let (X,M,*) be a Fuzzy Metric space and X = [0,2] with t-norm a*b = min{a,b}, ab∈[0,1] and
𝑡
M(x,y,t) =
x,y ∈ X. Define the self maps A and S on X as follows:
𝑡+|𝑥−𝑦|

Ax =

2𝑥 2 if [0,1]
2
if(1,2]

Sx =

3x-2 if [0,1)
2
if[1,2]
Ax=Sx which implies ASx = SAx
Here x ∈ [1,2]
A(1) = S(1) and A(2) = S(2)
AS(1) = SA(1) and AS(2) = SA(2)
Hence it is weakly compatible
It is compatible To prove:M(AS𝑥𝑛 , SA𝑥𝑛 ,t)→1
1
Taking 𝑥𝑛 = 1- ,n = 1,2..
𝑛
Now , suppose {𝑥𝑛 } is a sequence in X .Also,A𝑥𝑛 , S𝑥𝑛 → 1 as n → ∞
𝑡
M(AS𝑥𝑛 , SA𝑥𝑛 , t) =
≠1
𝑡+3
Hence {A,S} is not compatible
Definition 2.10[2]
Two self maps f and g of a set X are occasionally weakly compatible iff there is a point x in X which is a
coincidence point of f and g at which f and g commute.
Example 2.11
Let R be the usual metric space. Define S,T: R→ R by Sx = 3x and Tx = 𝑥 2 for all x ∈ R. then Sx = Tx for x =
0,3 but ST(0) = TS(0) and ST(3) ≠ TS(3) . S and T are occasionally weakly compatible self maps but not
weakly compatible
Lemma 2.12[6]
Let (X,M,*) be a fuzzy metric space. If there exists q∈(0,1) such that M(x,y,qt)≥M(x,y,t) for all x,y ∈ X and
t>0 then x=y
Lemma 2.13[6]
Let X be a set f,g owc self maps of X. if f and g have a unique point of coincidence w = fx= gx, then w is the
unique common fixed point f and g.
III. MAIN RESULT
Theorem 3.1
Let (X,M,∗) be a complete fuzzy metric space and let A,B,S and T be self-mappings on X. let the pairs {A,S}
and {B,T} be owc. If there exists
M(Ax,By,qt) ≥ min {M(Ax,By,t),M(Ax,Sx,t), M(By,Sx,t),
max{ M(Ty,Ax,t),M(M(Sx,Ax,t))}}
where q ∈ (0,1), for all x,y ∈ X and for all t>0, then there exists a unique common fixed point of A,B,S and T.
Proof:
Take a point 𝑥0 ∈ X ,there is a point 𝑥1 ∈ X in A(X) ⊆ T(X) such that A(𝑥0 ) =T(𝑥1 ) and for this point 𝑥1 and
there exist a point 𝑥2 ∈ X in B(X) ) ⊆ S(X) such that B(𝑥1 ) =S(𝑥2 ) and so on continuous this step we build a
sequence {𝑦𝑛 } in X such that
𝑦2𝑛 = 𝐴𝑥2𝑛 = 𝑇𝑥2𝑛+1 𝑦2𝑛+1 = 𝐵𝑥2𝑛+1 = 𝑆𝑥2𝑛+2
Using the inequality
M(𝑦2𝑛 , 𝑦2𝑛+1 ,qt) = M(𝐴𝑥2𝑛 , 𝐵𝑥2𝑛+1 ,qt)
≥ min {M(𝐴𝑥2𝑛 , 𝐵𝑥2𝑛+1 ,t) , M(𝐴𝑥2𝑛 ,S𝑥2𝑛 ,t) , M(𝐵𝑥2𝑛+1 , S𝑥2𝑛 ,t),
max{M(𝑇𝑥2𝑛+1 , 𝐴𝑥2𝑛 ,t),M(S𝑥2𝑛 ,A𝑥2𝑛 , 𝑡)}}
≥ min{M(𝑦2𝑛 , 𝑦2𝑛+1 , 𝑡),M(𝑦2𝑛 , 𝑦2𝑛−1 , 𝑡 ),M(𝑦2𝑛+1 , 𝑦2𝑛−1 ,t) ,
max{M(𝑦2𝑛 , 𝑦2𝑛 ,t),M(𝑦2𝑛−1 , 𝑦2𝑛 ,t)}}
≥{M(𝑦2𝑛+1 , 𝑦2𝑛 ,t) ∗ M(𝑦2𝑛−1 , 𝑦2𝑛 ,t),M(𝑦2𝑛 , 𝑦2𝑛−1 , 𝑡),M(𝑦2𝑛+1 , 𝑦2𝑛 , 𝑡),1}
> M(𝑦2𝑛−1 , 𝑦2𝑛 ,t) if M(𝑦2𝑛−1 , 𝑦2𝑛 ,t) < M(𝑦2𝑛+1 , 𝑦2𝑛 ,t)
M(𝑦2𝑛+1 , 𝑦2𝑛 ,t) if M(𝑦2𝑛+1 , 𝑦2𝑛 ,t) > M(𝑦2𝑛+1 , 𝑦2𝑛 ,t)
Thus {M(𝑦2𝑛 , 𝑦2𝑛+1 , 𝑡), n≥ 0} is an increasing sequences of real number in [0,1] and therefore tends to a limit l
≤ 1. We assert that l = 1.if not l < 1 which on letting n→ ∞ which is contradiction. Finally thereby l = 1
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therefore for every n ∈ N For the above assert one can show that{M(𝑦2𝑛+1 , 𝑦2𝑛+2 , 𝑡),n≥0} is a sequence of real
number in [0,1] which tends to limit l =1
Therefore for every n ∈ N
𝑦𝑛 = 𝐴𝑥𝑛 = 𝑇𝑥𝑛+1
𝑦𝑛+1 = 𝐵𝑥𝑛+1 = 𝑆𝑥𝑛+2
M(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) > M(𝑦𝑛−1 , 𝑦𝑛 ,t) and lim 𝑀(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) = 1
𝑛→∞

Now, M(𝑦𝑛 , 𝑦𝑛+𝑃 , 𝑡) ≥ M(𝑦𝑛 , 𝑦𝑛+1 , 𝑡/𝑝) ∗…………..∗M(𝑦𝑛+𝑝−1 , 𝑦𝑛+𝑝 , 𝑡/𝑝)
Where p is a positive integer for all
Since lim 𝑀(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) = 1 for t > 0 it follows that
𝑛→∞

lim 𝑀(𝑦𝑛 , 𝑦𝑛+𝑝 , 𝑡) ≥

𝑛→∞

1∗…………..∗ 1= 1
which shows that {𝑦𝑛 } is a Cauchy sequence in X
Let tha pairs {A,S} and {B,T}using owc, there are points x,y∈X
such that Ax = Sx and By = Ty
Claim Ax = By
If not, by inequality
M(Ax,By,qt) ≥ min {M(Ax,By,t), M(Ax,Sx,t), M(By,Sx,t),
max{ M(Ty,Ax,t),M(M(Sx,Ax,t))}}
= min { M(Ax,By,t), M(Ax,Ax,t), M(By,Ax,t),
max{ M(By,Ax,t), M(Ax,Ax,t)}}
= M(Ax,By,t)
Therefore Ax =By ie) Ax =Sx =By = Ty
Suppose that there is a another point z such that Az = Sz then using this in inequality we have Az =Sz = By =
Ty
so, Ax = Az and w = Ax = Sx is the unique point of coincidence of A and S
by using the lemma w is the only common fixed point of A and S. similarly, there is a unique point z ∈ X such
that z = Bz = Tz
Assume that w ≠ z we have
M(w,z,qt) = M(Aw,Bz,qt) ≥ min { M(Aw,Bz,t),M(Aw,Sw,t), M(Bz,Sw,t),
max{M(Tz,Aw,t),M(Sw,Aw,t)}}
= min {M(w,z,t),M(w,w,t),M(z,w,t),max{M(z,w,t),M(w,w,t)}}
= M(w,z,t)
Hence we have z = w by lemma and z is a common fixed point of A,B,S and T
Theorem 3.2
Let (X,M,∗) be a complete fuzzy metric space and let A,B,S and T be self- mappings on X. let the pairs
{A,S} and {B,T} be owc. If there exists
M(Ax,By,qt) ≥ max {M(Ax,By,t),M(Ax,Sx,t) ∗M(Ty,Ax,t),
M(By,Ty,t) ∗M(By,Sx,t)}
where q ∈ (0,1), for all x,y ∈ X and for all t>0, then there exists a unique common fixed point of A,B,S and T
Proof:
Take a point 𝑥0 ∈ X ,there is a point 𝑥1 ∈ X in A(X) ⊆ T(X) such that A(𝑥0 ) =T(𝑥1 ) and for this point 𝑥1 and
there exist a point 𝑥2 ∈ X in B(X) ) ⊆ S(X) such that B(𝑥1 ) =S(𝑥2 ) and so on continuous this step we build a
sequence {𝑦𝑛 } in X such that
𝑦2𝑛 = 𝐴𝑥2𝑛 = 𝑇𝑥2𝑛+1
𝑦2𝑛+1 = 𝐵𝑥2𝑛+1 = 𝑆𝑥2𝑛+2
Using the inequality
M(𝑦2𝑛 , 𝑦2𝑛+1 ,qt) = M(𝐴𝑥2𝑛 , 𝐵𝑥2𝑛+1 ,qt) ≥ max {M(𝐴𝑥2𝑛 , 𝐵𝑥2𝑛+1 ,t) , M(𝐴𝑥2𝑛 ,S𝑥2𝑛 ,t) *
M(𝑇𝑥2𝑛+1 , A𝑥2𝑛 ,t), M(𝐵𝑥2𝑛+1 , 𝑇𝑥2𝑛+1 ,t)*M(B𝑥2𝑛+1 ,S𝑥2𝑛 , 𝑡)}}
≥ max{M(𝑦2𝑛 , 𝑦2𝑛+1 , 𝑡),M(𝑦2𝑛 , 𝑦2𝑛−1 , 𝑡 )*M(𝑦2𝑛 , 𝑦2𝑛 ,t) ,
M(𝑦2𝑛+1 , 𝑦2𝑛 ,t) *M(𝑦2𝑛+1 , 𝑦2𝑛−1 ,t)}
≥ max{M(𝑦2𝑛 , 𝑦2𝑛+1 ,t),M(𝑦2𝑛 , 𝑦2𝑛−1 , 𝑡), M(𝑦2𝑛+1 , 𝑦2𝑛−1 , 𝑡)}
M(𝑦2𝑛−1 , 𝑦2𝑛 ,t) if M(𝑦2𝑛−1 , 𝑦2𝑛 ,t) < M(𝑦2𝑛+1 , 𝑦2𝑛−1 ,t)
M(𝑦2𝑛+1 , 𝑦2𝑛−1 ,t) if M(𝑦2𝑛+1 , 𝑦2𝑛 ,t) > M(𝑦2𝑛+1 , 𝑦2𝑛−1 ,t)
Thus {M(𝑦2𝑛 , 𝑦2𝑛+1 , 𝑡), n≥ 0} is an increasing sequences of real number in [0,1] and therefore tends to a limit l
≤ 1. We assert that l = 1.if not l < 1 which on letting n→ ∞ which is contradiction. Finally thereby l = 1
therefore for every n ∈ N For the above assert one can show that{M(𝑦2𝑛+1 , 𝑦2𝑛+2 , 𝑡),n≥0} is a sequence of real
number in [0,1] which tends to limit l =1
Therefore for every n ∈ N
𝑦𝑛 = 𝐴𝑥𝑛 = 𝑇𝑥𝑛+1
𝑦𝑛+1 = 𝐵𝑥𝑛+1 = 𝑆𝑥𝑛+2
>
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M(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) > M(𝑦𝑛−1 , 𝑦𝑛 ,t) and lim 𝑀(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) = 1
𝑛→∞

Now, M(𝑦𝑛 , 𝑦𝑛+𝑃 , 𝑡) ≥ M(𝑦𝑛 , 𝑦𝑛+1 , 𝑡/𝑝) ∗…………..∗M(𝑦𝑛+𝑝−1 , 𝑦𝑛+𝑝 , 𝑡/𝑝)
where p is a positive integer for all
Since lim 𝑀(𝑦𝑛 , 𝑦𝑛+1 , 𝑡) = 1 for t > 0 it follows that
𝑛→∞

lim 𝑀(𝑦𝑛 , 𝑦𝑛+𝑝 , 𝑡) ≥ 1∗…………..∗ 1= 1 which shows that {𝑦𝑛 } is a Cauchy sequence in X

𝑛→∞

Let {A,S} and {B,T} using owc, there are points x,y∈Xwhich impliesthat Ax = Sx and By = Ty
Claim Ax = By
If not, by inequality
M(Ax,By,qt)≥ max{M(Ax,By,t),M(Ax,Sx.t)*M(Ty,Ax,t),M(By,Ty,t)*M(By,Sx,t)}
=max{ M(Ax,By,t),M(AxA,x.t)*M(By,Ax,t),M(By,By,t)*M(By,Ax,t)}
=M(Ax,By,t)
Therefore Ax =By ie) Ax =Sx =By = Ty
suppose that there is a another point z such that Az = Sz then using this in inequality we have Az =Sz = By =
Ty
so, Ax = Az and w = Ax = Sx is the unique point of coincidence of A and S
by using the lemma w is the only common fixed point of A and S. similarly, there is a unique point z ∈ X such
that z = Bz = Tz
Assume that w ≠ z we have
M(w,z,qt) = M(Aw,Bz,qt)≥ max{M(Aw,Bz,t),M(Aw,Sw.t)*M(Tz,Aw,t),M(Bz,Tz,t)*M(Bz,Sw,t)}
=M(w,z,t)
Hence we have z = w by lemma and z is a common fixed point of A,B,S and T
Corallary 3.3
Let (X,M,∗) be a complete fuzzy metric space and let A,B,S and T be self- mappings on X .Let the
pairs {A,P} and {B,Q} be owc. If there exists
M(Ax,By,qt) ≥ max {M(Ax,Px,t) ∗M(Qy,Ax,t),M(By,Qy,t) ∗M(By,Px,t)} where q ∈ (0,1), for all
x,y ∈ X and for all t>0, then there exists a unique common fixed point of A,B,P and Q
Conclusion:
We established fixed point theorems in fuzzy metric space using occasionally weakly compatible.
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Abstract: For a simple graph G = (n, m), the sum of the absolute values of Eigenvalues of its adjacency
matrix is called as energy of the graph. In recent times, various energies are defined with graph matrices.
In this paper, we have introduced a new energy parameter, Minimum Dominating Eccentricity Energy of a
Graph. Let G be a simple graph of order p with vertex set 𝑉(𝐺) = {𝑣1 , 𝑣2 , … . 𝑣𝑝 } and Edge set E(G). Let D
be a minimum dominating set of the given graph G, and the eccentricity energy, which is calculated from
the eccentricity matrix of the same graph. Eccentricity matrix is constructed from the distance matrix of a
graph by retaining for each row and each column, only the largest distance. The minimum dominating
eccentricity Eigenvalues of the graph G are the eigenvalues of 𝜀𝐷 (𝐺) . We have computed minimum
dominating eccentricity energy of some well-known family of graphs such as star graph, complete graph,
crown graph and cocktail-party graphs. Upper and Lower bounds of minimum dominating eccentricity
energies are established, and some relevant properties are verified.
Keywords: Eigenvalues, distance matrix, eccentricity matrix, Minimum Dominating, Eccentricity Energy.
Subject Classification: 05C30
I. Introduction
Keywords: WWW; component; formatting; style; styling; insert (Minimum 5 to 8 key words)
The energy of a graph popularized by Gutman in [2] is a crucial idea of spectral graph theory concept which
hyperlinks organic chemistry to linear algebra of mathematics. Generally, a graph’s energy is summation of
absolute values of Eigenvalues of the adjacency matrix. Similar energies got from the Eigenvalues of various
graph matrices are considered nowadays.
For more details see [1], [2] and the reference cited there in. Irreducibility of the polynomial of eccentricitymatrix of a tree is spoken in [3] and energy of a graph is spoken in [2]. I combined these two concepts and put
forth the concept of eccentricity energy of graphs.
In a graph G, the distance d(w,x) between any two vertices w and x is the length of the minimum path
connecting them. It is denoted by d(w,x). For a vertex x of G, the eccentricity of a vertex xis (𝑥) =
max{𝑑(𝑤, 𝑥) ∶ 𝑤 ∈ 𝑉(𝐺)} .
Let D(G)=(dwx) be the distance matrix of G. where dwx=dG(w,x) Wang[3] renamed Randic’sDmax-matrix as
eccentricity matrix 𝜀(𝐺). It is the dwx obtained from D=D(G) the distance matrix, by retaining only the
eccentricities row-wise and column-wise. Remaining elements of the distance matrix are set to zero.
The elements of eccentricity matrix can precisely defined as:
[𝜀(𝐺)]𝑖𝑗 = {

(𝐷)𝑖𝑗
0

𝑖𝑓(𝐷)𝑖𝑗 = 𝑚𝑖𝑛{𝑒𝐺 (𝑢𝑖 ), 𝑒𝐺 (𝑢𝑗 )}
𝑖𝑓(𝐷)𝑖𝑗 < min{𝑒𝐺 (𝑢𝑖 ), 𝑒𝐺 (𝑢𝑗 )}

Eccentricity matrix and adjacency matrix can considered to be in exact opposition by the concepts of obtaining
them.
While adjacency matrix is obtained from the distance matrix by selecting only the smallest distance row wise
and column wise, the eccentricity matrix takes the largest distance in a similar fashion. Thus the two matrices
can be thought of as two extremes of distance-like matrix.
Typically, graph spectrum is fashioned by means of the eigenvalues of its adjacency matrix, in addition the εspectrum of a graph consists of the ε-eigenvalues of its eccentricity matrix.
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In a graph theory, a dominating set for a graph G=(V,E) is a subset D of V such that every vertex not in D is
adjacent to at least one member of D. The domination number 𝛾(𝐺) is the quantity of vertices in a smallest
dominating set for G.
A minimal dominating set is a dominating set in a graph that is not always a proper subset of any other
dominating set.
We combine the idea of minimum domination and eccentricity energy, we introduce the brand new definition of
minimum dominating eccentricity energies of few graphs is follows.
II. Basic Definitions
Definition 2.1: Eccentricity energy of a graph
The eccentricity energy of the graph defined by 𝐸(𝐺) = ∑𝑛𝑖=1|µ𝑖 | where µ1, µ2, µ3,… µn. are the eigenvalues of
eccentricity matrix of the corresponding graph G.
Definition 2.2: The minimum dominating eccentricity energy
Let G be a simple graph of order n with vertex set 𝑉 = {𝑝1 , 𝑝2 , 𝑝3 , 𝑝4, … 𝑝𝑛 } and Edge set E. Let D be a
minimum dominating set of a graph G.
The minimum dominating eccentricity energy of G is the 𝑛 × 𝑛 matrix defined by 𝜀𝐷 (𝐺) = 𝜀𝑖𝑗 where
𝑖𝑓𝑖 = 𝑗𝑎𝑛𝑑𝑝𝑖 𝜖𝐷
1
𝑖𝑓𝑖
= 𝑗𝑎𝑛𝑑𝑝𝑖 ∉ 𝐷
𝜀𝑖𝑗 = { 0
𝐷𝑖𝑗 𝑖𝑓𝐷𝑖𝑗 = min{(𝑒𝐺 (𝑢𝑖 ), (𝑒𝐺 (𝑢𝑗 )}
The minimum dominating eccentricity eigenvalues of the graph G are the Eigen values of 𝜀𝐷 (𝐺).
Since this matrix is real and symmetric. The minimum dominating eccentricity energy of G is defined as
𝐸𝜀𝐷 (𝐺) = ∑𝑛𝑖=1|µ𝑖 |
Example:
Let us now consider an example of a Tadpole Graph G in figure 1 having 5 vertices and 5 edges.
The minimum dominating sets of G
(i)D1={3,5} (ii) D2={1,5} (iii) D3={2,4}
1

3

2

4

5

Figure 1: A Tadpole graph having 5 nodes and 5 vertices

The eccentricity matrix of the example Tadpole Graph is:

𝜀𝐷1 (𝐺)

=

0

0

0

2

3

0

0

0

2

3

0

0

1

0

2

2

2

0

0

0

3

3

2

0

1

The minimum dominating Eccentricity Eigenvalues are -7.009, -0.569, -4.263, -1, and -1.177
Minimum dominating eccentricity energy is 𝐸𝜀𝐷1 (𝐺) = 14.018
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𝜀𝐷2 (𝐺)

=
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0
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0

0

0

3

3

2

0

1

The minimum dominating Eccentricity Eigenvalues are 6.014, -4.817, 1.242, 0.483, and -0.921
Minimum dominating eccentricity energy is 𝐸𝜀𝐷2 (𝐺) = 13.477

𝜀𝐷3 (𝐺)

=

0

0

0

2

3

0

1

0

2

3

0

0

0

0

2

2

2

0

1

0

3

3

2

0

0

The minimum dominating eccentricity Eigenvalues are -5.069, 5.770, -0.712, 0.513, 1.497
Minimum dominating eccentricity energy is 𝐸𝜀𝐷3 (𝐺) = 13.561
Therefore minimum dominating eccentricity energy depends on the dominating set.
Definition 2.2: Complete graph
A complete graph is a graph in which every pair of graph vertices is connected by an edge.
Definition 2.3: Cocktail Party graph
The cocktail party graph is a graph consisting of two rows of paired vertices in which all the vertices except the
paired ones are joined by an edge. It is denoted by CPk, where k=2p, for all p≥2. It is also called hyper
octahedral graph or Roberts graph.
Definition 2.4: Crown graph
Crown graph on 2p vertices is an undirected graph with two set of vertices vi and wj and with an edge from vi to
wj where i≠j the crown graph can be considered as a complete bipartite graph from which the edges of a perfect
matching have been eliminated.
III. Main Results
Derivation of minimum dominating Eccentricity energies of Complete, Cocktail-Party, Crown graphs and star
graphs based on the respective eccentricity matrices are given below.
Theorem 3.1:Let Kp be a complete graph with p vertices and q edges. Then minimum dominating eccentricity
energy of Kpis𝑝 − 2 + √𝑝2 − 2𝑝 + 5
Proof:
Let Kpbe a complete graph with p vertices {𝑣1 , 𝑣2 , … , 𝑣𝑝 } and q edges. The minimum dominating set 𝐷 = {𝑣1 }.
Then
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=

(𝑝 × 𝑝)

The characteristic equation is for (µ + 1)𝑝−2 [µ2 − (𝑝 − 1)µ − 1] = 0
The minimum dominating Eigenvalues are µ = (−1)[(𝑛 − 2)𝑡𝑖𝑚𝑒𝑠],
µ=

(𝑝 − 1) ± √𝑝2 − 2𝑝 + 5
(𝑜𝑛𝑒𝑡𝑖𝑚𝑒𝑒𝑎𝑐ℎ)
2

The minimum dominating eccentricity energy is
𝐸𝜀𝐷 𝐾𝑝 = 𝑝 − 2 + √𝑝2 − 2𝑝 + 5
Theorem 3.2: The minimum dominating eccentricity energy of a Cocktail Party graph CPkwhere k=2p for 𝑝 ≥
2 is 4p.
Proof:
Let CPk, 𝑝 ≥ 2 be the Cocktail Party graph with vertex set 𝑉 = ⋃𝑛𝑖=1{𝑣𝑖 , 𝑤𝑖 }. Each vertex vi is adjacent to every
(p-1) vertices in the vertex set {wi}.
The distance matrix contains d(vi,vi)=0 and d(wi,wi)=0.
1
𝑑(𝑣𝑖 , 𝑤𝑖) = {
2

𝑖𝑓𝑖 ≠ 𝑗
𝑖𝑓𝑖 = 𝑗

Eccentricity of every vertex is two. Hence, by the definition of eccentricity matrix, it contains values 0 and 2
only.
The minimum dominating set of CPkis 𝐷 = {𝑣𝑖 , 𝑤𝑗 }
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(2𝑝 × 2𝑝)

Characteristic equation of CPkis (µ-2)p-1 (µ+2)p-1(µ-3)(µ-1)=0
The minimum dominating eccentricity Eigenvalues are: µ=2 (p-1 times), λ=-2 (p-1 times),λ=3, 1 (each time)
Therefore minimum dominating eccentricity energy of 𝐶𝑃𝑘 = 4𝑝
Theroem3.3: The minimum dominating eccentricity energy of a Crown graph Sk, where k=2p for 𝑝 > 2 is 6p.
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Proof:
Suppose Sk is the crown graph with k vertices. So by definition of Crown graph, the vertex set of Sk is
partitioned into two subsets V1 and V2 such that 𝑉1 ∪ 𝑉2 = 𝑉and 𝑉1 ∩ 𝑉2 = ∅. Let 𝑉1 = {𝑣1 , 𝑣2 , 𝑣3 , … … 𝑣𝑛 }
and 𝑉2 = {𝑤1 , 𝑤2 , 𝑤3 , … … 𝑢𝑛 }be the two subsets of V(Sk) and all the vertices of V1 are connected to each
vertex of V2 expect the paired ones.
The distance matrix contains the values:
3
1

𝑖𝑓𝑖 = 𝑗
𝑖𝑓𝑖 ≠ 𝑗

0
2

𝑖𝑓𝑖 = 𝑗
𝑖𝑓𝑖 ≠ 𝑗

0
𝑑(𝑣𝑖 , 𝑣𝑗 ) = {
2

𝑖𝑓𝑖 = 𝑗
𝑖𝑓𝑖 ≠ 𝑗

𝑑(𝑤𝑖 , 𝑣𝑗 ) = {

𝑑(𝑤𝑖 , 𝑤𝑗 ) = {

Eccentricity of every vertex is three. Hence, by definition of eccentricity matrix, it contains values zero and
three only.
Minimum dominating set is is𝐷 = {𝑢1 , 𝑣1 }
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(2𝑝 × 2𝑝)

Characteristic equation of Skis (µ-3)n-1 (µ+3)n-1(µ-4)(µ+2) = 0
The Minimum dominating eccentricity eigenvalues of Sk: µ = 3 (p-1 times), µ = -3 (p-1 times), µ = 4(one
time), µ= -2 (one time)
So, minimum dominating eccentricity energy of crown graph is 6p.
Theorem 3.4:For any integer 𝑝 ≥ 3, the minimum dominating eccentricity energy of star graph 𝑘1,𝑝−1 is 4p-7.
Proof:
Let 𝑘1,𝑝−1 be the star graph with n vertices 𝑉 = {𝑣0 , 𝑣1 , … , 𝑣𝑝−1 } where degree (𝑣0 ) = 𝑝 − 1.
Minimum dominating set 𝐷 = {𝑣𝑜 }. Then
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(𝑝 × 𝑝)

The characteristic equation is (µ + 2)𝑝−2 [µ2 − (2µ − 3)𝜆 + (µ − 3)] = 0
The minimum dominating eccentricity Eigenvalues are µ = (−2)[(𝑝 − 2)𝑡𝑖𝑚𝑒𝑠],
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µ=

(2𝑝 − 3) ± √(2𝑝 − 3)2 − 4(𝑝 − 3)
(𝑜𝑛𝑒𝑡𝑖𝑚𝑒𝑒𝑎𝑐ℎ)
2

Therefore minimum dominating eccentricity energy is
𝐸𝜀𝐷 𝐾1,𝑝−1 = 4𝑝 − 7
Properties of minimum dominating eccentricity eigenvalues:
(i)∑𝒏𝒊=𝟏 µ𝒊 = |𝑫|
(ii)∑𝑛𝑖=1 µ𝑖 2 = |𝐷| + 2 ∑𝑛𝑖<𝑗 𝜀𝑖𝑗2
Bounds for minimal dominating eccentricity energy:
Similar to McClelland’s bounds for energy of a graph[4], bounds for 𝐸𝜀𝐷 (𝐺) are given in the following
theorem.
Theorem 3.5: Let G be a simple (n, m) graph. If D is the minimum dominating set and𝑃 = |𝑑𝑒𝑡𝜀𝐷 (𝐺)|, then
√|𝐷| + 2 ∑𝑖<𝑗 𝜀𝑖𝑗 2 + 𝑛(𝑛 − 1)𝑃2/𝑛  ≤ 𝐸𝜀𝐷 (𝐺) ≤ √𝑛(|𝐷| + 2 ∑𝑖<𝑗 𝜀𝑖𝑗 2 ) , where |𝐷| is the cardinality of
minimum dominating set.
Proof:
Let 𝜇1 ≥ 𝜇2 ≥ 𝜇3 ≥ ⋯ ≥ 𝜇𝑛 be the Eigen values 𝜀𝐷 (𝐺)
From the Cauchy Schwarz Inequality
2

𝑛

𝑛

𝑛

(∑ 𝑎𝑖 𝑏𝑖 ) ≤ (∑ 𝑎𝑖 ) (∑ 𝑏𝑖 2 )
2

𝑖=1

𝑖=1

𝑖=1

We choose 𝑎𝑖 = 1&𝑏𝑖 = |𝜇𝑖 |
𝑛

2

𝑛

(∑|𝜇𝑖 |)  ≤ ∑ 𝜇𝑖 2
𝑖=1

𝑖=1

By observation (ii) we obtain
𝑛

[𝐸𝜀𝐷 (𝐺)]2 ≤ 𝑛 [|𝐷| + 2 ∑ 𝜀𝑖𝑗2 ]
𝑖<𝑗
𝑛

[𝐸𝜀𝐷 (𝐺)] ≤ √𝑛 [|𝐷| + 2 ∑ 𝜀𝑖𝑗2 ]
𝑖<𝑗

Since arithmetic mean is not smaller than geometric mean, we have
2

𝑛

[𝐸𝜀𝐷

(𝐺)]2

= (∑|𝜇𝑖 |)
𝑖=1

= (∑𝑛𝑖=1|𝜇𝑖 |)(∑𝑛𝑗=1|𝜇𝑗 |)
2
=∑𝑛
𝑖=1|𝜇𝑖 | + ∑𝑖≠𝑗 |𝜇𝑖 | |𝜇𝑗 |

1
∑|𝜇𝑖 ||𝜇𝑗 | ≥ |∏|𝜇𝑖 ||𝜇𝑗 ||
𝑛(𝑛 − 1)
𝑖≠𝑗

1
𝑛(𝑛−1)

𝑖≠𝑗

1
𝑛(𝑛−1)

𝑛

(𝐸𝜀𝐷 (𝐺))2 ≥ ∑|𝜇𝑖 |2 + 𝑛(𝑛 − 1) |∏|𝜇𝑖 ||𝜇𝑗 ||
𝑖=1
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1

≥ ∑𝑛𝑖=1|𝜇𝑖 |2 + 𝑛(𝑛 − 1) (∏𝑛𝑖=1|𝜇𝑖 |2(𝑛−1) )𝑛(𝑛−1)
2

= ∑𝑛𝑖=1 𝜇𝑖 2 + 𝑛(𝑛 − 1)|∏𝑛𝑖=1 𝜇𝑖 |𝑛
2

= |𝐷| + 2 ∑𝑛𝑖<𝑗 𝜀𝑖𝑗 2 + 𝑛(𝑛 − 1)𝑃𝑛
𝑛
2

2

(𝐸𝜀𝐷 (𝐺)) ≥ (|𝐷| + 2 ∑ 𝜀𝑖𝑗 2 ) + 𝑛(𝑛 − 1) 𝑃𝑛
𝑖<𝑗
𝑛

2

(𝐸𝜀𝐷 (𝐺))  ≥ √(|𝐷| + 2 ∑ 𝜀𝑖𝑗 2 ) + 𝑛(𝑛 − 1) 𝑃 𝑛
𝑖<𝑗

Hence the result is proved.
IV. Conclusion
The minimum dominating eccentricity energy based on the eccentricity matrix were found for a Complete
graph, Cocktail Party graph, Crown graph and star graphs. It can be proved that the results obtained for every
complete graph, the minimum dominating eccentricity energy is 𝑝 − 2 + √𝑝2 − 2𝑝 + 5always. The minimum
eccentricity energy of any Cocktail Party graph is 4p and for every Crown graph is 6p and the minimum
dominating eccentricity energy of every star graph is 4𝑝 − 7.
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Abstract: In this paper, we have introduced a concept of dislocated quasi S b – metric space and some of its
properties are discussed. Also we have proved that for every non increasing sequence of non-empty
dislocated quasi closed and dislocated quasi bounded subsets of a dislocated quasi S b- complete metric
space such that dqSbdiam( Fn )→ 0 as n→ ∞ , ⋂∞
𝑛=1 𝐹𝑛 contains exactly one point.
Keywords: dislocated quasi Sb-metric space, dislocated quasi Sb-convergence, dislocated quasi Sb- Cauchy
sequence, dislocated quasi Sb-continuous, dislocated quasi Sb - complete metric space.

I.

Introduction

Metric spaces were generalized and developed by several Mathematicians([2],[3],[4]). Bakhtin [1]
introduced the concept of b-metric spaces. HassenAydi, NurcanBilgili, ErdalKarapinar, [5] developed the
concept of G-metric spaces. The concept of S-metric space and Sb-metric spaces were developed by Sedghi. S,
Shobe.N, Aliouche.A [9] and Souaya, Mlaiki [8].The topological methods are applied to obtain fixed point
semantics for logic programs [6]. This was acted as a motivation to develop the concept of dislocated metric
spaces. The notation of dislocated metric space and dislocated quasi metric spaces were introduced by Hitzler
and Seda. F.M.Zeyada, G.H. Hassan and M.A.Ahmed [10] initiated the concept of dislocated quasi metric space
and generalized the result of Hitzler and Seda in dislocated quasi metric space. Throughout the paper N
represents natural numbers.
II.

Preliminaries

Definition: 2.1
Let X be a non-empty set and let 𝜌: 𝑋 x 𝑋 → [0, ∞] be a distance function. Then the following
conditions are needed for all 𝑥, 𝑦, 𝑧 ∈ 𝑋,
(i) 𝜌(𝑥, 𝑥) = 0
(ii) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) = 0 𝑡ℎ𝑒𝑛 𝑥 = 𝑦.
(iii) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥)
(iv) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦)
(v) 𝜌(𝑥, 𝑦) ≤ max{ 𝜌(𝑥, 𝑧), 𝜌(𝑧, 𝑦)}
If 𝜌 satisfies the conditions (i) – (iv) then it is a metric on X. If it satisfies (i), (ii) and (iv) then it is a
quasi-metric on X. If 𝜌 satisfies the conditions (ii) – (iv) then it is a dislocated metric on X and if it satisfies (ii)
and (iv) then it is a dislocated quasi metric on X. If a metric satisfies the strong triangle inequality (v) then it is
an ultra-metric.
Definition: 2.2 [9]
Let X be a non-empty set and let 𝑝: 𝑋 x 𝑋 → [0, ∞) be a function. We say that p is a partial metric on X
if it satisfies the following axioms
(i) 𝑥 = 𝑦 𝑖𝑓𝑓 𝑝(𝑥, 𝑥) = 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑦)
(ii) 𝑝(𝑥, 𝑥) ≤ 𝑝(𝑥, 𝑦)
(iii) 𝑝(𝑥, 𝑦) = 𝑝(𝑦, 𝑥)
(iv) 𝑝(𝑥, 𝑧) ≤ 𝑝(𝑥, 𝑦) + 𝑝(𝑦, 𝑧) − 𝑝(𝑦, 𝑦)
for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.
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Definition: 2.3 [1]
Let X be a non-empty set. A b-metric on X is a function 𝑑: 𝑋 2 → [0, ∞) if there is a real number 𝑠 ≥ 1
such that the following conditions hold for all 𝑥, 𝑦, 𝑧 ∈ 𝑋,
(i) 𝑑(𝑥, 𝑦) = 0 𝑖𝑓𝑓 𝑥 = 𝑦
(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)
(iii) 𝑑(𝑥, 𝑧) ≤ 𝑠[𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)]
The pair (𝑋, 𝑑) is called a b-metric space.
Definition: 2.4 [9]
Let Xbe a non-empty set. AS-metric on X is a function 𝑆: 𝑋 3 → [0, ∞)that satisfies the condition for all
𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑋:
(i) 𝑆(𝑥, 𝑦, 𝑧) = 0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 𝑦 = 𝑧
(ii) 𝑆(𝑥, 𝑦, 𝑧) ≤ 𝑆(𝑥, 𝑥, 𝑡) + 𝑆(𝑦, 𝑦, 𝑡) + 𝑆(𝑧, 𝑧, 𝑡).
The pair (X, S) is called aS-metric space.
Definition: 2.5 [7]
Let Xbe a non-empty set and 𝑠 ≥ 1 be a given real number. A function 𝑆𝑏 : 𝑋 3 [0, ∞) is said to be Sb –
metric if and only if for all 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑋 the following conditions hold
(i) 𝑆𝑏 (𝑥, 𝑦, 𝑧) = 0if and only if 𝑥 = 𝑦 = 𝑧.
(ii) 𝑆𝑏 (𝑥, 𝑦, 𝑧) = 𝑆𝑏 (𝑦, 𝑦, 𝑥)
(iii) 𝑆𝑏 (𝑥, 𝑦, 𝑧) ≤ 𝑠[𝑆𝑏 (𝑥, 𝑥, 𝑡) + 𝑆𝑏 (𝑦, 𝑦, 𝑡) + 𝑆𝑏 (𝑧, 𝑧, 𝑡)].
The pair (X, Sb) is called Sb-metric space.
Definition: 2.6
Let Xbe a non-empty set and 𝑏 ≥ 1 be a given real number. Suppose that a mapping 𝜌: 𝑋 3 → 𝑅0+ is a
function satisfying the following properties:
(i) 𝜌(𝑥, 𝑦, 𝑧) > 0, for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 with 𝑥 ≠ 𝑦 ≠ 𝑧.
(ii) 𝜌 (𝑥, 𝑦, 𝑧) = 0 implies 𝑥 = 𝑦 = 𝑧.
(iii) 𝜌 (𝑥, 𝑦, 𝑧) ≤ 𝑏[𝜌 (𝑥, 𝑥, 𝑎) + 𝜌 (𝑦, 𝑦, 𝑎) + 𝜌 (𝑧, 𝑧, 𝑎)] for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋.
(iv) 𝜌 (𝑥, 𝑦, 𝑧) = 𝜌 (𝑦, 𝑧, 𝑥) = 𝜌 (𝑧, 𝑥, 𝑦) = 𝜌 (𝑦, 𝑥, 𝑧) = 𝜌 (𝑧, 𝑦, 𝑥) = 𝜌 (𝑥, 𝑧, 𝑦),
(v) 𝜌(𝑥, 𝑥, 𝑦) = 𝜌(𝑦, 𝑥, 𝑥)for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.
Then the function 𝜌 is called dislocated Sb-metric on X (simply dSb-metric) and the pair (X, 𝜌 ) is called
dislocated Sb-metric space(simply dSb-metric space).
III.

Dislocated quasi Sb- metric spaces

Definition: 3.1
Let Xbe a non-empty set and let 𝜌: 𝑋 3 → 𝑅0+ be a function called distance function satisfying the
conditions
(i) 𝜌 (𝑥, 𝑦, 𝑧) = 0 implies 𝑥 = 𝑦 = 𝑧.
(ii) 𝜌 (𝑥, 𝑦, 𝑧) ≤ 𝑏[𝜌 (𝑎, 𝑎, 𝑥) + 𝜌 (𝑎, 𝑎, 𝑦) + 𝜌 (𝑎, 𝑎, 𝑧)] for all 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋.
The pair (𝑋, 𝜌) is called dislocated quasi Sb- metric space (simply dqSb- metric space).
Example: 3.2
Let 𝑋 = [0,1]. Define 𝜌: 𝑋 x 𝑋 x 𝑋 → 𝑅0+ by 𝜌(𝑥, 𝑦, 𝑧) = max{𝑥, 𝑦, 𝑧}. Then 𝜌 is a dqSb- metric and the
pair (𝑥, 𝜌) is a dqSb- metric space.
Remark: 3.3
Every dislocated Sb- metric space is a dislocated quasi Sb- metric space but the converse is true only if
symmetric condition holds.
Definition: 3.4
A sequence {𝑥𝑛 } in dqSb- metric space is said to be dqSb- converge to 𝑥 ∈ 𝑋 provided that
lim 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑥) = 0. Here x is called the dqSb-limit of {𝑥𝑛 }.
𝑛→∞

Theorem: 3.5
Limits in dqSb- metric space are unique.
Proof:
Let x, y, z be the dqSb- limit points of the dqSb- convergent sequence {𝑥𝑛 }. Then for 𝜖 >
𝜖
𝜖
𝜖
0, 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑥) < , 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑦) < , 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑧) < .
3𝑏
3𝑏
3𝑏
Now 𝜌(𝑥, 𝑦, 𝑧) ≤ 𝑏[𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑥) + 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑦) + 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑧) < 𝜖 . It follows that 𝜌(𝑥, 𝑦, 𝑧) → 0 which
implies 𝑥 = 𝑦 = 𝑧.
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Definition: 3.6
Let (𝑋, 𝜌) be a dqSb- metric space and {𝑥𝑛 } be a sequence in X. We say that {𝑥𝑛 } is left dqSb– Cauchy if
and only if for every 𝜖 > 0, there exists a positive integer 𝑁 = 𝑁(𝜖) such that 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) < 𝜖 for all 𝑛 ≥ 𝑚 ≥
𝑙 > 𝑁.
Definition: 3.7
Let (𝑋, 𝜌) be a dqSb- metric space and {𝑥𝑛 } be a sequence in X. We say that {𝑥𝑛 } is right dqSb– Cauchy
if and only if for every 𝜖 > 0, there exists a positive integer 𝑁 = 𝑁(𝜖) such that 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) < 𝜖 for all 𝑙 ≥
𝑚 ≥ 𝑛 > 𝑁.
Definition: 3.8
A sequence{𝑥𝑛 } in dqSb- metric space (𝑋, 𝜌) is called dqSb– Cauchy if for given 𝜖 > 0, there exists a
positive integer 𝑁 = 𝑁(𝜖) such that 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) < 𝜖 or 𝜌(𝑥𝑛 , 𝑥𝑙 , 𝑥𝑚 ) < 𝜖 or 𝜌(𝑥𝑚 , 𝑥𝑙 , 𝑥𝑛 ) < 𝜖
or 𝜌(𝑥𝑚 , 𝑥𝑛 , 𝑥𝑙 ) < 𝜖 or 𝜌(𝑥𝑙 , 𝑥𝑛 , 𝑥𝑚 ) < 𝜖 or 𝜌(𝑥𝑙 , 𝑥𝑚 , 𝑥𝑛 ) < 𝜖
(i.e)
min{𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) < 𝜖, 𝜌(𝑥𝑛 , 𝑥𝑙 , 𝑥𝑚 ) < 𝜖 , 𝜌(𝑥𝑚 , 𝑥𝑙 , 𝑥𝑛 ) < 𝜖 , 𝜌(𝑥𝑚 , 𝑥𝑛 , 𝑥𝑙 ) < 𝜖 , 𝜌(𝑥𝑙 , 𝑥𝑛 , 𝑥𝑚 ) <
𝜖 , 𝜌(𝑥𝑙 , 𝑥𝑚 , 𝑥𝑛 ) < 𝜖}, for all 𝑙, 𝑚, 𝑛 ≥ 𝑁.
Theorem: 3.9
Every dqSb-convergent sequence in a dqSb-metric space is a dqSb- Cauchy Sequence.
Proof:
Let {𝑥𝑛 } be a sequence which is dqSb- convergent in a dqSb-metric space (𝑋, 𝜌). Let x be its limit point.
Let 𝜖 > 0. Then there exists 𝑁0 ∈ 𝑁 such that 𝜌(𝑥, 𝑥, 𝑥𝑛 ) < 𝜖/3𝑏 for all 𝑛 ≥ 𝑁0 . For 𝑙, 𝑚, 𝑛 ≥ 𝑁0 we
have 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) ≤ 𝑏[𝜌(𝑥, 𝑥, 𝑥𝑛 ) + 𝜌(𝑥, 𝑥, 𝑥𝑚 ) + 𝜌(𝑥, 𝑥, 𝑥𝑙 )] < 𝜖. Hence {𝑥𝑛 } is a dqSb- Cauchy Sequence.
Definition: 3.10
Let (𝑋, 𝜌) be a dqSb-metric space. We say that
1. (𝑋, 𝜌)is left dqSb-complete iff each left dqSb- Cauchy Sequence is dqSb- Convergent in X.
2. (𝑋, 𝜌)is right dqSb-complete iff each right dqSb- Cauchy Sequence is dqSb- Convergent in X.
3. (𝑋, 𝜌)is dqSb-complete iff each dqSb- Cauchy Sequence is dqSb- Convergent in X.
Example: 3.11
1
1
Define a sequence {𝑥𝑛 } in X=[0,1] by 𝑥𝑛 = 𝑛 , 𝑛 ∈ 𝑁 ∪ {0} . Let 𝜖 = sup { 𝑛 } . Then for 𝑚, 𝑛, 𝑙 ∈
2
2
𝑁 𝑎𝑛𝑑 𝑛 > 𝑚 > 𝑙 , we have 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) < 𝜖.Thus {𝑥𝑛 } is a dqSb- Cauchy Sequence. Also as 𝑛 → ∞, 𝑥𝑛 →
0 ∈ 𝑋.Thus (𝑋, 𝜌) is dqSb- complete.
Definition: 3.12
Any set containing a ball with center 𝑥 ∈ 𝑋, a dqSb-metric space is sometimes called dqSbneighbourhood if 𝜌(𝑦, 𝑦, 𝑥) < 𝜖 for all 𝑦 ∈ 𝑋. (i.e) 𝑁𝑑𝑞 𝑆𝑏 (𝑥) = {𝑦 ∈ 𝑋|𝜌(𝑦, 𝑦, 𝑥) < 𝜖}
Definition: 3.13
Let (𝑋, 𝜌) be a dqSb -metric space. Then for each 𝑥 ∈ 𝑋 , 𝑟 > 0 we define the dqSb - open ball
𝐵𝑑𝑞 𝑆𝑏 (𝑥, 𝑟) and the dqSb-closed ball 𝐵𝑑𝑞 𝑆𝑏 [𝑥, 𝑟] with center x and radius r as follows:
𝐵𝑑𝑞 𝑆𝑏 (𝑥, 𝑟) = {𝑦 ∈
𝑋 | 𝜌 (𝑦, 𝑦, 𝑥) < 𝑟} , 𝐵𝑑𝑞 𝑆𝑏 [𝑥, 𝑟] = {𝑦 ∈ 𝑋 | 𝜌 (𝑦, 𝑦, 𝑥) ≤ 𝑟} respectively.
Definition: 3.14
Let (X,𝜌) and (Y,𝜌′ ) be dqSb -metric space and let 𝑓: 𝑋 → 𝑌 be a function. Then f is said to be dqSbcontinuous at a point 𝑎 ∈ 𝑋 if for every ∈> 0 there exists 𝛿 > 0 such that 𝜌′ (𝑓(𝑥), 𝑓(𝑥), 𝑓(𝑎)) <
𝜖 whenever 𝜌(𝑥, 𝑥, 𝑎) < 𝛿.
A function 𝑓 is said to be dqSb–continuous on X if and only if for every 𝜖 > 0 there is 𝛿 > 0 such
that 𝑓 (𝐵𝑑𝑞 𝑆𝑏 (𝑎, 𝛿)) ⊆ 𝐵𝑑𝑞 𝑆𝑏 (𝑓(𝑎), 𝜖).
Theorem: 3.15
A mapping 𝑓: 𝑋 → 𝑌 of a dqSb metric spaces (X, 𝜌) and (Y,𝜌′ ) is dqSb-continuous at a point x0 ∈ 𝑋if and
only if 𝑥𝑛 → 𝑥0 ⇒ 𝑓(𝑥𝑛 ) → 𝑓(𝑥0 ).
Proof:
Assume that f is dqSb -continuous at x0. Then for given ∈> 0 there is 𝛿 > 0 such that
𝜌′ (𝑓(𝑥), 𝑓(𝑥), 𝑓(𝑥0 )) < 𝜖 whenever𝜌(𝑥, 𝑥, 𝑥0 ) < 𝛿. Let{𝑥𝑛 } be a sequence in X such that 𝑥𝑛 → 𝑥0 . Then there
is 𝑛0 ∈ 𝑁 such that 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑥0 ) < 𝛿 for all 𝑛 ≥ 𝑛0 . Hence for all 𝑛 ≥ 𝑛0 , 𝜌′ (𝑓(𝑥𝑛 ), 𝑓(𝑥𝑛 ), 𝑓(𝑥0 )) < 𝜖. This
shows that𝑓(𝑥𝑛 ) → 𝑓(𝑥0 ) . Conversely, assume that f is not dqSb -continuous at𝑥0 . Then for given 𝛿 > 0 such
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1

1

that 𝜌′ (𝑓(𝑥𝑛 ), 𝑓(𝑥𝑛 ), 𝑓(𝑥0 )) ≥ 𝜖 . Choosing 𝛿 = , there is a 𝑥𝑛 satisfying 𝜌(𝑥𝑛 , 𝑥𝑛 , 𝑥0 ) <
𝑛
𝑛
but𝜌′ (𝑓(𝑥𝑛 ), 𝑓(𝑥𝑛 ), 𝑓(𝑥0 )) ≥ 𝜖. This contradicts that 𝑓(𝑥𝑛 ) → 𝑓(𝑥0 ). Thus f is dqSb continuous at x0.
Definition: 3.16
A dqSb-metric space (𝑋, 𝜌) is said to be dqSb- bounded if there exists a positive real number k such that
𝜌(𝑥, 𝑦, 𝑧) ≤ 𝑘 for all 𝑥, 𝑦, 𝑧 ∈ 𝑋.
Definition: 3.17
If A is dqSb-bounded subset of a dqSb-metric space, we define dqSb-diameter of X as dqSb– diam
A=𝑠𝑢𝑝{𝜌(𝑥, 𝑦, 𝑧)|𝑥, 𝑦, 𝑧 ∈ 𝑋}
Theorem: 3.18
Let (𝑋, 𝜌) be a completedqSb - metric space. Then for every non increasing sequence {𝐹𝑛 }𝑛≥1 of nonempty dqSb –closed and dqSb-bounded subsets of X such that dqSb-diam(𝐹𝑛 ) → 0 as 𝑛 → ∞. Therefore ⋂∞
𝑛=1 𝐹𝑛
contains one and only point.
Proof:
For each 𝑛 ∈ 𝑁, let{𝑥𝑛 } be any point in 𝐹𝑛 . Then we have 𝑥𝑛 , 𝑥𝑛+1 , … … ∈ 𝐹𝑛 such that {𝐹𝑛 }𝑛≥1 is nonincreasing. Given 𝜖 > 0, there exists 𝑛0 ∈ 𝑁 such that dqSb-diam(𝐹𝑛 ) < 𝜖. Now 𝑥𝑛0 , 𝑥𝑛0+1 , … … all lie in 𝐹𝑛0 .
For 𝑙, 𝑚, 𝑛 ≥ 𝑛0 we have that 𝜌(𝑥𝑛 , 𝑥𝑚 , 𝑥𝑙 ) ≤ 𝑑𝑖𝑎𝑚 𝐹𝑛0 < 𝜖. Hence {𝑥𝑛 } is a dqSb- Cauchy sequence in the
complete dqSb- metric space. Thus by theorem 2.9, it is dqSb- convergent. Let 𝑥 ∈ 𝑋 such that lim 𝑥𝑛 = 𝑥. For
𝑛→∞
̅̅̅
̅
any 𝑛 ∈ 𝑁 , we have 𝑥𝑛 , 𝑥𝑛+1 , … … ∈ 𝐹̅𝑛 . Therefore 𝑥 = lim 𝑥𝑛 ∈ 𝐹
𝑛 . But 𝐹𝑛 is dqSb –closed so that 𝐹𝑛 = 𝐹𝑛
𝑛→∞

(i.e) 𝑥 ∈ 𝐹𝑛 . Thus 𝑥 ∈ ⋂∞
𝑛=1 𝐹𝑛 . If 𝑦 ∈ 𝑋, 𝑦 ≠ 𝑥, then 𝜌(𝑥, 𝑥, 𝑦) > 𝑑𝑖𝑎𝑚 𝐹𝑛 , for sufficiently large n. Hence𝑦 ∉
∞
⋂∞
𝑛=1 𝐹𝑛 . (i.e) ⋂𝑛=1 𝐹𝑛 contains one and only point.
IV.

Conclusion

Our main result is to generalize the metric space and improves the results in dislocated quasi S b-metric
spaces by weakening the symmetric condition.
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Abstract: In this work a new notion namely Modified Zero Suffix Method is proposed to minimize the cost to
reach the optimal solution in transportation problem under fuzzy environment. In this paper the supply and
demand are represented in terms of unique fuzzy number called Interval Valued Triangular Fuzzy Number
(IVTFN). A relevant numerical illustration is also included to justify the discussed notion .
Keywords: Interval valued fuzzy Number, Interval Valued Triangular Fuzzy Number (IVTFN),
Transportation problem, Modified Zero Suffix Method.

I. Introduction
Transportation Problem is a modern class of Linear Programming Problem in which supply and demand of the
commodities transported from several sources to different destinations with either minimum cost or minimum
time. The supplies and demands may be tentative due to some strong factors. Zadeh [10] introduced fuzzy sets
and its concepts. Bellman and Zadeh [1] announced the decision making in fuzzy environment. Zimmermann
[11] have given the linear programming with several objective functions. Chanas and Kucha [2] improved a
concept of the optimal solution of the transportation problem with fuzzy cost coefficient. Lin and Kao [3]
projected solving fuzzy transportation problem based on extension principle. NagoorGani and Stephen
Dinagar[5] studied a special note on solving Linear Programming in fuzzy environment. NagoorGani and Abdul
Razak[4] investigated the transportation problem with two stage fuzzy transportation problem. Sudhakar and
Navaneetha kumar[9] proposed a different approach for solving two stage fuzzy transportation problems, and
Sudhakar et al[8]have studied a new approach for find an optimal solution for transportations problems. Stephen
Dinagar and Keerthivasan[6],[7] proposed the modified best candidate method in fuzzy transportation problems
with the interval valued triangular fuzzy number. This paper discovers the best feasible solution. In real life
example, the company production goods cannot fulfill the supply of the environment, so the company decides
the goods are transported into two parts with minimum transportation cost. In this paper, the fuzzy
transportation problem using Interval Valued Triangular Fuzzy Numbers have been discussed. The new notion
called Modified Zero Suffix Method is utilized to find best optimal solution of the problem.
The organization of this paper is structured as follows, in section 2, we introduce some basic concepts related to
Interval Valued Triangular Fuzzy Numbers (IVTFNs) and some arithmetic operations of the above said
numbers. The notion of IVTFN-transportation problem is introduced in section 3.In section 4, the proposed
method Modified zero suffix method is introduced with its algorithm. A numerical illustration is presented in
section 5. Finally, the conclusion part is included in section 6.

II. BASIC CONCEPTS
Definition: 2.1
A fuzzy set Ã, defined on the universal set X is a set of ordered pairs:Ã= {(x, µ Ã (x)):x ∈ X}.

Definition: 2.2
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A fuzzy set Ã, defined on the universal set of real numbers R, is said to be a fuzzy number if its
membershipfunction has the following characteristics:
1. µÃ: R→ [0,1] is continuous
2. µÃ (x)=0 for all x∈ (−∞, 𝑎] ∪ [𝑐, ∞).
3. µÃ (x) is strictly increasing on [a,b] and strictly decreasing on [b,c].
4. µÃ (x)=1 for all x=b, where a<b<c.
Definition: 2.3
An interval – valued fuzzy set Ã on R is given by Ã = { (x, [µ ÃL (x), µÃU(x)])} ,for all x∈R, 0 ≤ µÃL (x) ≤ µÃU
(x) ≤ 1 and µÃL (x) , µÃU (x) ∈[0,1] and denoted by µÃ (x)= [ µÃL (x), µÃU (x)] , x∈ R .IVFN represented by
Ã = [ÃL, ÃU].
Definition: 2.4
The Interval-Valued Triangular Fuzzy Number Ã on R is represented by the two fuzzy numbers [ÃL, ÃU],
ÃL =( 𝑎1𝐿 ,𝑏1𝐿 , 𝑐1𝐿 ; 𝑤Ã𝐿 ) and ÃU= ( 𝑎2𝑈 , 𝑏2𝑈 , 𝑐2𝑈 ; 𝑊Ã𝑈 ) ,then Ã = [ÃL, ÃU] =[( 𝑎1𝐿 ,𝑏1𝐿 , 𝑐1𝐿 ; 𝑤Ã𝐿 ), (𝑎2𝑈 , 𝑏2𝑈 , 𝑐2𝑈 ; 𝑊Ã𝑈 ) ],
satisfying that 𝑎2𝑈 ≤ 𝑎1𝐿 , 𝑐1𝐿 ≤ 𝑐2𝑈 and 𝑤Ã𝐿 ≤ 𝑊Ã𝑈 where 𝑊Ã𝑈 𝑎𝑛𝑑𝑤Ã𝐿 are weights of ÃU and ÃL respectively.
Definition: 2.5
The interval-valued fuzzy set Ã indicates that, when the membership grade of X belongs to the interval [μ
μ ÃU(x)], the largest grade is μ ÃU(x)and the smallest grade is μ ÃL(x)
𝑥−𝑎1
w
, 𝑎1 ≤ x ≤ 𝑏1
𝑏1 −𝑎1

Let μ ÃL(x)=

w

𝑐1 −𝑥
𝑐1 −𝑏1

Ã

L

(x),

, 𝑏1 ≤ x ≤ 𝑐1 -----------------------------------(1)

0, otherwise
Then, ÃL=( 𝑎1 ,𝑏1 ,𝑐1 ;w ), 𝑎1 <𝑏1 <𝑐1 .
W

𝑥−𝑎2
𝑏2 −𝑎2

, 𝑎2 ≤ x ≤ 𝑏2
Let μ ÃU(x)=

W

𝑐2 −𝑥

𝑐2 −𝑏2

, 𝑏2 ≤ x ≤ 𝑐2 -----------------------------------(2)

0, otherwise
Then, ÃU=( 𝑎2 ,𝑏2 ,𝑐2 ;W ), 𝑎2 <𝑏2 <𝑐2 .
Consider the case in which 0 < w <W ≤ 1 and a2<a1, c1<c2 from (1) and (2) , we obtain Ã = [ÃL ,ÃU] = [
(𝑎1 ,𝑏1 ,𝑐1 ;w) , (𝑎2 ,𝑏2 ,𝑐2 ;W )] Which is called the level (w,W) interval valued Triangular fuzzy number.

Figure:1Interval valued Triangular fuzzy number
Definition: 2.6
Let Ã = [ÃL ,ÃU] = [ ( a1,b1,c1; wÃ) , ( a2, b2, c2; WÃ )], B͂ = [B͂L ,B͂U] = [ ( p1,q1,r1; wB͂) , ( p2, q2, r2; WB͂ )] be the
IVTFNs , then
(i)Addition:
Ã (+)B͂ = [(a1+p1,b1+q1,c1+r1;min { wA͂, wB͂}), (a2+p2,b2+q2,c2+r2;min{WA͂,WB͂})]
(ii)Subtraction:
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Ã (-) B͂ = [(a1-r1, b1-q1, c1-p1; min {wA͂,wB͂}), (a2-r2,b2-q2,c2-p2;min { WA͂, WB͂})].
(iii) Scalar Multiplication:
k Ã= [ (ka1, kb1, kc1; wÃ), (ka2, kb2, kc2; WÃ)] if k≥0.
k Ã= [ ( kc1,kb1,ka1; wÃ) , ( kc2, kb2, ka2; WÃ )] if k<0.
(iv)Multiplication:
(a) If R(B͂)≥0
Ã (x) B͂ =[(a1.R(B͂),b1.R(B͂),c1.R(B͂);min { wA͂, wB͂}),(a2.R(B͂),b2.R(B͂),c2 R(B͂);min {WA͂,WB͂})]
(b) If R(B͂)<0.
Ã (x) B͂ =[(a3.R(B͂),a2.R(B͂),a1 R(B͂);min { wA͂, wB͂}),(a3.R(B͂),a2.R(B͂),a1.R(B͂);min {WA͂,WB͂})]
Where, R(B͂) = ( pLl+ qL1+ rL1 + pU2 + qU2 + rU2 ) / 6.
III. IVTFN-Transportation Problem
Consider the transportation problem with m origins (rows) and n destination (column). Let 𝐶𝑖𝑗 be a fuzzy cost of
transportation for one unit of the product from ith origin to jth destination.
Let Ã𝑖 =[(𝑎𝑖𝐿 ,𝑏𝑖𝐿 , 𝑐𝑖𝐿 ; 𝑤Ã𝐿𝑖 ), (𝑎𝑖𝑈 , 𝑏𝑖𝑈 , 𝑐𝑖𝑈 ; 𝑊Ã𝑈𝑖 )] be the fuzzy quantity of commodity available at origin i,
Let B͂j =[(𝑝𝑗𝐿 ,𝑞𝑗𝐿 , 𝑟𝑖𝐿 ; 𝑤B͂𝐿𝑗 ), (𝑝𝑗𝑈 , 𝑞𝑗𝑈 , 𝑟𝑗𝑈 ; 𝑊B͂𝑈𝑗 )] be the fuzzy quantity of commodity requirement at destination j,
xijis the quantity from ith origin to jth destination.
The fuzzy transportation problem can be presented in the following table.
Table I: IVTFN-transportation table.
S.No
O1

D1
X11

D2
X12

D3
X13

………..
………..

Dn
X1n

Fuzzy Available
Ã1

O2

X21

X22

X23

………..

X2n

Ã2

O3

X31

X32

X33

………..

X3n

Ã3

⁞

⁞

⁞

⁞

………..

⁞

⁞

Om

Xm1

Xm2

Xm3

………..

Xmn

Ãm

Fuzzy Requirement

B͂1

B͂2

B͂3

………..

B͂n

𝑚

𝑛

∑ Ã𝑖 = ∑ B͂j
𝑖=1

𝑗=1

The above IVTFN transportation problem can be represented in the form of fuzzy LPP as:
𝑛
𝐿
𝐿
𝐿
𝑈 𝑈
𝑈
Min z = ⅀𝑚
𝑖=1 ⅀𝑗=1 xij[(𝑑𝑖𝑗 , 𝑒𝑖𝑗 , 𝑓𝑖𝑗 ; 𝑤𝐶𝑖𝑗 ),(𝑑𝑖𝑗 , 𝑒𝑖𝑗 , 𝑓𝑖𝑗 ; 𝑊𝐶𝑖𝑗 )]
Subject to constraints
∑𝑛𝑗=1 𝑥𝑖𝑗 = [(𝑎𝑖𝐿 ,𝑏𝑖𝐿 , 𝑐𝑖𝐿 ; 𝑤𝑖𝐿 ), (𝑎𝑖𝑈 , 𝑏𝑖𝑈 , 𝑐𝑖𝑈 ; 𝑊𝑖𝑈 )] for i = 1,2, 3…., m.
𝐿 𝐿 𝐿
𝐿
𝑈 𝑈 𝑈
𝑈
∑𝑚
𝑖=1 𝑥𝑖𝑗 = [(𝑝𝑗 ,𝑞𝑗 , 𝑟𝑖 ; 𝑤j ), (𝑝𝑗 , 𝑞𝑗 , 𝑟𝑗 ; 𝑊j )] for j = 1,2, 3…., n.
for all 𝑥𝑖𝑗 ≥ 0.
𝑛
Also, it is noted that the Fuzzy transportation problem is said to be balanced if∑𝑚
𝑖=1 Ã𝑖 = ∑𝑗=1 B͂𝑗 ,
if the total fuzzy available is equal to the fuzzy requirement.
IV. Algorithm Of Modifed Zero Suffix Method
Step1: Construct the fuzzy transportation problem.
Step 2: Supply and demand are interval valued triangular fuzzy number.
Step 3: Convert the fuzzy problem in the form of fuzzy square matrix type.
Step 4: Consider the maximum supply and reduce the supply values into two equal parts, such as S can be
divided into S' and S", and there are no changes in the corresponding row entries.
Step 5: After step 4 we get a square matrix type fuzzy transportation problem.
Step 6: Subtract each row entries of the transportation table from the corresponding row minimum after that
subtract each column entries of the transportation table from the corresponding column minimum.
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Step 7:In the reduced cost matrix there will be one zero in each row and column, then find the suffix value of all
the zeros in the reduced cost matrix by following simplification, the suffix value is denoted by S, Therefore
S=

𝑨𝒅𝒅 𝒕𝒉𝒆 𝒄𝒐𝒔𝒕𝒔 𝒐𝒇 𝒏𝒆𝒂𝒓𝒆𝒔𝒕 𝒂𝒅𝒋𝒂𝒄𝒆𝒏𝒕 𝒔𝒊𝒅𝒆𝒔 𝒐𝒇 𝒛𝒆𝒓𝒐 𝒘𝒉𝒊𝒄𝒉 𝒂𝒓𝒆 𝒈𝒓𝒆𝒂𝒕𝒆𝒓 𝒕𝒉𝒂𝒏 𝒛𝒆𝒓𝒐
𝑵𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒄𝒐𝒔𝒕𝒔 𝒂𝒅𝒅𝒆𝒅

Step 8:Choose the maximum of S, if it has one maximum value then first supply to that demand corresponding
to the cell. If it has more equal values then select {Si ,Dj } and supply to that demand maximum possible.
Step 9: After the above step, the exhausted demands (column) or supplies(row) to be trimmed. The resultant
matrix possesses at least one zero is each row and column, else repeat Step 6.
Step 10: Repeat Step 7 to Step 9 until the optimal solution is obtained.
V. Numerical Example
Finding the Optimal Cost for the Problem of Assigning Three Sources to Four Destinations.
Table: II
S.NO
D1
D2
D3
D4

SUPPLY

S1

1

10

12

11

[(16,24,30;0.5),
(12,22,34;0.9)]

S2

15

21

22

9

[(26,42,54;0.7),
(24,40,60;0.9)]

S3

22

16

32

15

[(34,44,58;0.3),
(30,52,70;0.7)]

DEMAND

[(18,22,36;0.3),
(10,26,38;0.7)]

[(4,13,26;0.6),
(2,23,28;1.0)]

[(22,34,38;0.4),
(15,25,46;0.7)]

[(25,40,55;0.3),
(15,46,65;0.8)]

Solution:
This fuzzy transportation problem is balanced. Also this is a rectangular type transportation matrix and hence by
the proposed algorithm, it can be divided into two equal parts, as S 3 is maximum than other supplies, it can be
divided into S3 ' and S3 ".
Table: III
S.NO

D1

D2

D3

D4

SUPPLY

S1

1

10

12

11

[(16,24,30;0.5),
(12,22,34;0.9)]

S2

15

21

22

9

[(26,42,54;0.7),
(24,40,60;0.9)]

S3 '

22

16

32

15

[(17,22,29;0.3),
(15,26,35;0.7)]

S3 "

22

16

32

15

[(17,22,29;0.3),
(15,26,35;0.7)]

DEMAND

[(18,22,36;0.3),
(10,26,38;0.7)]

[(4,13,26;0.6),
(2,23,28;1.0)]

[(22,34,38;0.4),
(15,25,46;0.7)]

[(25,40,55;0.3),
(15,46,65;0.8)]

Table: IV
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OPTIMUM SOLUTION = 16 X [(4,13,26;0.6), (2,23,28;1.0)] +
S.NO
D1
D2
D3
S1
07
8
06.6

D4
10

S2

6

11

2

06

S3 '

7

08

6

06

S3 "

7

06.5

6

06

[(22,34,38;0.4),
(15,25,46;0.7)]

[(24,41,55;0.3),
(15,46,65;0.8)]

DEMAND

[(18,22,36;0.3),
[(4,13,26;0.6),
(10,26,38;0.7)]
(2,23,28;1.0)]
1 X [(16,24,30;0.5), (12,22,34;0.9)] +
15 X [(17,22,29;0.3), (15,26,35;0.7)] +
15 X [(-9,9,25;0.3), (-13,3,33 ;0.7)] +
9 X [(-30,10,47;0.3), (-53,17,63;0.7)] +
22 X [(22,34,38;0.4), (15,25,46;0.7)] +
15 X [(-12, -2,20;0.3), (-24,4,26;0.7)].

SUPPLY
[(16,24,30;0.5),
(12,22,34;0.9)]
[(26,42,54;0.7),
(24,40,60;0.9)]
[(17,22,29;0.3),
(15,26,35;0.7)]
[(17,22,29;0.3),
(15,26,35;0.7)]

OPTIMUM SOLUTION = [(64,208,416;0.6), (32,368,448;1.0)] +
[(16,24,30;0.5), (12,22,34;0.9)] +
[(255,330,435;0.3), (225,390,525;0.7)] +
[(-135,135,375;0.3), (-195,45,495;0.7)] +
[(-270,90,423;0.3), (-477,153,567;0.7)] +
[(484,748,836;0.4), (330,550,1012;0.7)] +
[(-180, -30,300;0.3), (-360,60,390;0.7)].
OPTIMUM SOLUTION = [ (234,1505,2815;0.3),(-434,1588,3471;0.7)].
MINIMUM COST = 1530.
VI. Conclusion
In this paper, the optimal transportation cost has been derived by using the proposed fuzzy arithmetic
operations. This proposed method is very useful for the decision makers to take a decision during uncertainty
with minimum calculation compared with other procedures. This technique can be applied for any type of the
fuzzy transportation problems occurring in real life situation. The same procedure can be extended for solving
problems in balanced and unbalanced transportation problems, transshipment problems, project scheduling
problems, and network flow problems and so on.
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An Inventory Model for Perishable Products with Shortages and Price
Dependent Demand
I. Antonitte Vinoline
Department of Mathematics, Holy Cross College (Autonomous),
Tiruchirapalli – 620 002, Tamil Nadu, INDIA.
Abstract : Within a past few years, many researchers have developed their model with constant demand and
deterioration price. In this paper, an effort has been made to develop a deterministic inventory model for
perishable products with lead time and price dependent demand. Shortages are allowed during the lead time
and absolutely backlogged. The problem of perishability or deterioration plays a vital role in the field of
inventory control and management. The reason of our study is to minimize the total variable inventory cost
during a given period of time. The derived model is illustrated by using a numerical example.
Keywords: Inventory, deterioration, Lead time, Price Dependent Demand, and Shortages.
I. Introduction
Academicians as well as industrialists have extraordinary enthusiasm for the advancement of inventory control
and their employments. There are numerous merchandise which either decay or obsolete outdated with entry of
time. For such perishable products distinctive demonstrating procedures are applied. Perishable inventory forms
a small part of total inventory and includes fashionable garments, electronic items, digital products and
periodicals. The perishable products can be classified based on two categories: (1) deterioration (2)
obsolescence. Deterioration is defined as damage, decay or spoilage of the items that are stored for future use
and which always loose part of their value with passage of time. Obsolescence occurs due to the arrival of new
and better products in the market.
In the existing literature, some inventory models which were created by contemporary researchers considering
some as or the majority of the parameters identified with consistent interest rate, expanding/diminishing
capacity of time, cost and stock ward have been cited. The demand of recently arrived items in market is
impacted by their costs, in light of the fact that the appealing costs or offers on the items inspire the clients to
purchase more. This circumstance increases the order quantity of the retailers or customers. In recent years some
researchers also gave their attention towards a time dependent rate, because the demand of recently launched
products such as trendy articles of clothing, electronic things, engine vehicles, mobiles and so forth increments
with time and later it ends up consistent. In any case, there are numerous circumstances in which these
suppositions are not legitimate, for example, regular items, bread kitchen items, electronic things and drugs.
Some researches in the area are worth mentioning. Padmanabhan and Vrat [1] considered an EOQ model for
perishable items with stock dependent selling rate. Giri et al. [2] proposed an inventory model for deteriorating
items with stock dependent demand rate. Hargia [3] presented an EOQ model for deteriorating items with time
varying demand. Chang and Dye proposed two inventory models [4] and [7]. The model [4] is an EOQ model
for deteriorating items with time varying demand and partial backlogging. And the model [7] is an inventory
model for perishable items with permissible delay in payments and shortages. Chung et al. [5] presented a note
on EOQ models for deteriorating items with stock dependent selling rate. Lin et al. [6] proposed an EOQ model
for deteriorating items with time varying demand and allowing shortages. Papachristos and Skouri[8] proposed a
continuous review inventory model for deteriorating items with time dependent demand and allowing shortages.
Dye and Ouyang [9] developed an EOQ model for perishable products with stock dependent selling rate and
allowing shortages. Dye [10] presented a joint pricing and ordering policy for deteriorating items with partial
backlogging. Min and Zhou [11] developed an inventory model for deteriorating items with stock dependent
selling rate and allowing shortages. Maragatham and Palani [12] developed an inventory model for perishable
items with lead time, price dependent demand and allowing shortages.
II. Notations and Assumptions
We consider the following notations and assumptions in developing the model.
1.
The demand rate D(r) is price depending and is of the form D(r) = r-, , > 0, r is selling price.
2.
The item cost remains constant irrespective of the order size.
3.
The inventory is replenished only once in each cycle.
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4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.

Replenishment rate is infinite and the lead time is constant.
During lead time shortage are allowed.
The deterioration rate is taken as  = t.
There is no repair or replenishment of the deteriorated items.
O is the ordering cost per order.
H is the holding cost per unit time.
S is the shortage cost per unit time.
P is the purchase cost per unit time.
L is the lead time.
T1 is the replenishment cycle length.
T2 is the time at which inventory level becomes zero.
I(t) is the inventory level at any time t in [0, T1].
TVC(L, T2, T1) is the total variable inventory cost per cycle.
Ordering quantity is Q + LD(r) when t = L.

III. Mathematical Model and Analysis
In this model, demand is price dependent and depletion of the inventory happens due to supply as well as due to
deterioration in every cycle. The objective of the inventory problem is to determine the optimal order quantity
and the length of the ordering cycle, so as to keep the total cost as low as possible, where holding cost is a
function of time and shortages are allowed during the lead time. Let us assume an inventory system contains the
maximum inventory level Q + D(r) in the beginning of each cycle where R(r) is price dependent demand.
During the interval [L, T2] the inventory level decreases due to both demand and deterioration and it becomes
zero at t = T2. During the shortage interval [T2, T1] the demand is unsatisfied. The instantaneous inventory
level at any time t in [L, T1] is given by the following differential equation.
d
. . . (1)
I(t) + θt I(t) = -αr -β , L  t  T2
dt
d
. . . (2)
I(t) = -αr -β , T2  t  T1
dt
with the boundary condition I(T2) = 0.
Solving above differential equation using boundary condition by considering the first degree terms in , we get
θ
θ
θ


I = αr -β  T2  t  T23  t 3  T2 t 2 
. . . (3)
6
3
2


I = αr -β T2  t 
. . . (4)
The maximum inventory level is obtained by substituting t = L in equation (3), so we have
θ
θ
θ


Q = αr -β  T2  L  T23  L3  T2 L2 
. . . (5)
6
3
2


At time t = L, I(L) = Q, (i.e.,) when the items are received, the level at which the organization is having a
maximum inventory. The quantity Q + LD(r) is ordered in the beginning of each cycle. The maximum back
ordered quantity IB is obtained by putting t = T in equation (4). Therefore, we get
IB = αr -β T2  T
. . . (6)
a)
b)

The ordering cost of the materials, which is fixed per order for the present financial year.
The ordering cost per cycle is O.
. . . (7)
The holding cost is the function of average inventory cost and it is given by
T2

The holding cost

= H  I(t) dt
L

c)

d)

1
θ 4
θ 4
θ
1

T2 
L  T2 L3 
= αHr -β  T22  LT2  L2 
2
12
12
6
2

The deterioration cost is given by d which comes out to be
T2


θ
θ
θ

Deterioration cost
= d Q   D(t) dt  = αdr -β  T23  L3  T2 L2 
3
2
6



L

. . . (8)

. . . (9)

The shortage cost is given by
T1

Shortage cost

=  S  I(t) dt
T2
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e)

1
1

= αSr -β  T22  T12  T1 T2 
2
2

The purchase cost is given by
Purchase cost
= P[Q + IB ]

. . . (10)

θ
θ
θ


= αPr -β  2T2  T1  L  T23  L3  T2 L2 
. . . (11)
6
3
2


The total variable inventory cost per cycle is
1
TVC(L, T2, T1) =
[Ordering cost + Holding Cost + Deterioration Cost + Shortage Cost + Purchase Cost]
T1
...
(12)
substituting the value of (7), (8), (9), (10) & (11) in equation (12), we obtain
1 
1
θ
θ
θ
1

TVC(L, T2, T1) =
O  αr -β H  T22  LT2  L2  T24  L4 + T2 L3 

2
12
12
6
T1 
2

θ
θ
1
θ

1

+ αdr -β  T23  L3  T2 L2   αSr -β  T22  T12  T1T2 
3
2
2
6

2

θ
θ
θ


+ αPr -β  2T2  T1  L  T23  L3  T2 L3  
6
3
2



TVC(L, T2, T1) =

1 
(H+S) 2 H 2
S
-β 
T2  L  HLT2  T12  ST1T2
O  αr  2PT2  PL  PT1 
2
2
2
T1 


θ
θ
θ
θ
θ
θ

+ (d + P)T23  (d + P)L3  (d + P)T2 L3  HT24  HL4  HT2 L3  
6
3
2
12
12
6

. . . (13)
TVC(L,T1 ,T2 )
The necessary condition for TVC(L, T2, T1) to be minimum are
 0,
L
TVC(L,T1 ,T2 )
TVC(L,T1 ,T2 )
 0 and
 0. On solving these equations we find the optimum values of L, T2
T2
T1
and T1 for which the total variable inventory cost is minimum. Partially differentiating equation (13), we have
TVC(L,T1 ,T2 ) αr -β 
θH 3 θH

=
P+HL  HT2  θ(d + P)L2  θ(d + P)T2 L 
L 
T2 L2 

T1 
3
3
L

. . . (14)
-β
TVC(L,T1 ,T2 ) αr 
θ(d + P) 2 θ(d + P) 2 θH 3 θH 3 
=
2P +(H+S)T2  HL  ST+
T2 
L 
T2 
L
T1 
2
2
3
6
T2

. . . (15)
TVC(L,T1 ,T2 ) αr -β
1
(H
+
S)
T22
=
 P + ST1  ST2   2 OC + αr -β 2 PT2  PL  PT1 
T1
2
T1
T1

H 2
S
θ(d + P) 3 θ(d + P) 3
L  HLT2  T 2  ST1T2 
T2 
L
2
2
6
3
θ(d + P)
θH 2 θH 4 θH


T2 L2 
T2 
L 
T2 L3 
2
12
12
6




. . . (16)

IV. Numerical Example
We consider the following parametric values for  = 300,  = 1, Ordering cost(O) = $100/order, Holding
cost(H) = $5/unit time, Deterioration cost(d) = 2, Shortage cost(S) =$8/unit time, Purchase cost(P) = $10/unit
time, Selling price(r) = 25,  = 0.05.

Table 1: Variation in Total Inventory Cost with respect to 

0.05

L
15.258
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0.10
0.15

12.421
11.263

4.405
3.702

8.855
8.432

307.257
334.142

Table 2: Variation in Total Inventory Cost with respect to 

300
400
500

L
15.258
15.251
15.245

T2
6.016
6.009
6.003

T1
10.428
10.394
10.366

TVC(L, T2, T1)
303.564
401.025
498.347

Table 3: Variation in Total Inventory Cost with respect to 

1
2
3

L
15.258
15.858
19.996

T2
6.016
6.620
10.191

T1
10.428
13.421
40.661

TVC(L, T2, T1)
303.564
21.316
4.501

In table 1, we see if we increase the deterioration parameter  then the values of L, T2 and T1 are decreased but
the values of TVC(L, T2, T1) get increased. The same occurs as if we increase the demand parameter  also
which is given in table 2. But in table 3, we see that if we increase the demand parameter , then the values of L,
T2 and T1 are increased but the values of TVC(L, T2, T1) gets decreased.
V. Conclusion
This paper presents deterministic inventory model for deteriorating things in single distribution center and
consider Lead time as constant. The demand rate is assumed to be a function of selling price. Selling price is the
primary measure of the consumer goes to the market to purchase a specific thing. Shortages are allowed during
the lead time and completely backlogged in the present model. The results of the proposed model show that the
total variable inventory cost is profoundly affected by the parameters  and  in correlation with the parameter
. This is because of the reason that the recently arrived products in the super market increment the demand. The
cycle length and lead time are the principle parts for optimizing the profit of an organization.
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Abstract: In this paper, the concept of accurate secure dominating set of a fuzzy graph was introduced. A
secure dominating set of a fuzzy graph G is a dominating set 𝐷 ⊆ 𝑉 if for every node 𝑢 ∈ 𝑉 − 𝐷 there exists
a strong neighbour𝑣 ∈ 𝐷, such that the set (𝐷 − {𝑣}) ∪ {𝑢} is a dominating set of fuzzy graph G. If 𝑉 − 𝐷
does not contain any secure dominating set with same fuzzy cardinality|𝐷|, then 𝐷 is said to be an accurate
secure dominating set of fuzzy graph 𝐺. The minimum fuzzy cardinality taken over all accurate secure
dominating set of 𝐺 is said to be an accurate secure domination number of fuzzy graph G and it is denoted
as, 𝛾𝑓𝑎𝑠 (𝐺). Some results and relations between accurate secure domination number, accurate domination
number and secure domination number are discussed.
Keywords: Strong arcs, Strong neighbours, Secure Domination Number, Accurate Domination Number and
Accurate Secure Domination Number
I. Introduction
The concept of dominating sets in graphs was introduced by Ore [14] and Berge [1]. Cockayne and Hedetniemi
[2], initiated the study of domination number and independent domination number. An accurate domination in
graphs was discussed by Kulli and Kattimani [8]. Cockayne et al., introduced the concept of secure domination
[4]. A new domination parameter, the concept of convex domination in graphs was introduced by Enriquez and
Canoy [6]. Peter Johnson et al. [15] discuss the concept of secure – dominating sets in graphs.
Zadeh [18], introduced the concept of fuzzy relation in his classical paper in 1965. The notion of fuzzy graph
and several fuzzy analogs of graph theoretic concepts such as paths, cycles and connectedness was introduced
by Rosenfeld [16]. Somasundaram and Somasundaram [17] discussed domination in fuzzy graphs using
effective edges. NagoorGani and Chandrasekaran [10] introduced domination in fuzzy graph using strong arc.
Domination, independent domination and irredundance in fuzzy graphs using strong arc was discussed by
NagoorGani and Vadivel [12,13]. Kulli [9] discuss the concept of secure and inverse secure total edge
domination and some secure and inverse secure fuzzy domination parameters.
II. Preliminaries
A fuzzy graph 𝐺 = 〈𝜎, 𝜇〉 is a pair of functions 𝜎: 𝑉 → [0,1]and 𝜇: 𝑉 × 𝑉 → [0,1], where for all 𝑥, 𝑦 ∈ 𝑉 we
have 𝜇(𝑥, 𝑦) ≤ 𝜎(𝑥) ⋀ 𝜎(𝑦).
A fuzzy graph 𝐻 = 〈𝜏, 𝜌〉 is called a fuzzy subgraph of 𝐺 if 𝜏(𝑣𝑖 ) ≤ 𝜎(𝑣𝑖 ) for all 𝑣𝑖 ∈ 𝑉 and 𝜌(𝑣𝑖 , 𝑣𝑗 ) ≤
𝜇(𝑣𝑖 , 𝑣𝑗 ) for all 𝑣𝑖 , 𝑣𝑗 ∈ 𝑉.
The underlying crisp graph of a fuzzy graph 𝐺 = 〈𝜎, 𝜇〉 is denoted by 𝐺 ∗ = 〈𝜎 ∗ , 𝜇 ∗ 〉 , where 𝜎 ∗ = {𝑣𝑖 ∈
𝑉/𝜎(𝑣𝑖 ) > 0} and 𝜇 ∗ = {(𝑣𝑖 , 𝑣𝑗 ) ∈ 𝑉 × 𝑉/𝜇(𝑣𝑖 , 𝑣𝑗 ) 𝑖𝑠 𝑎 𝑠𝑡𝑟𝑜𝑛𝑔 𝑎𝑟𝑐}.
An arc (𝑢, 𝑣) in a fuzzy graph G is said to be strong, if 𝜇 ∞ (𝑢, 𝑣) = 𝜇(𝑢, 𝑣) and then the nodes 𝑢 and 𝑣 are said
to be strong neighbours. The strong neighborhood of the node 𝑢 is defined as 𝑁𝑆 (𝑢) = {𝑣 ∈
𝑉: (𝑢, 𝑣) 𝑖𝑠 𝑎 𝑠𝑡𝑟𝑜𝑛𝑔 𝑎𝑟𝑐}.
The strong neighbourhood degree of a node 𝑢 is defined as, 𝑑𝑁𝑆 (𝑢) = ∑𝑣∈𝑁𝑆 (𝑢) 𝜎(𝑣) . The minimum strong
neighbourhood degree of a fuzzy graph 𝐺is defined as,𝛿𝑁𝑆 (𝐺) = 𝑚𝑖𝑛{𝑑𝑁𝑆 (𝑢)/𝑢 ∈ 𝑉}. The maximum strong
neighbourhood degree of a fuzzy graph 𝐺 is defined as, 𝛥𝑁 𝑆 (𝐺) = 𝑚𝑎𝑥{𝑑𝑁𝑆 (𝑢) / 𝑢 ∈ 𝑉}.
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A vertex in 𝐺 is called an isolated vertex if it is not adjacent to any vertices of 𝐺. An edge in 𝐺 is called an
isolated edge if it is not adjacent to any edge in 𝐺.
A path with 𝑛 vertices in a fuzzy graph is denoted by 𝑃𝑛 . If all the edges of the path are strong arcs then the path
is said to be a strong path.
A cycle with 𝑛 vertices in a fuzzy graph is denoted by 𝐶𝑛 .If all the edges of the cycle are strong arcs then the
cycle is said to be a strong cycle.
A fuzzy graph 𝐺 = 〈𝜎, 𝜇〉 is said to be a complete fuzzy graph, if 𝜇(𝑣𝑖 , 𝑣𝑗 ) = 𝜎(𝑣𝑖 ) ⋀ 𝜎(𝑣𝑗 ) for all 𝑣𝑖 , 𝑣𝑗 ∈ 𝜎 ∗ .
A fuzzy graph G is said to be a complete bipartite fuzzy graph, if the vertex set V(G) can be partitioned into two
non-empty sets, 𝑉1 and 𝑉2 , such that 𝜇(𝑣1 , 𝑣2 ) = 0, if 𝑣1 , 𝑣2 ∈ 𝑉1 or 𝑣1 , 𝑣2 ∈ 𝑉2 and 𝜇(𝑣1 , 𝑣2 ) = 𝜎(𝑣1 ) ∧ 𝜎(𝑣2 )
for all 𝑣1 ∈ 𝑉1 and 𝑣2 ∈ 𝑉2 .
In a fuzzy graph 𝐺. A subset 𝐷 of 𝑉 is said to be dominating set of 𝐺, if every node in 𝑉 − 𝐷 has atleast one
strong neighbour in 𝐷. The minimum cardinality taken over all dominating sets of fuzzy graph G is called the
domination number of 𝐺 and it is denoted by 𝛾𝑓 (𝐺).
In a fuzzy graph 𝐺. A subset 𝐷 of 𝑉 is said to be an accurate dominating set of 𝐺, if 𝑉 − 𝐷 has no dominating
set of same fuzzy cardinality |𝐷|. The minimum cardinality taken over all accurate dominating sets of fuzzy
graph G is called the accurate domination number of 𝐺 and it is denoted by 𝛾𝑓𝑎 (𝐺).
A dominating set 𝐷 ⊆ 𝑉 is said to be a secure dominating set of a fuzzy graph G, if for every node 𝑢 ∈ 𝑉 − 𝐷
there exists a strong neighbour 𝑣 ∈ 𝐷, i.e., 𝑣 ∈ {𝑁𝑠 (𝑢) ∩ 𝐷}; such that (𝐷 − {𝑣}) ∪ {𝑢} is also a dominating set
of fuzzy graph G. The minimum fuzzy cardinality taken over all secure dominating sets of fuzzy graph G is called
the secure domination number of G and it is denoted by 𝛾𝑓𝑠 (𝐺).
Example:
𝑎(0.5)
(0.5)

(0.4)
𝑒(0.4)

(0.4)

(0.4)

𝑏(0.7)

(0.5)
(0.4)

𝑑(0.8)

𝑐(0.6)

Figure 2.1: Fuzzy Graph G
{𝑎,
{𝑎,
Here 𝐷1 =
𝑐}, 𝐷2 =
𝑑}, 𝐷3 = {𝑏, 𝑑}, 𝐷4 = {𝑐, 𝑒}, 𝐷5 = {𝑏, 𝑒} 𝑎𝑛𝑑 𝐷6 = {𝑎, 𝑏, 𝑒} are some of
dominating sets of fuzzy graph G in Figure (2.1),
Where, 𝐷1 , 𝐷2 , 𝐷3 , 𝐷4 , 𝑎𝑛𝑑 𝐷6 are secure dominating sets of G and 𝐷5 is not a secure dominating set of G.
Then the minimum fuzzy cardinality among the above secure dominating sets is
|𝐷4 | = |{𝑐, 𝑒}| = |0.5 + 0.4| = 0.9.
Therefore, the secure domination number is 𝛾𝑓𝑠 (𝐺) = 0.9.

the

III. Accurate Secure Domination in Fuzzy Graphs
In this section, we define accurate secure dominating set and accurate secure domination number of a fuzzy
graph with suitable example. We also discuss some properties on accurate secure domination number of fuzzy
graphs using strong arcs.
Definition 3.1:
Let G be a fuzzy graph and 𝐷 ⊆ 𝑉 be a secure dominating set of G. If 𝑉 − 𝐷 has no secure dominating
set of same fuzzy cardinality |𝐷|, then, D is said to be an accurate secure dominating set of fuzzy graph G. The
ICOMAC 2019-030; © 2019, AIJRSTEM All Rights Reserved
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minimum fuzzy cardinality taken over all accurate secure dominating sets of fuzzy graph G is said to be the
Accurate Secure Domination number of G and it is denoted by 𝛾𝑓𝑎𝑠 (𝐺).
Example 3.2:
𝑎(0.5)

𝑏(0.5)

(0.5)

(0.4)

(0.5)
𝑒(0.7)

(0.4)

𝑓(0.8)

(0.5)

(0.3)
(0.6)

(0.7)

𝑑(0.8)

(0.5)

𝑐(0.6)

Figure 3.1: Fuzzy Graph G
Here, 𝐷1 = {𝑎, 𝑐} , 𝐷2 = {𝑏, 𝑑} , 𝐷3 = {𝑒, 𝑓} , 𝐷4 = {𝑎, 𝑏} , 𝐷5 = {𝑐, 𝑑} , 𝐷6 = {𝑎, 𝑓} , 𝐷7 = {𝑐, 𝑒} , 𝐷8 = {𝑏, 𝑒} ,
𝐷9 = {𝑑, 𝑓} are some of the secure dominating sets of fuzzy graph G in figure 3.1.
Where, 𝐷1 , 𝐷3 , 𝐷4 , 𝐷5 , 𝐷8 𝑎𝑛𝑑 𝐷9 are the accurate secure dominating sets of fuzzy graph G in figure 3.1.
The fuzzy cardinality of |𝐷1 |, |𝐷3 |, |𝐷4 |, |𝐷5 |, |𝐷8 | 𝑎𝑛𝑑 |𝐷9 | are 1.1, 1.5, 1.0, 1.4, 1.2 𝑎𝑛𝑑 1.6 respectively.
Then, the accurate secure domination number is
𝛾𝑓𝑎𝑠 (𝐺) = min{|𝐷1 |, |𝐷3 |, |𝐷4 |, |𝐷5 |, |𝐷8 |, |𝐷9 |}
𝛾𝑓𝑎𝑠 (𝐺) = min{1.1, 1.5, 1.0, 1.4, 1.2, 1.6}
𝛾𝑓𝑎𝑠 (𝐺) = 1.0
Therefore, the accurate secure domination number is 1.0 and the minimum accurate secure dominating set is 𝐷4 .
Results:
1. Every minimum accurate secure dominating set of a fuzzy graph G is also a secure dominating set of
fuzzy graph G.
2. Every minimum accurate secure dominating set of a fuzzy graph G itself forms an accurate dominating
set of fuzzy graph G.
Theorem 3.3:
For any fuzzy graph G, if there exists atleast one node 𝑢 ∈ 𝑉, where |𝑁𝑆 (𝑢)| = 0, then 𝑢 belongs to every
accurate secure dominating sets of G.
Proof:
Let G be a fuzzy graph and let D be an accurate secure dominating set of a fuzzy graph G.Assume that, there
exists a node 𝑢 ∈ 𝑉(𝐺), whose strong neighbourhood set, 𝑁𝑆 (𝑢), is empty; i.e., 𝑁𝑆 (𝑢) = {𝜙}. Then, the node 𝑢
cannot be dominated by any nodes in 𝑉 − {𝑢}. Therefore, 𝑢 must dominated by itself, i.e., 𝑢 ∈ 𝐷. Hence, 𝑢
belongs to every accurate secure dominating sets of G.
Theorem 3.4: For any fuzzy graph G with atleast one isolated nodes then, 𝛾𝑓𝑠 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺).
Proof:
Let G be a fuzzy graph with atleast one isolated node. Let 𝑢 ∈ 𝑉(𝐺) be an isolated node (or) 𝑁𝑆 (𝑢) = 𝜙.
For any fuzzy graph G, if there exists atleast one node 𝑢 ∈ 𝑉, i.e., |𝑁𝑆 (𝑢)| = 0, then 𝑢 belongs to every secure
dominating sets of G.
That is, 𝑢 ∈ 𝐷, let D be a minimum secure dominating set of fuzzy graph G, then |𝐷| = 𝛾𝑠 (𝐺).
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Since, 𝑢 ∈ 𝐷 and 𝑢 has no strong neighbours in 𝑉. Then 𝑉 − 𝐷 does not have any secure dominating set which
dominate 𝑢, then D itself forms an accurate secure dominating set of fuzzy graph G.
𝑖. 𝑒. , |𝐷| = 𝛾𝑓𝑎𝑠 (𝐺)
∴ 𝛾𝑓𝑠 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺)
Theorem 3.5:
For any fuzzy graph G, 𝛾𝑓𝑠 (𝐺) ≤ 𝛾𝑓𝑎𝑠 (𝐺).
Proof:
Let G be a fuzzy graph. Let D be a secure dominating set of G. Then, for every node 𝑢 ∈ 𝑉 − 𝐷 there exists a
strong neighbour 𝑣 ∈ 𝐷, such that (𝐷 − {𝑣}) ∪ {𝑢} must be a dominating set of G.
Case (i):
Let us prove that, 𝛾𝑓𝑠 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺).
By theorem 3.4, If 𝐺 be a fuzzy graph with atleast one isolated node 𝑢 ∈ 𝐷, 𝐷 ⊆ 𝑉, then 𝑉 − 𝐷 does not have
any secure dominating set which dominate 𝑢, then D itself forms an accurate secure dominating set of fuzzy
graph G.
Therefore,
𝛾𝑓𝑠 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺) ⟶ (3.1)
Case (ii): Now we provethat, 𝛾𝑓𝑠 (𝐺) < 𝛾𝑓𝑎𝑠 (𝐺)
Let D be an accurate secure dominating set of G, therefore, 𝑉 − 𝐷 has no secure dominating set of same fuzzy
cardinality |𝐷|.
We know that, every minimum accurate secure dominating set of G is also an secure dominating set of G.
𝛾𝑓𝑠 (𝐺) < 𝛾𝑓𝑎𝑠 (𝐺) ⟶ (3.2)
From equation (3.1) and (3.2), we get,
𝛾𝑓𝑠 (𝐺) ≤ 𝛾𝑓𝑎𝑠 (𝐺).
Theorem 3.6:
If G be a fuzzy graph without isolated nodes, then 𝛾𝑓𝑎 (𝐺) ≤ 𝛾𝑓𝑎𝑠 (𝐺)
Proof:
Let G be a fuzzy graph without isolated nodes.
Let 𝐷 ⊆ 𝑉 be the minimum accurate secure dominating set of fuzzy graph G.
Therefore, |𝐷| = 𝛾𝑓𝑎𝑠 (𝐺).
Hence 𝑉 − 𝐷 has no accurate secure dominating set of same fuzzy cardinality |𝐷|.
Then, for every node 𝑢 ∈ 𝑉 − 𝐷 , there exists a strong neighbour 𝑣 ∈ 𝐷, such that (𝐷 − {𝑣}) ∪ {𝑢} itself a
dominating set of G.
Then, D itself forms an accurate dominating set of fuzzy graph G. By known result, every minimum accurate
secure dominating set of a fuzzy graph G is also an accurate dominating set of G.
Thus, 𝛾𝑓𝑎 (𝐺) ≤ |𝐷|
Since, |𝐷| = 𝛾𝑓𝑎𝑠 (𝐺)
Therefore, 𝛾𝑓𝑎 (𝐺) ≤ 𝛾𝑓𝑎𝑠 (𝐺)
Theorem 3.7:
If G be a complete fuzzy graph, 𝐾𝑛 , then 𝛾𝑓𝑎 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺).
Proof:
Let G be a complete fuzzy graph, 𝐾𝑛 . Assume that, if there exists a node 𝑢 ∈ 𝑉(𝐺) , where 𝑢 =
min{𝑢1 , 𝑢2 , 𝑢3 … 𝑢𝑛 } , 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑢 ≠ 𝑢𝑖 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 = 1 𝑡𝑜 𝑛 − 1.Then, 𝐷 = {𝑢}itself an accurate dominating set
of G, and |𝐷| be the minimum fuzzy cardinality of fuzzy graph G.
Therefore, |𝐷| = 𝛾𝑓𝑎 (𝐺) ⟶ (3.3)
Since, G is a complete fuzzy graph, then every arc in G must be a strong arc.
That is, every node 𝑢 ∈ 𝑉 has 𝑛 − 1 strong neighbours in G. Hence for every 𝑣𝑖 ∈ 𝑉 − 𝐷, 𝑖 = 1 𝑡𝑜 𝑛 − 1, there
exists a strong neighbour 𝑢 ∈ 𝐷, such that (𝐷 − {𝑢}) ∪ {𝑣𝑖 } is a dominating set.
Therefore, |𝐷| = 𝛾𝑓𝑎𝑠 (𝐺) ⟶ (3.4)
From equation (3.3) and (3.4), we get, 𝛾𝑓𝑎 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺).
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Theorem 3.8:
For any fuzzy graph 𝐺, 𝛾𝑓𝑎𝑠 (𝐺) ≤ |𝑉| + 1 − 𝛿𝑁𝑆 (𝐺).
Proof:
Let G be a fuzzy graph and 𝐷 ⊆ 𝑉 be the minimum secure dominating set of G.
If 𝑉 − 𝐷 has no secure dominating set of same fuzzy cardinality |𝐷|, then 𝐷 itself forms an accurate dominating
set of G. Therefore, |𝐷| = 𝛾𝑓𝑎𝑠 (𝐺).
Assume that, there exists a node 𝑢 ∈ 𝑉 such that, 𝑣 has the minimum strong neighbourhood degree among all
𝑢𝑖 ∈ 𝑉, 𝑓𝑜𝑟 𝑖 = 1 𝑡𝑜 𝑛. Therefore, 𝛿𝑁𝑆 (𝐺) = |𝑑𝑁𝑆 (𝑢)|.
Since, 𝐷 is an accurate secure dominating set of G, then for every node 𝑢 ∈ 𝑉 − 𝐷 there exists a strong
neighbour 𝑣 ∈ 𝐷, such that (𝐷 − {𝑣}) ∪ {𝑢} is a dominating set of fuzzy graph G.
Thus,
(𝐷 − {𝑣}) ∪ {𝑢} ⊆ 𝑉
|𝐷| − 1 + 𝛿𝑁𝑆 (𝐺) ≤ |𝑉|
|𝐷| ≤ |𝑉| + 1 − 𝛿𝑁𝑆 (𝐺)
𝛾𝑓𝑎𝑠 (𝐺) ≤ |𝑉| + 1 − 𝛿𝑁𝑆 (𝐺).
Theorem 3.9:
For any fuzzy graph 𝐺, 𝛾𝑓𝑎𝑠 (𝐺) ≤ 𝛾𝑓𝑠 (𝐺) + 𝛿𝑁𝑆 (𝐺).
Proof:
Let 𝐷1 ⊆ 𝑉 be a secure dominating set of fuzzy graph G. Let 𝐷2 ⊆ 𝑉 be an accurate secure dominating set of
fuzzy graph G.
Let 𝑢 ∈ 𝑉 be the node whose strong neighbourhood degree is minimum among node in 𝑉, therefore, 𝛿𝑁𝑆 (𝐺) =
|𝑑𝑁𝑆 (𝑢)|
By theorem 3.4, for any fuzzy graph G with atleast one isolated nodes then, 𝛾𝑓𝑠 (𝐺) = 𝛾𝑓𝑎𝑠 (𝐺).
Therefore, |𝐷2 | ≤ |𝐷1 | + |𝑑𝑁𝑆 (𝑢)|
Hence, 𝛾𝑓𝑎𝑠 (𝐺) ≤ 𝛾𝑓𝑠 (𝐺) + 𝛿𝑁𝑆 (𝐺).
IV. Conclusion
In this paper, the accurate secure dominating set and accurate secure domination number of fuzzy graphs are
defined. Some results on accurate secure dominating sets and accurate secure domination number are discussed.
Also, relation between accurate secure domination number, accurate domination number and secure domination
number of fuzzy graphs are discussed.
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Abstract: In this paper we are study about the notion of anti fuzzy prime ideal of B-Algebras and we give
some properties of anti fuzzy prime ideal under homomorphism of B-Algebras. We proved that there does
not exist the cartesian product of anti fuzzy prime ideals of B-Algebras.
Keywords: B-algebras, Fuzzy prime ideal, Anti fuzzy prime ideal, Anti fuzzy B-algebras, Homomorphism,
Anti homomorphism, Cartesian product.
I. Introduction
The concepts of fuzzy sets were introduced by Zadeh in 1965 as a generalization of the notion of
classical sets and various properties of fuzzy sets were established (see [10]). Then these concepts have been
studied on different algebraic structures as modules, ideals, groups and algebras. In 1966, Imai and Iseki showed
that abstract algebras fall into two classes: BCK-algebras and BCI-algebras. (We refer to [4] and [3] for more
information about BCK-algebras and BCI-algebras). In 2002, J. Neggers and H.S. Kim introduced and
investigated a class of algebras which is related to several classes of algebras of interest such as BCH/BCI/BCKalgebras and obtained several results [6]. In [7], the authors applied the concept of fuzzy sets to closed ideals in
B-algebras and investigated some of their properties. In [9], B-ideals and fuzzy B-ideals are introduced and
homomorphism and Cartesian product has been studied with fuzzy ideal concept then later the same authors
studied anti fuzzy B-ideals of B-algebra (see [5]). In [1], anti fuzzy ideal of B-algebra were introduced and
proved some properties over homomorphism and Cartesian product of B-algebra.
In this paper, we study about anti fuzzy prime ideal of B-algebra which is defined in section 3. We start
with some important properties and definition of B-algebra, fuzzy sets, ideal and anti fuzzy in section 1 and
defined some properties which are used in proof of theorem in section 3&4. In section 4, we have study about
the anti fuzzy prime ideal of B- algebra under endomorphism and homomorphism, where we show that an onto
homomorphic image of an anti fuzzy prime ideal is an anti fuzzy prime ideal and that the homomorphic inverse
image of an anti fuzzy prime ideal is also an anti fuzzy prime ideal. Finally, we introduce the Cartesian product
of two anti fuzzy prime ideals of B-algebras.
II. PRELIMINARIES
Definition 2.1[6]
A B-algebra is a non empty set X with the constant 0 and a binary operation “*” satisfying axioms,
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1.

x∗x =0,

3. (x∗y)∗z = x∗(z*(0*y)) for all x, y, z ∊X

2. x∗0=x,

for brevity we also call X a B-algebra. In a X, we can define a binary relation “≤” by x ≤ y if and only if x∗y=0.
Definition 2.2[6]
Let (X,∗, 0) be a B-algebra. Let I be a nonempty subset of X. Then I is called an ideal of X if it satisfies the
following: 1. 0 ∊ I

2. If x∗y ∊ I and y ∊ I then x ∊ I.

Definition 2.3[6]
A proper ideal I of B-algebra X called prime ideal of X if A∩B ⊆ I implies A⊆I or B⊆I for all ideals A and B
of X.
Definition 2.4[10]
Let X be a non empty set. A fuzzy subset⍺of the set X is a mapping ⍺: X ⟶ [0, 1].
Definition 2.5[5]
Let f: X⟶Y be a mapping and let ⍺ be a fuzzy subset of X. Then the fuzzy subset β of Y defined by,
Sup

⍺(x),

if f-1 (y) ≠ 0

β (y) = x∊f -1 (y)
0

,

if otherwise

is called the image of ⍺ under f is denoted by f (⍺). Similarly, if β is a fuzzy subset of Y then the fuzzy subset
defined by, β(f(x))=f(x), for all x ∊ X, is said to be the inverse image of β under f and denoted by f-1 (β).
Definition 2.6[10]
The complement of a fuzzy set ⍺ is denoted by ⍺c and is defined by ⍺c = 1-⍺.
Definition 2.7[7]
A fuzzy subset ⍺ in X is called a fuzzy B-algebra if, ⍺(x*y) ≥ min {⍺(x), ⍺(y)}, for all x, y ∊ X.
Definition 2.8[5]
A fuzzy subset ⍺ of a B-algebra is called an anti fuzzy sub algebras of X if ⍺(x∗y) ≤ max {⍺(x), ⍺(y)}, for all
x, y ∊ X.
Result 2.1[5]
If ⍺ is an anti fuzzy sub algebra of a B-algebra X, then ⍺(0) ≤ ⍺(x), for any x∊ X.
Definition 2.9[7]
Let ⍺ be a fuzzy subset in a B - algebra X. Then ⍺ is called fuzzy ideal of X if,
1. ⍺ (0) ≥ ⍺ (x), 2. ⍺ (x) ≥ min {⍺ (x*y), ⍺ (y)}, for all x, y ∊ X.
Example 2.1[7]
Let X = {0, 1, 2, 3} be a set with the Caylay Table 1. Then (X,∗, 0) is a

B-algebra. Define a fuzzy subset ⍺ in

X by: ⍺ (0) = ⍺ (2) = 1 and ⍺ (1) = ⍺ (3) = m, where m ∊ [0, 1). Then ⍺ is a fuzzy ideal of X.
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Definition 2.10[1]
Let (X,∗, 0) be a B-algebra. A fuzzy subset ⍺ in X is called an anti fuzzy ideal of X if it satisfies the following
conditions,
1. ⍺ (0) ≤ ⍺ (x), 2. ⍺ (x) ≤ max {⍺ (x*y), ⍺ (y)}, for all x, y ∊ X.

III. ANTI FUZZY PRIME IDEAL OF B-ALGEBRA
Definition 3.1:
A fuzzy ideal ⍺ of commutative algebra X is called fuzzy prime ideal of X if⍺(x∗y) ≤ max {⍺(x), ⍺(y)}, for all
x, y ∊ X.
Definition 3.2:
A fuzzy ideal ⍺ of commutative algebra X is called anti fuzzy prime ideal of X if ⍺(x*y) ≥ min {⍺(x), ⍺(y)},
for all x, y ∊ X.
Theorem 3.1: Let ⍺ be an anti fuzzy prime ideal of a B-algebra X. If x ≤ y then ⍺(x) ≤ ⍺(y), for all x, y ∊ X.
Proof: let ⍺ be an anti fuzzy prime ideal of a B-algebra X and let x ≤ y then x∗y=0.
We know that ⍺ (0) ≤ ⍺(x),
we have ⍺(y) ≥ ⍺ (0)
=⍺(x∗y)
≥ min {⍺(x), ⍺(y)}, for all x, y ∊ X
Therefore, ⍺(y) ≥ ⍺(x).
Theorem 3.2: Let ⍺ be an anti fuzzy prime ideal of a B-algebra X. If z∗y ≤ x then
⍺(x) ≥ min {⍺ (z), ⍺(y)}.
Proof: Let ⍺ be an anti fuzzy prime ideal of a B-algebra X.
Let z∗y ≤ x. Then from Theorem 3.3, ⍺ (z∗y) ≤ ⍺(x),
⍺(x)≥ ⍺ (z∗ 𝑦)
⍺(x) ≥ min {⍺ (z), ⍺(y)}, Hence proved.
Theorem 3.3: Let ⍺ be an anti fuzzy prime ideal of a B-algebra X. Then ⍺ is an anti fuzzy prime ideal of X if
and only if 𝛼 𝑐 is a fuzzy prime ideal of X.
Proof: Let ⍺ be an anti fuzzy prime ideal of a B-algebra X. and let x, y ∊ X
Then, ⍺(x*y) ≥ min {⍺(x), ⍺(y)}
⇒1- ⍺(x*y) ≤ 1- min {⍺(x), ⍺(y)}
⇒⍺c (x*y) ≤ max {1-⍺(x), 1-⍺(y)}
⇒⍺c (x*y) ≤ max {⍺c (x), ⍺c (y)}.
Hence ⍺c is a fuzzy prime ideal of X. A similar argument to that above shows that ⍺ is an anti fuzzy prime ideal
of X if ⍺c is a fuzzy prime ideal of X.

IV. HOMOMORPHISMS OF ANTI FUZZY PRIME IDEALS OF B-ALGEBRAS
In this section we have going to deal some of the theorems of homomorphism over anti fuzzy prime ideal of Balgebra
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Definition 4.1:
Let (X,∗, 0) and (Y, Δ, 0΄) be B-algebra. A mapping f: X→Y is called a homomorphism and some of its
properties. If f(x∗y) = f(x) Δ f(y), for all x, y ∊ X.
Definition 4.2:
Let (X, ∗, 0) and (Y, Δ, 0΄) be B-algebra. A mapping f: X→Y is called an anti homomorphism, if f(x∗y) = f(y)
Δ f(x), for all x, y ∊ X.
Definition 4.3:
Let f: X→X be an endomorphism and ⍺ be a fuzzy set in X. we define a new fuzzy set in X by ⍺f (x) = ⍺ (f(x))
for all x in X.
Definition 4.4:
For any homomorphism f: X→Y the set {x ∊ X/f(x) = 0΄) is called the Kernel of f, denoted by Ker (f) and the
set {f(x)/x ∊ X} is called the image of f denoted by Im (f).
Theorem 4.1: Let (X, ∗, 0) and (Y, Δ, 0΄) be B-algebra. A mapping f: X→Y is called an anti homomorphism of
B-algebra. Then Ker(f) is a prime ideal.
Proof: Let A∗B ∊ Ker (f), A ∊ Ker (f). Then f (A∗B) = 0΄, f (A) = 0΄.
0΄=f (A∗B)
=f (B) Δ f (A)
=f (B) Δ0΄=f (B)
⇒f (B) = 0΄
⇒B ∊ Ker (f).
Therefore Ker(f) is prime ideal.
Theorem 4.2: Let f be an endomorphism of a B-algebra X. If ⍺ is an anti fuzzy prime ideal of X. then so is ⍺f.
Proof: given ⍺ is an anti fuzzy prime ideal of X. gives us ⍺(x∗y) ≥ min {⍺(x), ⍺(y)}.
To prove: ⍺f(x∗y) ≥ min {⍺f (x), ⍺f (y)}
By the definition of endomorphism of a B-algebra, ⍺f(x) = ⍺ (f(x))
⍺f(x∗y) = ⍺ (f(x∗y))
= ⍺ (f(x) ∗f(y))
≥ min {⍺ (f(x)), ⍺ (f(y))}
= min {⍺f(x), ⍺f(y).
Hence ⍺f is an anti fuzzy prime ideal of X.
Theorem 4.3: If f: (X,∗, 0)→(Y,Δ,0΄) is an onto homomorphism of B-algebra then the image of an anti fuzzy
prime ideal of X is an anti fuzzy prime ideal of Y.
Proof: Let ⍺ be an anti fuzzy prime ideal of X and β be the image of ⍺ under f.
(i.e.) β (f(x)) = f(x), for all x ∊ X.
As f is an onto then for each y ∊Y there exist x ∊ X such that f(x) = y. Then Let us take x΄, y΄ ∊ Y, x, y ∊ X
β (x΄∗y΄) = β (f(x∗y)
= ⍺(x∗y), for all x ∊ X
≥ min {⍺(x), ⍺(y)}
β (x΄∗y΄) = min{β(f(x)), β(f(y))}

ICOMAC 2019-033; © 2019, AIJRSTEM All Rights Reserved

Page 85

Gani et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 82-87.

Therefore, β (x΄∗y΄) = min {β (x΄), β (y΄)}. Thus the image of an anti fuzzy prime ideal of X is an anti fuzzy
prime ideal of Y.
Theorem 4.4: If f: (X,∗,0)→(Y,Δ,0΄) is a homomorphism of B-algebra then the inverse image of an anti fuzzy
prime ideal of Y is an anti fuzzy prime ideal of X.
Proof:
Let β be an anti fuzzy prime ideal of Y and ⍺ be the inverse of β under f. Then β (f(x)) = f(x), for all x ∊ X.
To prove: ⍺ is an anti fuzzy prime ideal,
Let x, y ∈ X. Thus ⍺(x∗y) = β (f(x∗y)
≥ min {β (f(x)), β (f(y))}
⍺(x∗y) = min {⍺(x), ⍺(y)}
Hence proved.

IV. CARTESIAN PRODUCT OF ANTI FUZZY PRIME IDEALS OF B-ALGEBRAS
In this section, we proved the theorem which shows that their no anti fuzzy prime ideal over Cartesian product
of B-algebras
Definition 5.1:
Let ⍺, β be anti fuzzy subsets of a B-algebra X. The Cartesian product⍺×β: X×X → [0, 1] is defined by:
(⍺×β) (x, y) = max {⍺(x), β(y)}, for all x, y ∊ X.
Theorem 5.1: If ⍺, β are anti fuzzy prime ideals of a B-algebra X, then ⍺xβ is not an anti fuzzy prime ideal in
X×X
Proof: By given ⍺(x1∗y1) ≥ min {⍺(x1), ⍺(y1)}, β(x2∗y2) ≥ min {β(x2), β(y2)}
We know that (⍺×β) (x, y) = max {⍺(x), β(y)}
(⍺×β)((x1, x2) ∗(y1, y2)) = (⍺×β) ((x1∗y1), (x2∗y2))
= max {⍺(x1∗y1), β(x2∗y2)}
≥ max {min {⍺(x1), ⍺(y1)},min{β(x2),β(y2)}}
= max {min {⍺(x1), ⍺ (y1), β(x2), β (y2)}}
≤ min {max {⍺(x1), β(x2)}, max {⍺ (y1), β(y2)}}
(⍺×β)((x1, x2) ∗(y1, y2)) = min {(⍺×β) (x1, x2), (⍺×β) (y1, y2)}
Hence the Cartesian product of ⍺×β is not an anti fuzzy prime ideal in X×X.

V. CONCLUSION
In this paper, we discussed about anti fuzzy B-algebra over prime ideal and proved some theorems over the
homomorphism and anti homomorphism on anti fuzzy prime ideal of B-algebra. We also show that Cartesian
product has no proof over anti fuzzy prime ideal of B-algebra.
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Abstract: In this paper, we consider the Hausdorff graphs that are connected and simple. Here we discuss
Square Sum, Square Difference, Strongly Multiplicative, Even Mean and Odd Mean labeling for some
Hausdorff graphs.
Keywords: Hausdorff graph, Square Sum labeling, Square Difference labeling, Strongly Multiplicative
labeling, Even Mean labeling and Odd Mean labeling.

I. Introduction
A graph 𝐺 is said to be Hausdorff if for any two distinct vertices 𝑢 and 𝑣 of 𝐺, one of the following
conditions hold:
1. Both 𝑢 and 𝑣 are isolated
2. Either 𝑢 or 𝑣 is isolated
3. There exist two non-adjacent edges 𝑒1 and 𝑒2 of 𝐺 such that 𝑒1 is incident with 𝑢 and 𝑒2 is
incident with v.
All the graphs considered here are connected i.e., graphs holding the third condition of Hausdorff graphs are
considered.
A graph labeling is an assignment of integers to the vertices or edges or both subject to certain conditions. The
concept of graph labeling was introduced by A. Rosa in 1967. Let 𝐺(𝑉, 𝐸) be a (𝑝, 𝑞) graph. The Square Sum
and Square Difference labeling were introduced by Ajitha, Arumugam and Germina [2]. The concept of Strongly
Multiplicative graphs was introduced by Beineke and Hegde [3]. The concept of Mean labeling was introduced
by Somasundaram and Ponraj [4]. In this paper we discuss square sum, square difference, strongly multiplicative,
odd and even mean labeling for Hausdorff cycles, complete Hausdorff graphs and complete bipartite Hausdorff
graphs.
II. Preliminaries
Definition 2.1[2]
A (𝑝, 𝑞)graph G is said to have square sum labeling, if there exists abijection 𝑓: 𝑉(𝐺) → {0,1,2, . . . , 𝑝 − 1}
2

such that the induced function 𝑓 ∗ : 𝐸(𝐺) → 𝑁 is given by 𝑓 ∗ (𝑢𝑣) = (𝑓(𝑢))2 + (𝑓(𝑣)) , for every 𝑢𝑣 ∈
𝐸(𝐺)is injective.
Definition 2.2[3]
A (𝑝, 𝑞)graph G is said to have square difference labeling, if there exists abijection 𝑓: 𝑉(𝐺) → {0,1,2, . . . , 𝑝 − 1}
2

such that the induced function 𝑓 ∗ : 𝐸(𝐺) → 𝑁 is given by 𝑓 ∗ (𝑢𝑣) = |(𝑓(𝑢))2 − (𝑓(𝑣)) |, for every 𝑢𝑣 ∈ 𝐸(𝐺)
is injective.

Definition 2.3[4]
A (𝑝, 𝑞)graph 𝐺 is said to have strongly multiplicative labeling, if there exists abijection
𝑓: 𝑉(𝐺) → {0, 1, 2, . . . , 𝑝} such that the induced function 𝑓 ∗ : 𝐸(𝐺) → 𝑁 is given by𝑓 ∗ (𝑢𝑣) = 𝑓(𝑢)𝑓(𝑣), for
every 𝑢𝑣 ∈ 𝐸(𝐺) is injective.
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Definition 2.4[6]
A (𝑝, 𝑞) graph is said to have Even Mean labeling, if there exist a one-one map𝑓: 𝑉(𝐺) → {2,4,6,8, … ,2𝑞}
𝑓(𝑢)+𝑓(𝑣)
such that the induced map 𝑓 ∗ ∶ 𝐸(𝐺) → 𝑁 is given by𝑓 ∗ (𝑢𝑣) =
are distinct.
2

Definition 2.5[6]
A (𝑝, 𝑞) graph is said to have Odd Mean labeling, if there exist a one-one map𝑓: 𝑉(𝐺) → {1,3,5, … , (2𝑞 − 1)}
𝑓(𝑢)+𝑓(𝑣)
such that the induced map 𝑓 ∗ ∶ 𝐸(𝐺) → 𝑁 is given by 𝑓 ∗ (𝑢𝑣) =
are distinct.
2

Definition 2.6
A Hausdorff graph that is a cycle is known as Hausdorff Cycle.The cycle 𝐶𝑛 is Hausdorff if and only if𝑛 >
3.
Definition 2.7
A Hausdorff graph that is complete Bipartite is known as Complete Bipartite Hausdorff graphs.The
complete bipartite graph 𝐾𝑚,𝑛 is Hausdorff if and only if 𝑚, 𝑛 ≥ 2.
Definition 2.8
A Hausdorff graph that is complete is known as Complete Hausdorff graphs. The complete graph 𝐾𝑛 is
Hausdorff if and only if either 𝑛 = 1or 𝑛 ≥ 4.
III. On some labeling of Hausdorff graphs
Theorem 3.1
Hausdorff Cycles, Complete Hausdorff graphs and complete Bipartite Hausdorff graphs have square sum
labeling.
Proof:
Case 1: Hausdorff cycles
Let 𝐶𝑛 : 𝑣1 , 𝑣2 , . . . . . 𝑣𝑛 , 𝑣1 be a Hausdorff cycle with 𝑛 > 3
Define 𝑓: 𝑣(𝐶𝑛 ) → {0,1, … 𝑛 − 1} as follows:
𝑓(𝑣1 ) = 0
when 𝑛 is odd,
𝑛
𝑖𝑓 2 ≤ 𝑖 ≤ ⌈ ⌉
2
𝑓(𝑣𝑖 ) = {
𝑛
2(𝑛 + 1 − 𝑖), 𝑖𝑓 ⌈ ⌉ ≤ 𝑖 ≤ 𝑛
2
2𝑖 − 3,

when 𝑛 is even,
𝑛
𝑖𝑓 2 ≤ 𝑖 ≤ + 1
2
𝑓(𝑣𝑖 ) = {
𝑛
2(𝑛 + 1 − 𝑖), 𝑖𝑓 + 1 ≤ 𝑖 ≤ 𝑛
2
2𝑖 − 3,

2

Define the induced function on edges as 𝑓 ∗ : 𝐸 → 𝑁 as𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = 𝑓(𝑣𝑖 )2 + 𝑓(𝑣𝑗 )
When 𝑓(𝑣𝑖 ) = 2𝑖 − 3
𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = 𝑓(𝑣𝑖 )2 + 𝑓(𝑣𝑗 )

2

= (2𝑖 − 3)2 + (2𝑗 − 3)2
𝑓 ∗ (𝑣𝑖 +1 𝑣𝑗+1 ) = 𝑓(𝑣𝑖+1 )2 + 𝑓(𝑣𝑗+1 )

2

= (2(𝑖 + 1) − 3)2 + (2(𝑗 + 1) − 3)2
= (2𝑖 − 1)2 + (2𝑗 − 1)2
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Clearly, 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) ≠ 𝑓 ∗ (𝑣𝑖 +1 𝑣𝑗+1 ) when 𝑖 ≠ 𝑗.
Hence 𝑓 ∗ is injective.
Similarly, for 𝑓(𝑣𝑖 ) = 2(𝑛 + 1 − 𝑖),𝑓 ∗ is injective.
Case 2: Complete Bipartite Hausdorff graphs
The complete bipartite graph𝐾𝑚,𝑛 is Hausdorffif 𝑚, 𝑛 ≥ 2.
A complete bipartite graph has square sum labeling if 𝑚 ≤ 4 for any integer 𝑛 ≥ 1.
Hence the complete bipartite Hausdorff graph 𝐾𝑚,𝑛 has square sum labeling for 2 ≤ 𝑚 ≤ 4 for any integer 𝑛 ≥
2.
Let 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑛 } and 𝑌 = {𝑦1 , 𝑦2 , … 𝑦𝑛 } be the partition of 𝐾𝑚,𝑛

.

Now define the labeling as follows:
(1) If 𝑚 = 2 then 𝑓(𝑥𝑖 ) = 𝑖 − 1 and 𝑓(𝑦𝑖 ) = 𝑖 + 1,1 ≤ 𝑖 ≤ 𝑛
(2) If 𝑚 = 3 then 𝑓(𝑥𝑖 ) = 𝑖 − 1 and 𝑓(𝑦𝑖 ) = 𝑖 + 2,1 ≤ 𝑖 ≤ 𝑛

2𝑖, 1 ≤ 𝑖 ≤ 3
(3) If 𝑚 = 4 then 𝑓(𝑥1 ) = 0,𝑓(𝑥2 ) = 3,𝑓(𝑥3 ) = 3,𝑓(𝑥4 ) = 5 and 𝑓(𝑦𝑖 ) = { 2𝑖 − 1, 𝑖 = 3
𝑖 + 3, 𝑖 > 4
2

Clearly the corresponding edge function, 𝑓 ∗ defined as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = 𝑓(𝑣𝑖 )2 + 𝑓(𝑣𝑗 ) is injective.
Case 3: Complete Hausdorff graph
A complete graph 𝐾𝑛 has square sumif 𝑛 ≤ 5.
A complete graph is Hausdorff if either 𝑛 = 1 or 𝑛 > 4
Hence a Complete Hausdorff graph 𝐾𝑛 has square sum labeling for 𝑛 = 5 i.e., 𝐾5 is the only Complete
Hausdorff graph having square sum labeling and figure 3.11 shows its labeling:

Theorem 3.2
Hausdorff Cycles, Complete Hausdorff graphs and complete Bipartite Hausdorff graphs have Square difference
labeling
Proof:
Case 1: Hausdorff cycles
Let 𝐶𝑛 : 𝑣1 , 𝑣2 , . . . … , 𝑣𝑛 , 𝑣1 be a Hausdorff cycle with 𝑛 > 3
Define 𝑓: 𝑣(𝐶𝑛 ) → {0,1, … , 𝑛 − 1} as 𝑓(𝑣𝑖 ) = 𝑖 − 1.
2

Define the induced function on edges as 𝑓 ∗ : 𝐸 → 𝑁 as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = |𝑓(𝑣𝑖 )2 − 𝑓(𝑣𝑗 ) |
2

𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = |𝑓(𝑣𝑖 )2 − 𝑓(𝑣𝑗 ) |
= |(𝑖 − 1)2 − (𝑗 − 1)2 |
2

𝑓 ∗ (𝑣𝑖+1 𝑣𝑗+1 ) = |𝑓(𝑣𝑖+1 )2 − 𝑓(𝑣𝑗+1 ) |
= |(𝑖 + 1 − 1)2 − ( 𝑗 + 1 − 1)2 |
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= |𝑖 2 − 𝑗 2 |
Clearly, 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) ≠ 𝑓 ∗ (𝑣𝑖+1 𝑣𝑗+1 ) when 𝑖 ≠ 𝑗
Hence 𝑓 ∗ is injective.
Case 2: Complete bipartite Hausdorff graphs
The complete bipartite graph𝐾𝑚,𝑛 is Hausdorffif 𝑚, 𝑛 ≥ 2.
A complete bipartite graph has square difference labeling if 𝑚 ≤ 4 for any integer 𝑛 ≥ 1.
Hence the complete bipartite Hausdorff graph 𝐾𝑚,𝑛 has square difference labeling for 2 ≤ 𝑚 ≤ 4 for any integer
𝑛 ≥ 2.
Let 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑛 } and 𝑌 = {𝑦1 , 𝑦2 , … 𝑦𝑛 } be the partition of 𝐾𝑚,𝑛

.

Now define the labeling as follows:
(1) If 𝑚 = 2 then 𝑓(𝑥𝑖 ) = 𝑖 − 1 and 𝑓(𝑦𝑖 ) = 𝑖 + 1,1 ≤ 𝑖 ≤ 𝑛
(2) If 𝑚 = 3 then 𝑓(𝑥𝑖 ) = 𝑖 − 1 and 𝑓(𝑦𝑖 ) = 𝑖 + 2,1 ≤ 𝑖 ≤ 𝑛

2𝑖, 1 ≤ 𝑖 ≤ 3
(3) If 𝑚 = 4 then 𝑓(𝑥1 ) = 0, 𝑓(𝑥2 ) = 3, 𝑓(𝑥3 ) = 3, 𝑓(𝑥4 ) = 5 and 𝑓(𝑦𝑖 ) = { 2𝑖 − 1, 𝑖 = 3
𝑖 + 3, 𝑖 > 4
Clearly the corresponding edge function is injective.
Case 3: Complete Hausdorff graphs
A complete graph 𝐾𝑛 has square differenceif 𝑛 ≤ 5.
A complete graph is Hausdorff if either 𝑛 = 1 or 𝑛 > 4
Hence a Complete Hausdorff graph 𝐾𝑛 has square difference labeling for 𝑛 = 5 i.e., 𝐾5 is the only Hausdorff
graph having square difference labeling and the labeling is as follows

Theorem 3.3
Hausdorff Cycles, Complete Hausdorff graphs and complete Bipartite Hausdorff graphs have Strongly
Multiplicative labeling
Proof
Case 1: Hausdorff cycles
Let 𝐶𝑛 : 𝑣1 , 𝑣2 , . . . … , 𝑣𝑛 , 𝑣1 be a Hausdorff cycle with 𝑛 > 3
Define 𝑓: 𝑣(𝐶𝑛 ) → {0,1, … , 𝑛 − 1} as 𝑓(𝑣𝑖 ) = 𝑖 − 1.
2

Define the induced function on edges as 𝑓 ∗ : 𝐸 → 𝑁 as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = |𝑓(𝑣𝑖 )2 − 𝑓(𝑣𝑗 ) |
Let 𝐶𝑛 ∶ 𝑣1 , 𝑣2 , . . . , 𝑣𝑛 , 𝑣1 be a Hausdorff cycle with 𝑛 > 3
Define 𝑓: 𝑣(𝐺) → {1,2, … 𝑛} as 𝑓(𝑣𝑖) = 𝑖.
Define an induced function on edges as 𝑓 ∗ : 𝐸 → N as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = 𝑓(𝑣𝑖 )𝑓(𝑣𝑗 ).
Then, 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) = 𝑓(𝑣𝑖 ). 𝑓(𝑣𝑗 )
= 𝑖. 𝑗
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𝑓 ∗ (𝑣𝑖 + 𝑣𝑗+1 ) = 𝑓(𝑣𝑖+1 ). 𝑓(𝑣𝑗+1 )
= (𝑖 + 1). (𝑗 + 1)
∗

∗

Clearly, 𝑓 (𝑣𝑖 𝑣𝑗 ) ≠ 𝑓 (𝑣𝑖+1 𝑣(𝑗+1) )when 𝑖 ≠ 𝑗.
Hence Hausdorff cycles have Strongly Multiplicative labeling.
Case 2: Complete bipartite Hausdorff graphs
The complete bipartite graph 𝐾𝑟,𝑟 is strongly multiplicative for 𝑟 ≤ 4.
The complete bipartite graph𝐾𝑚,𝑛 is Hausdorffif 𝑚, 𝑛 ≥ 2.
Hence Complete Bipartite Hausdorff graph 𝐾𝑟,𝑟 is strongly multiplicative for 2 ≤ 𝑟 ≤ 4
i.e., 𝐾2,2, 𝐾3,3 , 𝐾4,4 have strongly multiplicative labeling.
The below figure shows a strongly multiplicative labeling of 𝐾4,4 , and it contains K3,3 as subgraph with same
labeling . It therefore follows that 𝐾𝑟,𝑟 is strongly multiplicative for 2 ≤ 𝑟 ≤ 4.

Case 3: Complete Hausdorff graphs
The complete graph 𝐾𝑛 is strongly multiplicative if 𝑛 ≤ 5.
The complete graph 𝐾𝑛 is Hausdorff if either 𝑛 = 1or 𝑛 ≥ 4.
Hence complete Hausdorff graph 𝐾𝑛 is strongly multiplicative for 4 ≤ 𝑛 ≤ 5, i.e.,𝐾4 and 𝐾5 are the only complete
Hausdorff graphs that are strongly multiplicative.
Figure 3.32 and Figure 3.33 shows the strongly multiplicative labeling for 𝐾4 and 𝐾5 respectively.

Theorem 3.4
Hausdorff cycles have even mean labeling.
Proof:
Let 𝐶𝑛 ∶ 𝑣1 𝑣2 … 𝑣𝑛 𝑣1 be a Hausdorff cycle with odd length (Since, every cycle of odd length have even mean
labeling).
Define 𝑓: 𝑣(𝐶𝑛 ) → {2,4, … ,2𝑞} as 𝑓(𝑣𝑖) = 2𝑖, 𝑖 = 1,2, … , 𝑛.
Define an induced function on edges as 𝑓 ∗ : 𝐸 → 𝑁 as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) =
Then, 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) =

𝑓 (𝑣𝑖 )+𝑓 (𝑣𝑗 )
2

𝑓 (𝑣𝑖 )+𝑓 (𝑣𝑗 )
2

=

2𝑖 + 2𝑗
2
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= 𝑖+𝑗
Now, 𝑓 ∗ (𝑣𝑖 + 𝑣𝑗+𝑖 ) =

𝑓 (𝑣𝑖+1 )+𝑓 (𝑣𝑗+1 )
2

=

2(𝑖 + 1) + 2(𝑗 + 1)
2

= 𝑖+𝑗+2
∗

∗

Clearly,𝑓 (𝑣𝑖 𝑣𝑗 ) ≠ 𝑓 (𝑣𝑖+1 𝑣𝑗+𝑖 ) when 𝑖 ≠ 𝑗.
Theorem 3.5
Hausdorff cycles have Odd mean labeling.
Proof:
Let 𝐶𝑛 ∶ 𝑣1 𝑣2 … 𝑣𝑛 𝑣1 be a Hausdorff cycle with odd length (Since, every cycle of odd length have odd mean
labeling).
Define 𝑓: 𝑣(𝐶𝑛 ) → {1,3,5, … ,2𝑞 − 1} as 𝑓(𝑣𝑖) = 2𝑖 − 1, 𝑖 = 1,2, … , 𝑛.
Define an induced function on edges as 𝑓 ∗ : 𝐸 → 𝑁 as 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) =
Then, 𝑓 ∗ (𝑣𝑖 𝑣𝑗 ) =

𝑓 (𝑣𝑖)+𝑓 (𝑣𝑗)
2

𝑓 (𝑣𝑖 )+𝑓 (𝑣𝑗 )
2

=

(2𝑖 − 1) + (2𝑗 − 1)
2

= 𝑖+𝑗−1
Now, 𝑓 ∗ (𝑣𝑖+1 𝑣𝑗+𝑖 ) =
=

𝑓 (𝑣𝑖+1 )+𝑓 (𝑣𝑗+1 )
2

(2(𝑖 + 1) − 1) + (2(𝑗 + 1) − 1)
2

= 𝑖+𝑗+1
∗

∗

Clearly, 𝑓 (𝑣𝑖 𝑣𝑗 ) ≠ 𝑓 (𝑣𝑖+1 𝑣𝑗+1 ) when 𝑖 ≠ 𝑗.
IV. Conclusion
In this paper we have examined the existence of Square sum, Square difference, Strongly Multiplicative and
Even Mean, Odd Mean labelings for Hausdorff cycles, Complete Hausdorff graphs, Complete Bipartite
Hausdorff Graphs. Further investigation can be done to obtain the above labeling for some class of graphs.
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1

Abstract: Pythagorean Fuzzy Sets (PFSs) is an extension of intuitionistic fuzzy sets (IFSs). Pythagorean
fuzzy models give more precision, flexibility and compatibility to the system compared to the intuitionistic
fuzzy models. In this paper, we compute the energy of Pythagorean Fuzzy Digraphs (PFDGs) using fuzzy
membership and Pythagorean non- membership values. To demonstrate the applications of our proposed
algorithm in decision making, we present numerical example on real-life situation.
Keywords: Pythagorean Fuzzy Graphs (PFGs), Pythagorean Fuzzy Digraphs (PFDGs), Energy,
Pythagorean Fuzzy Preference Relation (PFPR).
I. Introduction
A Pythagorean fuzzy set (PFS) is more flexible and practical as compared to an intuitionistic fuzzy model and it
is a powerful tool for depicting fuzziness and uncertainty concepts more precisely. As compared to other fuzzy
models, the Pythagorean fuzzy set models provide more flexibility in handling the judgment information. Graph
theory is a branch of applied mathematics that has numerous applications in different disciplines including
computer science, social sciences, chemistry, physics, economics, system analysis, neural networks,
transportation, architecture, electrical engineering, control theory and communication. However, in many
realistic situations, some aspect of a graph-theoretic problem cannot be represented by Euler’s graph. In order
to handle these situations, Rosenfeld [12] generalized the Euler’s graph theory to prove the basic results on
fuzzy graphs and developed the structure for fuzzy graph.
Akram and Davvaz [1] introduced the notion of strong intuitionistic fuzzy graphs and investigated its
properties. Also, they discussed few propositions of self-complementary, self-weak complementary strong
intuitionistic fuzzy graphs and introduced the concept of intuitionistic fuzzy line graphs. Yager([14], [15])
introduced the concept of Pythagorean fuzzy set (PFS) as a generalization of the intuitionistic fuzzy set (IFS)
which is as an effective tool for handling/modelling the indefinite or vague information more satisfactorily in
real-world situations. In PFS’s, the sum of squares of the degrees of membership and non-membership is less
than or equal to 1. Many researchers have started work under PFS environment, in various directions and
obtained various significant results.
Naz et al.[3] proposed the concept of energy, Laplacian energy and sign less Laplacian energy in single-valued
neutrosophic graphs (SVNGs), and developed relationship among them. Naz et al. [3] proposed a new graph,
called Pythagorean fuzzy graph (PFG) and determined the degree and total degree of a vertex of PFGs.
Furthermore, they presented the concept of Pythagorean fuzzy preference relations (PFPRs). Akram and Naz [3]
computed the energy and the Laplacian energy of PFGs and PFDGs. Also, they derived the lower and upper
bounds for the energy and the Laplacian energy of PFGs.
This paper is organized as follows: Following the introduction, Section 2 discusses the basic definitions. Section
3 proposes an algorithm for finding energy in PFDG. In Section 4, we give a real-life example to illustrate our
proposed concepts of the Pythagorean fuzzy theory in decision-making. Finally Section 5 gives the conclusion.
II. Preliminaries
This section presents some basic definitions related to this paper:
Definition 2.1(Pythagorean Fuzzy Set)
Let 𝑋 be a fixed set, then a Pythagorean fuzzy set (PFS) can be defined as: 𝑃 = {𝑥, 𝜇𝑝 (𝑥), 𝜐𝑝 (𝑥)/ 𝑥𝜖𝑋}, where
𝜇𝑝 (𝑥) 𝑎𝑛𝑑 𝜐𝑝 (𝑥) are mappings from X to [0, 1], such that 0 ≤ 𝜇𝑝 (𝑥) ≤ 1, 0 ≤ 𝜐𝑝 (𝑥) ≤ 1, and 0 ≤ 𝜇𝑝2 (𝑥) +
𝜐𝑝2 (𝑥) ≤ 1, for all 𝑥 ∈ 𝑋, and represent the degrees of membership and non-membership of element 𝑥 ∈ 𝑋 to
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set P. Let 𝜋𝑝 (𝑥) = √1 − 𝜇𝑝2 (𝑥) − 𝜐𝑝2 (𝑥), then it is said to be Pythagorean fuzzy index of element 𝑥𝜖𝑋 to set 𝑃,
represent the degree of indeterminacy of 𝑥 to 𝑃. Also 0 ≤ 𝜋𝑝 (𝑥) ≤ 1 for every 𝑥𝜖𝑋.
Definition: 2.2 (Pythagorean fuzzy graph (PFG))
A Pythagorean fuzzy graph (PFG) on a non-empty set X is a pair 𝐺 = (𝑃, 𝑄), where 𝑃 is a PFS on 𝑋 and 𝑄 is a
Pythagorean fuzzy relation on X such that: 𝜇𝑄 (𝑦𝑧) ≤ min{𝜇𝑝 (𝑦), 𝜇𝑝 (𝑧)}, 𝜐𝑄 (𝑦𝑧) ≥ max{𝜐𝑝 (𝑦), 𝜐𝑝 (𝑧)} and 0 ≤
𝜇𝑄2 (𝑦𝑧) + 𝜐𝑄2 (𝑦𝑧) ≤1, for all𝑦, 𝑧𝜖𝑋, where 𝑃 and 𝑄are the Pythagorean fuzzy vertex set and the Pythagorean
fuzzy edge set of 𝐺, respectively. Also, 𝑄is a symmetric Pythagorean fuzzy relation on 𝑃.
⃗ ) is called Pythagorean Fuzzy Digraph (PFDG).
If 𝑄 is not symmetric on 𝑃, then 𝐷 = (𝑃, 𝑄
Definition: 2.3 (Pythagorean Fuzzy Preference Relation)
A Pythagorean Fuzzy Preference Relation (PFPR) on the set 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑛 } is represented by a matrix 𝐷 =
(𝑑𝑖𝑗 )𝑛×𝑛 , where 𝑑𝑖𝑗 = (𝑥𝑖 𝑥𝑗 , 𝜇(𝑥𝑖 𝑥𝑗 ), 𝜐(𝑥𝑖 𝑥𝑗 )) for all 𝑖, 𝑗 = 1,2, … . . For convenience, let 𝑑𝑖𝑗 = (𝜇𝑖𝑗 , 𝜐𝑖𝑗 )
where 𝜇𝑖𝑗 indicates the degree to which the object 𝑥𝑖 is preferred to the object 𝑥𝑗 , 𝜐𝑖𝑗 denotes the degree to
2
2
which the object 𝑥𝑖 is not preferred to the object 𝑥𝑗 , and 𝜋𝑖𝑗 = √1 − 𝜇𝑖𝑗
− 𝜐𝑖𝑗
is interpreted as a hesitancy

degree, with the conditions:
𝜇𝑖𝑗 , 𝜐𝑖𝑗 𝜖[0, 1],

2
2
𝜇𝑖𝑗
+ 𝜐𝑖𝑗
≤ 1, 𝜇𝑖𝑗= 𝜐𝑖𝑗 , 𝜇𝑖𝑖 = 𝜐𝑖𝑖 = 0.5 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖, 𝑗 = 1,2, … 𝑛.

Definition: 2.4(Spectrum of the Adjacency matrix)
The spectrum of the adjacency matrix of a PFDG 𝐴(𝐺) is defined as (𝑆, 𝑇), where 𝑆 and 𝑇 are the sets of eigen
values of 𝐴 (𝜇𝑄⃗ (𝑧𝑖 𝑧𝑗 )) and 𝐴 (𝜐𝑄⃗ (𝑧𝑖 𝑧𝑗 )), respectively.
Definition: 2.5(Energy of a graph)
⃗ ) be a PFDG on 𝑛 vertices. The energy of 𝐺 is defined as:
Let 𝐺 = (𝑃, 𝑄
𝑛

𝐸(𝐺) = (𝐸 (𝜇𝑄⃗ (𝑧𝑖 𝑧𝑗 )) , 𝐸 (𝜐𝑄⃗ (𝑧𝑖 𝑧𝑗 ))) =

𝑛

∑|𝑅𝑒(𝑡𝑖 )| , ∑ |𝑅𝑒(𝑤𝑖 )|
𝑖=1
𝑡𝑖 𝜖𝑆

𝑖=1
𝑤𝑖 𝜖𝑇

(
where 𝑅𝑒(𝑡𝑖 ) and 𝑅𝑒(𝑤𝑖 ) represent the real part eigen values of 𝑡𝑖 and 𝑤𝑖 respectively.

)

III. Proposed Algorithm for Energy in PFDG
Let 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑛 } be a discrete set of criteria, 𝐷 = { 𝑑1 , 𝑑2 , … , 𝑑𝑠 } be set of decision makers and 𝑅𝑘′ =
(𝑘)

((𝑝𝑖𝑗 )

𝑛×𝑛

)be the construction of PFPR for each decision maker. The procedure for solving such situation is

modelled as an algorithm to find the best one, which is given as follows:
Step 1.Calculate the energy of each PFDG 𝐺𝑘 (𝑘 = 1, 2, . . . , 𝑠).
Step 2.Determine the weight vector for decision makers based on the energy of PFDG’s by utilizing 𝓌𝑘 =
𝐸(( 𝐺𝜇 )𝑘 )

(∑𝑠

,

𝐸((𝐺𝜈 )𝑘 )

) , 𝑘 = 1,2, … , 𝑠 .

𝑠
𝑙=1 𝐸(( 𝐺𝜇 )𝑙 ) ∑𝑙=1 𝐸((𝐺𝜈 )𝑙 )
(𝑘)
Step 3.Aggregate all 𝑝𝑖 , (𝑗

= 1, 2, . . . , 𝑛)corresponding to the criterion 𝑥𝑖 , over all the other criteria for the
decision maker 𝑑𝑘 by using the PFA operator.
(𝑘)
Step 4.Aggregate all 𝑝𝑖 (𝑘 = 1,2, … , 𝑠) into a collective PFE 𝑝𝑖 for the criterion 𝑥𝑖 using the PFWA operator.
Step 5.Compute the score functions 𝑠(𝑝𝑖 ) of 𝑝𝑖 (𝑖 = 1, 2, . . . , 𝑛) using the relation 𝑠(𝑝𝑖 ) = 𝜇𝑖 − 𝜈𝑖 .
Step 6.According to 𝑠( 𝑝𝑖 )(𝑖 = 1, 2, . . . , 𝑛), rank the entire criteria 𝑥𝑖 (𝑖 = 1, 2, . . . , 𝑛).
Step 7.Output the optimal criterion.
IV. Application of the Energy of PFGs in Decision-Making
In this section, we give an example of selecting a car to illustrate our proposed concepts of the Pythagorean
fuzzy graph theory in decision-making.
A. Problem Formulation
Every human being is unique and has different expectations while buying a new vehicle. About 300 different
new car models available in the world, choosing one can be quite overwhelming. Obviously price is a starting
point, but to help you narrow down our choices further one has to focus on the following three factors: 𝑥1 =
Quality, 𝑥2 = Cost of Ownership, and 𝑥3 = Reliability. Here, Quality refers to the workmanship and durability
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of the car, its accessories and components over time. Cars that are rated high on quality will experience fewer
overall problems such as rubber seals wearing, paint peeling, rattling noises, etc. Ownership cost includes
depreciation, maintenance, fuel, repairs, and insurance. If we owned a car that was always in need of repairs,
then you understand why reliability is such an important factor. Considering these factors in mind, we
constructed a matrix framed from four decision makers say 𝑑1 , 𝑑2 , 𝑑3 and 𝑑4 .
(0.5,0.5) (0.7,0.4) (0.2,0.6)
(0.5,0.5) (0.8,0.5) (0.3,0.6)
𝑅1′ = ((0.4,0.7) (0.5,0.5) (0.3,0.7)) ; 𝑅2′ = ((0.5,0.8) (0.5,0.5) (0.4,0.8))
(0.6,0.2) (0.7,0.3) (0.5,0.5)
(0.6,0.3) (0.8,0.4) (0.5,0.5)
(0.5,0.5) (0.9,0.4) (0.6,0.8)
(0.5,0.5) (0.5,0.7) (0.4,0.3)
𝑅3′ = ((0.4,0.9) (0.5,0.5) (0.3,0.9)) ; 𝑅4′ = ((0.7,0.5) (0.5,0.5) (0.6,0.5))
(0.8,0.6) (0.9,0.3) (0.5,0.5)
(0.3,0.4) (0.5,0.6) (0.5,0.5)
The following are the digraphs 𝐺1, 𝐺2 , 𝐺3 𝑎𝑛𝑑 𝐺4 corresponding to the PFPRs given in matrices 𝑅𝑘′ (𝑘 = 1,2,3,4)

The energy of the graphs 𝐺1, 𝐺2 , 𝐺3 and 𝐺4 is given as follows:
𝐸(𝑑1 ) = (1.8022, 1.8022),𝐸(𝑑2 ) = (2.1785, 2.1785) , 𝐸(𝑑3 ) = (2.4222, 2.4222) , 𝐸(𝑑4 ) = (2,2)
The weight vector of the four decision makers 𝑅𝑘′ (𝑘 = 1,2,3,4) is found to be:
𝓌1 = (0.2145, 0.2145) , 𝓌2 = (0.2593, 0.2593) , 𝓌3 = (0.2883, 0.2883) , 𝓌4 = (0.2380, 0.2380)
(𝑘)
Now, the averaged Pythagorean fuzzy element (PFE) 𝑝𝑖 of the criteria 𝑥𝑖 over all the other criterions for the
decision makers 𝐷𝑘 (𝑘 = 1,2,3,4) by the Pythagorean fuzzy averaging (PFA) operator is calculated as follows:
(𝑘)

𝑝𝑖

(𝑘)

(𝑘)

1

(𝑘)

1

2
= 𝑃𝐹𝐴(𝑝𝑖1 , 𝑝𝑖2 , … , 𝑝𝑖𝑛 ) = (√1 − (∏𝑛𝑗=1(1 − 𝜇𝑖𝑗
))𝑛 , (∏𝑛𝑗=1 𝜐𝑖𝑗 )𝑛 ), 𝑖 = 1,2, … , 𝑛

The aggregated results are given in the table below:
Decision Makers

𝑑1

The Overall Results of the Decision Makers
(1)
𝑝1 = (0.5326, 0.4932)
(1)
𝑝2 = (0.4115, 0.6258)
(1)

𝑝3 = (0.6117, 0.3107)
(2)
𝑝1 = (0.6113, 0.5314)
(2)

𝑑2

𝑝2 = (0.4703, 0.6840)
(2)

𝑝3 = (0.6656, 0.3915)
(3)

𝑝1 = (0.7415, 0.5429)
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(3)

𝑝2 = (0.4115, 0.7399)

𝑑3

(3)

𝑝3 = (0.7927, 0.4482)
(4)

𝑝1 = (0.4713, 0.4718)

𝑑4

(4)

𝑝2 = (0.6119, 0.5)
(4)

𝑝3 = (0.4473, 0.4933)
To compute a collective PFE 𝑝𝑖 (𝑖 = 1,2,3) of the criterion over all the other criteria using the Pythagorean
fuzzy weighted averaging operator (PFWA),
𝑠

𝑝𝑖 =

(1) (2)
(𝑠)
𝑃𝐹𝑊𝐴(𝑝𝑖 , 𝑝𝑖 , … , 𝑝𝑖 )

= (√1 − ∏(1 − (𝜇𝑘2 ))
𝑘=1

𝓌𝑘

𝑠

,

∏
𝑘=1

(𝜐𝑘 ) 𝓌𝑘 )

The computed values of 𝑝𝑖 ′𝑠 are,
𝑝1 = (0.6189, 0.5078)
𝑝2 = (0.4863, 0.6370)
𝑝3 = (0.6679, 0.4092)
To compute the score functions 𝑠(𝑝𝑖 ) = 𝜇𝑖 − 𝜐𝑖 of 𝑝𝑖 (𝑖 = 1,2,3) and rank all the criteria 𝑥𝑖 according to the
values of 𝑠(𝑝𝑖 ) (𝑖 = 1,2,3).
𝑠(𝑝1 ) = 0.6189 − 0.5078 = 0.1111
𝑠(𝑝2 ) = 0.4863 − 0.6370 = −0.1507
𝑠(𝑝3 ) = 0.6679 − 0.4092 = 0.2587
Ranking 𝑠(𝑝𝑖 ) using the preference order, we get 𝑥3 > 𝑥1 > 𝑥2 .
Therefore the best one is 𝑥3 . i.e., among all the criteria, Reliability is the optimum factor for choosing the best
car.
V. Conclusion
A Pythagorean fuzzy set model is suitable for modelling problems with indeterminacy, uncertainty, and
inconsistent information. As compared to the traditional fuzzy and intuitionistic fuzzy models, Pythagorean
fuzzy models give more accuracy, flexibility and similarity to the system. In this paper, we have introduced the
simple algorithm for energy of a PFDG along with its applications in decision making problems.
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Abstract: The aim of this paper is mainly concentrate to achieve high yield of crop production in
agriculture after affecting the environmental factors in the three talukas of Nagapattinam district using
fuzzy soft matrix.
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I. Introduction
Presently work on the soft set theory is making progress rapidly. In the standard soft set theory a
situation may be complex in the real world, because of the fuzzy nature of parameters. Soft set provide us a new
way of coping with uncertainty from the viewpoint of parameterization.
Soft set theory was first introduced by Molodtsov [9] in 1999 as a general mathematical tool for dealing
with vagueness and uncertainty. Roy and Maji [7] proposed the concept of fuzzy soft set and provided its
properties and an application in decision making under an imprecise environment. Maji.et.al., [6] investigated the
applications of soft set theory to a decision making problem. Cagman.N.et.al., [4] constructed more efficient
decision making method using fuzzy soft aggregation operators. Rajesh Kumar pal [11] applied fs-aggregation
algorithm in decision making for selecting a suitable bride by the family.
Agricultural sector plays a strategic role in the process of economic development of a country. It has
already made a significant contribution to the economic prosperity of advanced countries and its role in the
economic development of less developed countries is of vital importance. The agriculture sector is the backbone
of an economy which provides the back ingredients to mankind and now raw materials for industrialization.
This paper is as follows: Section II deals with fuzzy soft matrix. We introduce the new concept of
product of fuzzy soft matrices in section III. A new approach is presented in agriculture which is to confirm the
yield level of crop production using fuzzy soft set in section IV. Finally in section V, we give an application for
applying a correct technique to yield an optimum crop production.
II. Fuzzy soft matirx
In this section, we will give some known definitions and notations regarding soft set, fuzzy soft set and
fuzzy soft matrix.
2.1 Soft set:
Let U be a universal set, E is the set of parameters and 𝑃(𝑈) denotes the power set of U. A pair (𝐹, 𝐸) is
called soft set over U where F is a mapping given by 𝐹: 𝐸 → 𝑃(𝑈)
2.2 Fuzzy soft set:
Let U be a universal set, E be the set of all parameters, 𝐴 ⊆ 𝐸 and 𝑓𝐴 (𝑒) be a fuzzy set over U for all ∈
𝐸 . Then a fuzzy soft set 𝐹𝐴 over U is a set defined by a function 𝑓𝐴 representing a mapping
𝑓𝐴 : 𝐸 → 𝑃(𝑈) Such that 𝑓𝐴 (𝑒) = 𝜙 if 𝑒 ∉ 𝐴
Here, 𝑓𝐴 is called fuzzy approximate function of the fuzzy soft set 𝐹𝐴 , the value 𝑓𝐴 (𝑒) is a fuzzy set called eelement of the fuzzy soft set for all 𝑒 ∈ 𝐸, and ∅ is the null fuzzy set. Thus a fuzzy soft set 𝐹𝐴 over U can be
represented by the set of ordered pairs
𝐹𝐴 = {(𝑒, 𝑓𝐴 (𝑒)): 𝑒 ∈ 𝐸, 𝑓𝐴 (𝑒) ∈ 𝑃(𝑈)}
2.3 Fuzzy soft matrix:
Let 𝐹𝐴 be a fuzzy soft set over U. Then a fuzzy relation 𝐹𝐴 is defined by
𝑅𝐴 = {(𝜇𝑅𝐴 (𝑢, 𝑒)/(𝑢, 𝑒)) : (𝑢, 𝑒)𝜖𝑈 × 𝐸} where the membership function of 𝜇𝑅𝐴 is denoted by
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𝜇𝑅𝐴 : 𝑈 × 𝐸 → [0,1]; 𝜇𝑅𝐴 (𝑢, 𝑒) = 𝜇𝑓𝐴(𝑒) (𝑢)
If U = {u1, u2⋯um}, E = {e1, e2⋯en} and 𝐴 ⊆ 𝐸, then the RA can be presented by a table as in the following form
𝑅𝐴
𝑢1
𝑢2
⋮
𝑢𝑚

𝑒1
𝜇𝑅𝐴 (𝑢1 , 𝑒1 )
𝜇𝑅𝐴 (𝑢2 , 𝑒1 )
⋮
𝜇𝑅𝐴 (𝑢𝑚 , 𝑒1 )

𝑒2
𝜇𝑅𝐴 (𝑢1 , 𝑒2 )
𝜇𝑅𝐴 (𝑢2 , 𝑒2 )
⋮
𝜇𝑅𝐴 (𝑢𝑚 , 𝑒2 )

⋯⋯
⋯⋯
⋯⋯
⋰
⋯⋯

𝑒𝑛
𝜇𝑅𝐴 (𝑢1 , 𝑒𝑛 )
𝜇𝑅𝐴 (𝑢2 , 𝑒𝑛 )
⋮
𝜇𝑅𝐴 (𝑢𝑚 , 𝑒𝑛 )

If 𝑎𝑖𝑗 = 𝜇𝑅𝐴 (𝑢𝑖 , 𝑒𝑗 )we can define a matrix [𝑎𝑖𝑗 ]𝑚×𝑛

𝑒11
𝑒21
=[ ⋮
𝑒𝑚1

𝑒12
𝑒22
⋮
𝑒𝑚2

⋯ 𝑒1𝑛
⋯ 𝑒2𝑛
⋮
⋮ ] then [𝑎𝑖𝑗 ] is called a 𝑚 × 𝑛
⋯ 𝑒𝑚𝑛

fuzzy soft matrix of the fuzzy soft set 𝐹𝐴 over U.
III. Products of fuzzy soft matrices
3.1 Addition:
If 𝐴 = [𝑎𝑖𝑗 ]𝑚×𝑛 and 𝐵 = [𝑏𝑖𝑗 ]𝑚×𝑛 are two fuzzy soft matrices of same order then their addition is
defined as
𝐴(+)𝐵 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗 )𝑚×𝑛
3.2 Subtraction:
If 𝐴 = [𝑎𝑖𝑗 ]𝑚×𝑛 and 𝐵 = [𝑏𝑖𝑗 ]𝑚×𝑛 are two fuzzy soft matrices of same order then their difference is
given by
𝐴(−)𝐵 = (𝑎𝑖𝑗 − 𝑏𝑖𝑗 )𝑚×𝑛
3.3 Union:
Let 𝐴 = [𝑎𝑖𝑗 ]𝑛×𝑚 and 𝐵 = [𝑏𝑖𝑗 ]𝑛×𝑚 be two fuzzy soft matrices. Then the fuzzy soft matrix 𝐶 =
[𝑐𝑖𝑗 ]𝑛×𝑚 is called union of A and B, denoted by 𝐴 ∪ 𝐵 if
[𝑐𝑖𝑗 ] = max{𝑎𝑖𝑗 , 𝑏𝑖𝑗 }, for all i and j
3.4 Intersection:
Let 𝐴 = [𝑎𝑖𝑗 ]𝑛×𝑚 and 𝐵 = [𝑏𝑖𝑗 ]𝑛×𝑚 be two fuzzy soft matrices. Then the fuzzy soft matrix 𝐶 =
[𝑐𝑖𝑗 ]𝑛×𝑚 is called intersection of A and B, denoted by 𝐴 ∩ 𝐵 if
[𝑐𝑖𝑗 ] = min{𝑎𝑖𝑗 , 𝑏𝑖𝑗 }, for all i and j
3.5 Complement:
If 𝐴 = [𝑎𝑖𝑗 ] be a fuzzy soft matrix then the complement of A is denoted by 𝐴𝑐 = 1 − 𝑎𝑖𝑗 , for all i and j.
3.6 Product:
If 𝐴 = [𝑎𝑖𝑗 ]𝑛×𝑚 and 𝐵 = [𝑏𝑖𝑗 ]𝑚×𝑝 be two matrices then the product of the two matrices A and B is C=
𝑐11 𝑐12 ⋯ 𝑐1𝑝
𝑐21 𝑐22 ⋯ 𝑐2𝑝
𝐴𝐵, defined to be the 𝑛 × 𝑝 matrix C= [ ⋮
⋮
⋮
⋮ ] such that 𝑐𝑖𝑗 = 𝑎𝑖𝑗 𝑏𝑖𝑗 + ⋯ + 𝑎𝑖𝑚 𝑏𝑚𝑗 =
𝑐𝑛1 𝑐𝑛2 ⋯ 𝑐𝑛𝑝
∑𝑚
𝑎
𝑏
for
𝑖
=
1
⋯
𝑛
and
𝑗
=
1
⋯
𝑝
𝑘=1 𝑖𝑘 𝑘𝑗
3.7 Or-product
Let [𝑎𝑖𝑗 ]

n×m

and [𝑏𝑖𝑗 ]

m×p

be two fuzzy soft matrices. Then Or-product of [𝑎𝑖𝑗 ] and [𝑏𝑖𝑗 ] is defined

by [𝑎𝑖𝑗 ] ∨ [𝑏𝑖𝑗 ] = [𝑐𝑖𝑝 ], Where 𝑐𝑖𝑝 = max{𝐴𝑛𝑡𝑖𝑙𝑜𝑔 (

log 𝑎𝑖𝑗 +𝑙𝑜𝑔𝑏𝑖𝑗
2

)} .

Example: 3.1
Let A = [

0.2
0.5

0.3
] and
0.8

B=[

0.5
0.3

0.7
]
0.1
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Then

𝐴∨𝐵 = [

3.8 And- product
Let [𝑎𝑖𝑗 ]

max(0.32,0.30)
max(0.50,0.49)

n × m and

[𝑏𝑖𝑘 ]

m×p

max(0.37,0.17)
0.32
] =[
max(0.59,0.28)
0.50

0.37
]
0.59

be two fuzzy soft matrices. Then And-product of [𝑎𝑖𝑗 ] and [𝑏𝑖𝑗 ] is defined
𝑙𝑜𝑔𝑎𝑖𝑗 +𝑙𝑜𝑔𝑏𝑖𝑗

by [𝑎𝑖𝑗 ] ∧ [𝑏𝑖𝑗 ] = [𝑐𝑖𝑝 ], Where 𝑐𝑖𝑝 = min{𝐴𝑛𝑡𝑖𝑙𝑜𝑔 (
)}
2
Example: 3.2
0.1 0.3
0.4 0.6
Let A = [
] and B = [
]
0.7 0.5
0.8 0.2
min(0.20,0.49) min(0.24,0.24)
0.20 0.24
Then 𝐴 ∧ 𝐵 = [
] =[
].
min(0.53,0.63) min(0.65,0.32)
0.53 0.32
3.9 Score matrix
If [𝑎𝑖𝑗 ] m × n and [𝑏𝑖𝑗 ] m × n are two fuzzy soft matrices then the score matrix of [𝑎𝑖𝑗 ] and [𝑏𝑖𝑗 ] is defined
by 𝑆𝑇1 = (𝑏𝑖𝑗 ∨ 𝑎𝑖𝑗 ) − (𝑏𝑖𝑗 ∧ 𝑎𝑖𝑗 ) and 𝑆𝑇2 = (𝑏𝑖𝑗 𝑐 ∨ 𝑎𝑖𝑗 𝑐 ) − (𝑏𝑖𝑗 𝑐 ∧ 𝑎𝑖𝑗 𝑐 ).
IV. Fuzzy soft sets in agriculture
Let E be the set of environmental factors affecting agricultural production, Y is the set of yield level of
crop production after affecting environmental factors and T is the set of talukas showing the environmental
factors present in the set E.
For this, we construct a fuzzy soft set (𝐹, 𝑌) over E. This fuzzy soft set obtained a relation matrix A
called environmental factor – yield level of crop production matrix, where each element denote the weight of the
environmental factors for the yield level of crop production. Also its complement (𝐹, 𝑌)𝑐 gives another matrix
𝐴𝑐 called non environmental factor – yield level of crop production.
Then we construct another fuzzy soft set (𝐾, 𝐸) over T. This fuzzy soft set obtained a matrix B called
taluka – environmental factor matrix. Similarly, its complement (𝐾, 𝐸)𝑐 gives the matrix 𝐵𝑐 is called taluka –
non environmental factor matrix. Finally find the maximum score of each taluka and then confirm that yield
level of each talukas
Algorithm:
1. Construct the fuzzy soft matrices (𝐹, 𝑌 ) and (𝐾, 𝐸)
2. Compute the fuzzy soft matrices (𝐹, 𝑌)𝑐 and (𝐾, 𝐸)𝑐
3. Determine the And-product and or-product of (𝐹, 𝑌) and (𝐾, 𝐸)
4. Evaluate the And-product and or-product of (𝐹, 𝑌)𝑐 and (𝐾, 𝐸)𝑐
5. Enumerate the score matrix 𝑆𝑇1 𝑎𝑛𝑑 𝑆𝑇2
6.

Determine 𝑚𝑎𝑥(𝑆𝑇1 − 𝑆𝑇2 ) for each 𝑡𝑖 to identify the yield level of crop production for each taluka

Case study:
We consider three talukas namely Tharangambadi, Sirkali and Vedharanyam (𝑡1 , 𝑡2 , 𝑡3 ) in the
Nagapattinam district. Nagapattinam district is situated in the delta region. This region is mainly depends on
agriculture only. At the same time, many environmental factors affecting this area during the crop production
particularly temperature, rainfall, wind and climate change (𝑒1 , 𝑒2 , 𝑒3 , 𝑒4 ) respectively. After affecting the
environmental factor, the yield level of crop production in these talukas may be low production or moderate
production (𝑙, 𝑚)

Let E= {e1, e2, e3, e4} be the set of environmental factors such as temperature, rainfall, wind and
climate change respectively and the set Y={l, m} denotes low production and moderate production respectively.
Also the set T={𝑡1 , 𝑡2 , 𝑡3 } representing the three talukas showing environmental factors present in the set E.
𝑒1 𝑒2
𝑒3 𝑒4
𝑙
𝑚
𝑒1 0.8 0.6
𝑡1 0.2 0.4 0. .8 0.7
𝑒2 0.3 0.5
A= 𝑒 [
]
B = 𝑡2 [0.6 0.3 0.5 0.6]
3 0.4 0.2
𝑡3 0.9 0.5 0.4 0.1
𝑒4 0.7 0.9

𝑆𝑇1 − 𝑆𝑇2
t1

Using above algorithm, finally we get,
L
M
0
0.50
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−0.03
0.14

t2
t3

−0.02
−0.04

−0.02
0.14

We conclude that the taluka t3 yield low production and talukas t1 and t2 yield moderate production.
V. Fuzzy soft decision making problem
5.1 Relativity function:
𝑥
Let x and y be variables defined on a universal set X. The relativity function 𝑓 ( ) is defined as
𝑦

min{𝑅𝑦 (𝑥) ∧ 𝑅𝑥 (𝑦), 𝑆𝑦 (𝑥) ∧ 𝑆𝑥 (𝑦)}
𝑥
𝑓( ) =
𝑦
max{𝑅𝑦 (𝑥) ∨ 𝑅𝑥 (𝑦), 𝑆𝑦 (𝑥) ∨ 𝑆𝑥 (𝑦)}
5.2 Comparison matrix:
𝑥

Let A = {𝑥1 , 𝑥2 , ⋯ ⋯ 𝑥𝑛 } be a set of n variables defined on X. Form a matrix of relativity values 𝑓 ( 𝑖 )
𝑥𝑗

where 𝑥𝑖 , 𝑠 for i=1 to n, are n variables defined on a universe X. The matrix 𝐶 = (𝑐𝑖𝑗 ) is a square matrix of order
n is called comparison matrix or C-matrix with
𝑥

min{𝑅𝑥𝑗 (𝑥𝑖 )∧𝑅𝑥𝑖 (𝑥𝑗 ),𝑆𝑥𝑗 (𝑥𝑖 )∧𝑆𝑥𝑖 (𝑥𝑗 )}

𝑥𝑗

max{𝑅𝑥𝑗 (𝑥𝑖 )∨𝑅𝑥𝑖 (𝑥𝑗 ),𝑆𝑥𝑗 (𝑥𝑖 )∨𝑆𝑥𝑖 (𝑥𝑗 )}

𝑓 ( 𝑖) =

The comparison matrix is a square matrix in which both row and column are labeled by the variable
where the elements of C-matrix∈ [0,1], the minimum value in each row of the comparison matrix is defined by
𝑥𝑖
𝐶𝑖, = min{𝑓 ( ) , 𝑖, 𝑗 = 1𝑡𝑜 𝑛}
𝑥𝑗
Thus we can determine the ranking of the variables 𝑥1 , 𝑥2 ⋯ ⋯ 𝑥𝑛 from the sequence 𝐶1, , 𝐶2, , ⋯ 𝐶𝑛,
5.3 Choice value
The choice value of variable 𝑥𝑖 ∈ 𝑋 is given by
𝐶𝑖 = ∑ 𝑥𝑖𝑗
Where 𝑥𝑖𝑗 are the entries in the fuzzy soft set.
Algorithm:
Construct the fuzzy soft matrix (𝑅, 𝑋)
Calculate the choice value for each row of the fuzzy soft matrix (𝑅, 𝑋)
Formulate the another fuzzy soft matrix (𝑆, 𝑋) by multiplying each entries of (𝑅, 𝑋) with their
corresponding choice value
4. Enumerate the relativity function for the fuzzy soft matrices (𝑅, 𝑋) and (𝑆, 𝑋) and obtain the
comparison matrix.
5. Determine 𝐶𝑖, from the comparison matrix
Finally, evaluate 𝑚𝑎𝑥(𝐶𝑖, ) for finding the suitable technique.
We consider three techniques namely new farming technique(𝑥1 ), improved water management(𝑥2 )
and development of new drought(𝑥3 ) respectively. We shall apply these three techniques particularly in the
three talukas of Nagapattinam district namely Tharangambadi, Sirkali and Vedharanyam, the advice given by
the expert of the Tamilnadu agriculture department to increase the high yield of crop production after affecting
the environmental factors.
1.
2.
3.

Suppose Tharangambadi taluka is interested to yield high crop production on the basis of new farming
technique(𝑥1 ), improved water management(𝑥2 ) and development of new drought(𝑥3 ).
Let us consider fuzzy soft matrix(𝑅, 𝑋) and (𝑆, 𝑋) having the following uncertainty estimations for
three techniques
𝑥1
𝑥2
𝑥3
𝑥1
𝑥2
𝑥3
𝑥1 0.35 0.52 0.45
𝑥1 0.46 0.69 0.59
R=𝑥2 [0.60 0.78 0.54] and S=𝑥2 [1.15 1.50 1.04]
𝑥3 0.86 0.90 0.40
𝑥3 1.86 1.94 0.86
Enumerate the relativity function
𝑥

min{𝑅𝑥1 (𝑥1 )∧𝑅𝑥1 (𝑥1 ),𝑆𝑥1 (𝑥1 )∧𝑆𝑥1 (𝑥1 )}

𝑥1

max{𝑅𝑥1 (𝑥1 )∨𝑅𝑥1 (𝑥1 ),𝑆𝑥1 (𝑥1 )∨𝑆𝑥1 (𝑥1 )}

𝑓 ( 1) =

=0.76. Similarly
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𝑥

𝑥

𝑥

𝑥

𝑥

𝑥

𝑥

𝑓 ( 1 ) = 0.56, 𝑓 ( 1 ) = 0.59, 𝑓 ( 2 ) = 0.63, 𝑓 ( 2 ) = 0.52, 𝑓 ( 2 ) = 0.49, 𝑓 ( 3 ) = 0.59, 𝑓 ( 3 ) 0.49,
𝑥2
𝑥3
𝑥1
𝑥2
𝑥3
𝑥1
𝑥2
𝑥3
𝑓 ( ) = 0.47
𝑥3
𝑥1
𝑥2 𝑥3
𝐶𝑖, = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑜𝑓 𝑖 𝑡ℎ 𝑟𝑜𝑤
𝑥1 . 76 . 50 . 59
0.50
𝐶𝑖 = 𝑥2 [. 63 . 52 . 49]
0.49
𝑥3 . 59 . 49 . 47
0.47
Here 𝑚𝑎𝑥(𝐶𝑖, ) = 0.50 . Hence Tharangambadi taluka yield the high level of crop production by
applying new farming technique
VI. Conclusion
The new idea of the decision making method given in agricultural production which only depends on
fuzzy soft set. We extend our approach to identify the yield level of crop production after affecting the
environmental factor using fuzzy soft matrix and also suggest to apply the correct technique to increase the yield
level using relativity function. The aim of this paper is to achieve optimum crop production in agriculture so as
to develop the economic growth of the country.
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Abstract: In this paper, we introduce the notion of generalized cyclic CWs contractive mapping in complete
partial b-metric spaces. The purpose of this paper is to study the existence and uniqueness of fixed point
theorem for this mapping. These results generalize the concept of fixed point in the frame of cyclic
contraction of partial metric space, which was introduced by Chi-Ming Chen.
Mathematical Classification: 47H10, 54C60, 54H25, 55M20
Keywords: Fixed point, Partial metric space, b-metric space, CWs contraction, Partial b-metric

I. Introduction
One of the recently popular topics in fixed point theory is to show the existence of fixed points of
cyclic contraction mappings in several spaces. In 2013, Shukla [4] introduced the concept of partial b-metric
spaces. There are number of generalizations of metric spaces and Banach contraction principle. In the sequel,
Bakhtin [5] and Czerwik [6] introduced b-metric spaces as a generalization of metric spaces. Here, he replaced
usual metric as partical metric space with the property that the self distance need not to be zero. In this paper, we
generalize some fixed point results for cyclic CW S contraction in complete partial b-metric spaces.
II. Preliminaries
Definition 2.1[4] A partial b-metric on a non-empty set X is a mapping

b : X  X 



such that for all

x, y , z  X :
(i)

x  y if and only if b  x, x   b  x, y   b  y, y  ;

(ii)

b  x, x   b  x, y  ;

(iii)

b  x, y   b  y, x  ;

(iv)

there exists a real number s  1 such that

b  x, y   s  b  x, z   b  z, y   b  z, z  .
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A partial b-metric space is a pair (X,

 b ) such that X is a non-empty set and b

is a partial b-metric on X. The

number s is called the coefficient of (X,  b ).
Proposition 2.1: [3]
Every partial b-metric b defines a b-metric d  b , where

d b  x, y   2b  x, y   b  x, x   b  y, y  for all x, y  X .
Lemma 2.1[3]
A sequence {xn} is a  b -Cauchy sequence in a partial b-metric space (X,  b ) if and only if it is a

(i)

d b ).

b-Cauchy sequence in the b-metric space (X,
A partial b-metric space (X,  b ) is

(ii)

complete. Moreover,

b -comlete is and only if the b-metric space

(X, d  b ) is b-

lim d b  x, xn   0 if and only if
n 

lim b  x, xn   lim b  xn , xm   b  x, x  .
n 

n , m

III. Main results
In this section, Let  be the class of functions  :

Let

3

 R  satisfying the following conditions:

(i)

 is an increasing and continuous function in each coordinate;

(ii)

for

x



,  x, x, x   x,  x,0,0   x and   0, 0, x   x.

 be the family of functions  :
(i)



(ii)

for







satisfying the following conditions:

is continuous and non-decreasing;

x  0,   x   0 and   0   0.

Let  be the class of functions

:







satisfying the following conditions:

(1)

 is continuous;

(2)

for

(3)

Now, we see the notion of generalized cyclic CWs-contraction in partial b-metric spaces.

t  0,   t   0 and   0   0

Definition 3.1
Let (E,  b ) be a partial b-metric space, n 
n

E
(i)

i 1
n
i 1

, E1 , E2 ,..., En be the non-empty subsets of E and

Ei . An operator T : E  E is called a generalized cyclic CWs-contraction if

Ei is a cyclic representation of E with respect to T,

(ii) for any x  Ei , y  Ei 1 , i  1, 2,..., n

  s  b Tx, Ty       s b  x, y   ,   s b  x, Tx   ,   s b  y , Ty       M s  x, y  
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where    ,   ,   , s  1 and

M s  x, y   max s   x, y  , s   x, Tx  , s   y, Ty 
Corollary 3.1.
For s = 1, we have CW-contraction
Theorem 3.1
Let (E,  b ) be a complete partial b-metric space and E1, E2,...,En be the non-empty closed subsets of E
n

and E 

x

i 1

n
i 1

Ei . let T : E  E be a generalized cyclic CWs- contraction, Then T has a unique fixed point

Ei .

Proof
Given z0 and let zn 1  Tz n  T z0 for n = 0,1,2,...
n

If there exists n0 

such that z n0 1  z n0 , then the proof is over.

Suppose, that zn 1  zn for any n = 0,1,2,... Note that for any
exists

n  0 , there

in  1, 2,..., m such that zn  Ain and zn 1  Ain  1.

Step 1: We will show that

lim b  zn , zn 1   0 that is lim d b  zn , zn1   0.
n 

Using (1), we have

 ( s b ( zn , zn 1 ))   ( s b (Tzn 1 , Tzn ))
  ( ( s b ( zn 1 , zn )),  ( s b ( zn1 , Tzn1 )), (s b ( zn , Tzn )))   (M s ( zn1 , zn ))
  ( ( s b ( zn1 , zn )),  ( s b ( zn1 , zn )),  (s b ( zn , zn1 )))   (M s ( zn1 , zn ))
where

M s ( zn 1 , zn )  max{s b ( zn 1 , zn ), s b ( zn 1 , Tzn 1 ), s b ( zn , Tzn )}
 max{s b ( zn 1 , zn ), s b ( zn 1 , zn ), s b ( zn , zn 1 )}
If M s ( zn 1 , zn )  s b ( zn , zn 1 ), then

 ( s b ( zn , zn 1 ))   ( ( s b ( zn , zn 1 )),  ( s b ( zn , zn 1 )),  ( s b ( zn , zn 1 )))   ( s b ( zn , zn 1 ))
  ( s b ( zn , zn 1 ))   ( s b ( zn , zn 1 )) ]
This gives

 ( s b ( zn , zn1 ))  0,

we get

b ( zn , zn 1 )  0, which contradicts our initial assumption.

From the above result, we have

 ( s b ( zn , zn 1 ))   ( s b ( zn 1 , zn ))   ( s b ( zn 1 , zn ))

(2)

and

b ( zn , zn1 )  b ( zn1 , zn )
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Since the sequence {b ( zn , zn 1 )} is decreasing it must converge to some l  0. As n   in (2) and by
continuity of



and , we have

 (l )   (l )   (l ).

Therefore (l) = 0 and l = 0. Thus, we get

lim b ( zn , zn1 )  0

(3)

n 

By (ii) of definition of partial b-metric space, we have

lim b ( zn , zn )  0 .

(4)

n

Since

db ( x, y)  2b ( x, y)  b ( x, x)  b ( y, y) for all x, y  E. Using (3) and (4), we have
d b ( zn , zn1 )  0 .

(5)

Step 2: Now we have to prove that {zn} is a Cauchy sequence in (E, d  ) First we claim that for every  > 0,
b

there exists n   such that if u, v  n with u – v = 1 modm, then d b ( zu , zv )   . If we assume the contrary,
then there exists  > 0 such that for any n  , there are un, vn  , with Now, if un > vn
mod m satisfying

 n with un – vn = 1

d b ( zun , zvn )   .

Now, if n > 2m, then corresponding to vn
with un > vn  n satisfying un – vn = 1 mod m and

 n, we can use choose un in such a way it is smallest integer

d b ( zun , zvn )   .

  d ( zu , zv )
b

n

n

m

 s[d b ( zun , zvnm )   d b ( zuni , zvni1 )]
i 1

Letting n  , we obtain that

lim d b ( zun , zvn )  s
n

(6)

On the other hand, we conclude that

  d ( zu , zv )
b

n

n

 s[db ( zun , zun1 )  d b ( zun1 , zvn1 )  d b ( zvn1 , zvn )]
= s[ d b ( zun1  zvn1 )]
As

lim , we have
n

d b ( zun1 , zvn1 )  s 2
Since

(7)

db ( x, y)  2b ( x, y)  b ( x, x)  b ( y, y) and using (4), (6) and (7), we obtain that
lim b ( zun , zvn ) 
n 

s 2
2

(8)

and
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lim b ( zun 1 , zvn 1 ) 
n 

s 2
2

(9)

Since zun and zvn lie in distinct adjacent sets Ei and Ei+1 for 1  i  m, since T is cyclic CWs contraction, we
have

 (sb (Tzu 1, Tzv 1 ))   (sb (Tzu , Tzv ))
n

n

n

n

  ( (sb ( zun , zvn )), (sb ( zun , Tzun )),  (sb ( zvn , Tzvn )))
 ( M s ( zun , zvn ))

  ( (sb ( zun , zvn )), (sb ( zun , zun 1 )),  (sb ( zvn , zvn 1 )))
 ( M s ( zun , zvn ))
where

M s ( zun , zvn )  max{sb ( zun , zvn ), sb ( zun , zun 1 ), sb ( zvn , zvn 1 )}
As n  ,

 s 3
 2




 s 3


(




 2


 s 3 
 s 3
,

(0),

(0))



This
implies





 2 
 2


  0, this gives  = 0,


which is a contradiction.
Therefore, our claim is proved.
We will show that {zn} is a Cauchy sequence in the metric space (E, d  ). Let  > 0. By our claim, there exists
b

n1   such that if u, v  n1 with u – v = 1 mod m, then

d  b ( zu , z v ) 
Since


2s

lim d b ( zn , zn1 )  0 , there exists n2   such that
n

d b ( zu , zn 1 ) 


2ms

for all n  n2

Let u, v  max {n1, n2} and r > q. Then there exists r  {1, 2, ....., m} such that u – v = r mod m
Therefore u – v + j = 1 mod m for j = m – r + 1, so we have

db ( zu , zv )  s[db ( zu , zv j )  db ( zv j , zv j 1 )  ...  db ( zv1, zv )]

 

 s  j
2ms 
 2s
 

 s   m
2ms 
 2s

 

 s  
 2s 2s 
=
Thus, {xn} is a Cauchy sequence in the metric space
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Step 3: To prove that T has a fixed point x 

m
i 1

Ei

Since E is closed, the subspace (E, b) is complete. Then from Lemma of [3], we have that (E, d  ) is complete.
b

Therefore, there exists x  E such that

lim d b ( zn , x)  0
n 

Also from Lemma [3], we have

lim b ( z, zn )  lim b ( zn , zm )  b ( z, z)
n

(10)

n

On the other hand, since the sequence {zn} is a Cauchy sequence in the metric space

( E, d b ) , Also we have

lim d b ( zn , zm )  0 .
n

Since

db ( x, y)  2b ( x, y)  b ( x, x)  b ( y, y) , we can deduce that
lim b ( zn , zm )  0

(11)

n

Since E 

m
i 1

Ei is a cyclic representations of E with respect to T. In each Ai for i  1, 2,..., m , the

sequence has infinite terms. Let

 x  be the subsequence of {x } with x
n

nk

nk

 Ai 1 and all these subsequence

converges to x.
By using (10) and (11), we have

b  x, x   lim b  zn , x   lim b  zn , x   0
n 

n 

k

By (1),

 (sb ( zn 1, Tx))   (sb (Tzn , Tx))
k

k

  ( (sb ( znk , x)), (sb ( znk , Tznk ),  (sb ( x, Tx)))   ( M s ( znk , x))
  ( (sb ( znk , x)), (sb ( znk , znk 1 )),  (sb ( x, Tx)))   (M s ( znk , x))
Where

M s ( znk , x)  max{sb ( znk , x), sb ( znk , znk 1 ), sb ( x, Tx)}
As k  , we obtain that

{s b ( x, Tx))   ( (0),  (0),  ( s b ( x, Tx)))   ( s b ( x, Tx))
  ( s b ( x, Tx))   ( s b ( x, Tx))
This implies

 ( s b ( x, Tx))  0, this gives s b ( x, Tx)  0,

that is x = Tx.

Step 4: Now, we have to prove the uniqueness of the fixed point. Suppose that x and y are fixed point of T, then
by (1), we have

 ( s b ( x, y))   ( s b (Tx, Ty))
  ( ( s b ( x, y )),  ( s b ( x, Tx)),  ( s b ( y, Ty )))   (M s ( x, y ))
Where
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M s ( x, y )  max{s b ( x, y ), s b ( x, Tx), s b ( y, Ty )}  s b ( x, y ) Also, we can
deduce that

 ( s b ( x, y))   ( ( s b ( x, y)), 0, 0)   ( s b ( x, y))
=  ( s b ( x, y ))   ( s b ( x, y ))
This gives b (x, y) = 0 that is x = y. This completes the proof.
Example 3.1

1
2

1
4

Let E = [0, 1] and E1 = [0, 1], E2 = [0, ] , E3 = [0, ]. We defined the partial b-metric b on X as

b (u, v) = max{u, v}
Now, we define the function T: E  E by

T (u ) 

u2
for all u  E
1 u

Now, let, : +  + and : +3  + define be

(x) = 2x, (x) =

8
4x
and (x) = max{t1 , t2 , t3 }
5
5(1  x)

Then T is a cyclic CWs contraction and 0 is the fixed point.
Proof

 1



 1



(1)Now we have T  E1    0,   E2 , T  E2    0,   E3 and
2
6

 1
T  E3   0,   E1
 20 
Thus E1  E2  E3 is a cyclic representation of E with respect to T.
(2) For u  E1 and   E2 or  u  E2

and   E3  , without loss of generality, we assume that u   , then

we obtain


 u2
v2
  s  b Tu, T      s  b 
,
 1  u 1 



 su 2  s 2u 2
   


 1 u  1 u



   s b  u, v  ,   s b  u, Tu   ,   s b  v, Tv   





 u2   
 v2   
     b  u , v   ,   s b  u ,
,

s

   b  v,


1

u

 
 1  v   


   2 su , 2 su , 2 sv  

s16u
5

and

  max s b  u , v  , s b  u , Tu  , s b  v, T 
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 u2 
 v2 


   max  s b  u, v  , s b  u,
, s b  v,
 





 1 u 
 1  v 


   max su, su, sv 

s 4u
5 1  u 

Since

s 2u 2 s16u
s 4u


1 u
5
5 1  u 
we have



  s b Tu , Tv       s b  u , v  ,   s b  u , Tu   ,   s b  v, Tv       M s  u , v  
can prove for u  E3 and   E1, without loss of generality, we can assume that



Similarly, we

u  v, then we will get the

required result.
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Abstract: In this article, Inverse Majority Dominating set of a graph 𝐺 is studied. The inverse majority
−1 (𝐺)
domination number 𝛾𝑀
is defined and it is determined for some families of graphs. Also,bounds
−1 (𝐺),
of 𝛾𝑀
characterization theorem and some interesting inequalities are established.
Keywords: Majority Dominating set and Inverse Majority Domination Number.
I. Introduction
Basic Definitions 1.1
Let 𝐺 be a simple, finite and undirected graph with p vertices and q edges. A subset D of vertices in a
graph 𝐺 is dominating set of G [2] if every vertex in (V-D) is adjacent to atleast one vertex in 𝐷. A dominating
set D is called a minimal set if for every vertex 𝑣, 𝐷 − {𝑣} is not a dominating. A dominating set D is called
minimum dominating set if D consists of minimum number of vertices among all minimal dominating sets of a
graph 𝐺.
Let 𝐷 be a minimum dominating set in a graph 𝐺. [5] If 𝑉 − 𝐷 contains a domnating set 𝐷′ of 𝐺 then
𝐷′ is called an inverse dominating set of G with respect to 𝐷. An inverse dominating set 𝐷′ is called a minimum
inverse dominating set if 𝐷′ consists of minimum number of vertices among all inverse dominating sets of G.
The number of vertices in a minimum inverse dominating set is defined as the inverse dominating number of a
graph 𝐺, and it is denoted by 𝛾 −1 (𝐺).
A set S⊆ 𝑉(𝐺) of vertices in a graph G=(V,E) is called a majority dominating set of G [3] if atleast half of the
vertices of V(G) are either in S or adjacent to the elements of S. A majority dominating set S is minimal if no
proper subset of S is a majority dominating set of a graph G. The minimum cardinality of a minimal majority
dominating set of G is called majority domination number of G ,is denoted by 𝛾𝑀 (𝐺) and the minimum
𝑝
majority dominating set of G is denoted by 𝛾𝑀 set. If a vertex u of degree satisfies the condition d(𝑢 ) ≥ ⌈ ⌉ − 1
2
then the vertex ‘u’ is called majority dominating vertex of G. All full degree vertices are majority dominating
vertices but all majority dominating vertices are not full degree vertices.
1.2 Results on 𝜸𝑴 (𝑮) and 𝜸−𝟏 (𝑮) [4 &1]
The followings are the results on 𝛾𝑀 (𝐺) and 𝛾 −1 (𝐺),
𝑝

1.For a Path 𝑃𝑝 , 𝑝 ≥ 2 and cycle 𝐶𝑝 , 𝑝 ≥ 3 𝑤𝑖𝑡ℎ 𝑝 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠, 𝛾𝑀 (𝐺) = ⌈ ⌉ .
6

2.For a Wheel 𝑊𝑝, 𝑝 ≥ 5, a star 𝐾1,𝑝−1 , 𝑝 ≥ 2 a Double star 𝐷𝑟,𝑠 , 𝑟, 𝑠 ≥ 2, 𝛾𝑀 (𝐺) = 1.
𝑝

3.For a Caterpiller with one pendant at each vertex, 𝛾𝑀 (𝐺)= ⌈ ⌉.
8

𝑛

⌈ ⌉,
𝑖𝑓 𝑛 ≢ 0 (𝑚𝑜𝑑 3)
4. For a Path 𝑃𝑝 , 𝛾 −1 (𝑃𝑝 ) = { 𝑛3
}
⌈ ⌉ + 1, 𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑 3)
5. For a Cycle 𝐶𝑝 , 𝛾

−1

3
𝑛

(𝐶𝑝 ) = ⌈ ⌉.
3
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II. Inverse Majority Dominating Set of a Graph
Definition. 2.1
Let 𝐺 be a simple and finite graph with p vertices and q edges and 𝐷 be a minimum majority
dominating set of 𝐺. If (𝑉 − 𝐷) contains a majority dominating set say 𝐷′ then 𝐷′ is called Inverse majority
−1 (𝐺)
dominating set with respect to D. The inverse majority domination number 𝛾𝑀
of a graph 𝐺 is the
minimum cardinality of all inverse majority dominating sets of 𝐺.
Example. 2.2
Consider the following graph 𝐺 with p=13 vertices

Fig(2.1)
Let 𝑉(𝐺) = {𝑣1 , 𝑣2 , … … , 𝑣13 } with |𝑉(𝐺)| = 𝑝 = 13.
The following are some of the minimal majority dominating sets of 𝐺.
𝐷1 = {𝑣1 , 𝑣5 , 𝑣9 }, 𝐷2 = {𝑣2 , 𝑣6 }, 𝐷3 = {𝑣3 , 𝑣12 }, 𝐷4 = {𝑣4 , 𝑣10 , 𝑣13 }, 𝐷5 = {𝑣1 , 𝑣2 , 𝑣10 , 𝑣12 }
Clearly 𝐷2 and 𝐷3 are the minimum majority dominating sets for 𝐺. ∴ 𝛾𝑀 (𝐺) = 2.
The inverse majority dominating sets with respect to 𝐷2 and 𝐷3 are
−1 (𝐺)
𝐷2′ = {𝑣5 , 𝑣10 } 𝑎𝑛𝑑 𝐷3′ = {𝑣6 , 𝑣1 }.It implies that 𝛾𝑀
=2.
Example.2.3

Figure(2.2)
The following are some of the minimal majority dominating sets of 𝐺.
𝐷1 = {𝑣3 , 𝑣8 }, 𝐷2 = {𝑣13 , 𝑣10 , 𝑣9 }, 𝐷3 = {𝑣2 , 𝑣5 , 𝑣8 } Hence 𝐷1 is a minimum majority sdominating set of 𝐺.The
inverse majority dominating set with respect to D1 is
−1 (𝐺)
𝐷′1 ={𝑣6 , 𝑣10 , 𝑣13 } ⊆ (𝑉 − 𝐷1 ). Hence 𝛾𝑀 (𝐺) = |𝐷1 | = 2 and 𝛾𝑀
= |𝐷′1 | =3.
Proposition.2.4
−1 (𝐺).
(i)
For any graph G, 𝛾𝑀 (𝐺) ≤ 𝛾𝑀
−1 (𝐺)
(ii)
For any graph 𝐺, 𝛾𝑀
≤ 𝛾 −1 (𝐺).

(iii)

−1 (𝐺)
Let 𝐺 be any graph. Then 𝛾𝑀 (𝐺) ≤ 𝛾𝑀
≤ 𝛾 −1 (𝐺).

Proof
Since each Inverse Majority Dominating set of 𝐺 is a Majority Dominating set of 𝐺 and every Inverse
Dominating Set of 𝐺 is a Majority Dominating set for G, we get the inequalities.
Example.2.5
−1 (𝐺)
1.Let 𝐺 = 𝑆(𝐾1,10) be a subdivision graph of a star 𝐾1,10 .Then 𝛾 −1 (𝐺) = 11, 𝛾𝑀
= 5 and 𝛾𝑀 (𝐺) = 1. Also
−1
−1
It imples that 𝛾𝑀 (𝐺) < 𝛾𝑀 (𝐺) < 𝛾 (𝐺).
−1 (𝐺)
2. Let 𝐺 = 𝐾𝑝 , a complete graph of p vertices Then 𝛾𝑀 (𝐺) = 𝛾𝑀
= 𝛾 −1 (𝐺).
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III. Inverese Majority Domination Number For Some Classes of Graphs
𝑝

−1
Proposition.3.1 For any cycle 𝐶𝑝 with p vertices and p≥ 3, 𝛾𝑀
(𝐶𝑝 )= ⌈ ⌉.
6
Proof
𝑝
By result[1.2] for a cycle 𝐶𝑝 , 𝛾𝑀 (𝐶𝑝 ) = ⌈ ⌉. Let 𝐷 ⊆ 𝑉(𝐺) be a minimum majority dominating set of 𝐺 with
6

𝑝

|𝐷| = ⌈ ⌉ then 𝐷′ = {𝑢𝑖+1 ∕ 𝑢𝑖 ∈ 𝐷} is an inverse majority dominating set of 𝐺 with respect to 𝐷 with
6
|𝐷′| = |𝐷| and 𝐷 ′ ⊆ 𝑉 − 𝐷.
𝑝

−1
Hence, 𝛾𝑀
(𝐺) = ⌈ ⌉.
6

Proposition 3.2
𝑝−2
−1 (𝐺)
Let 𝐺 = 𝑆(𝐾1,𝑝−1 ) be a subdivision graph of a star 𝐾1,𝑝−1 with p vertices .Then 𝛾𝑀
= ⌈ ⌉.
4
Proof
Let 𝑉(𝐺) = {𝑢, 𝑣1 , 𝑣2 , … … , 𝑣𝑝 , 𝑢1 , 𝑢2 , … . . 𝑢𝑝 } where 𝑢 is a central vertex, 𝑢1 , 𝑢2 , … . . 𝑢𝑝 are pendants and
2

2

2

𝑣1 , 𝑣2 , … … , 𝑣𝑝 are the middle vertex of each edge of 𝐺.Then D={u}is the minimum majority dominating set of
2

𝐺 and 𝛾𝑀 (𝐺) = 1. Let 𝐷 ′ = {𝑣1 , 𝑣2 , … … , 𝑣⌈𝑝−2⌉ } such that 𝑁[𝑣𝑖 ]⋂𝑁[𝑣𝑗 ] = {u} for 𝑖 ≠ 𝑗. Then
4

|𝑁[𝐷′]| =

∑𝑡𝑖=1 𝑑(𝑣𝑖 )

|N[D′]| = 2 ⌈

p−2
4

+ 1 = 2𝑡 + 1 , where 𝑡 = ⌈

𝑝−2
4

⌉

⌉+1
𝑝

∴ In all four cases, when p=4r, 4r+1, 4r+2, 4r+3, |𝑁[𝐷′]| =

2

Therefore 𝐷′ is a majority dominating set which is a subset of (𝑉 − 𝐷) which is also minimum. It implies that
𝐷′ is a inverse majority dominating set of 𝐺 with respect to D of G.
−1 (𝐺)
𝐻𝑒𝑛𝑐𝑒, 𝛾𝑀
≤ |𝐷′| = ⌈

𝑝−2
4

..…………………

⌉.

(1)
𝑝

′
′
−1 (𝐺) } be a inverse majority dominating set of G.Then |𝑁[𝑆 ]| ≥ ⌈ ⌉ and 𝑆 ⊆ (𝑉 − 𝐷)
Let 𝑆 ′ = {𝑢1 ,…, 𝑢𝛾𝑀
2

Now

|𝑁[𝑆 ′

]| ≤

−1
𝛾𝑀
∑𝑖=1
𝑑(𝑢𝑖 )

+ 1=

−1
2𝛾𝑀
+1

𝑝

𝑝

1

2

2

2

−1
−1 (𝐺)
⌈ ⌉ ≤ |𝑁[𝑆 ′ ]| ≤ 2𝛾𝑀
+1. Then, 𝛾𝑀
≥1/2 ⌈ ⌉ - ⌈ ⌉
−1 (𝐺)
𝛾𝑀

≥ ⌈

𝑝−2
4

………. …………..

⌉

(2)

From (1) and (2) we get,
𝑝−2

−1
Hence 𝛾𝑀
(𝑆(𝐾1,𝑝−1 )) = ⌈

4

⌉.

Proposition.3.3
For the Double star G = 𝐷𝑟,𝑠 , 𝑟 < 𝑠 and 𝑟, 𝑠 ≥ 2,
1,
𝑖𝑓 𝑠 = 𝑟, 𝑟 + 1, 𝑟 + 2
−1 (𝐺)
𝛾𝑀
={
𝑝
|𝑒𝑖 | + 1, 𝑖𝑓 𝑠 ≥ 𝑟 + 3, where |𝑒𝑖 | = ⌈ ⌉ − |𝑁[𝑢]|.
2

Proof
Let 𝑉(𝐺) = {𝑢, 𝑣, 𝑢1 , 𝑢2 , … . . 𝑢𝑟 , 𝑣1 , 𝑣2 , … … , 𝑣𝑠 } with 𝑝 = 𝑟 + 𝑠 + 2.
Case (i) When 𝑠 = 𝑟, 𝑟 + 1, 𝑟 + 2.
Let 𝑢 and 𝑣 be the two central vertices of 𝐺 with (𝑢1 , 𝑢2 , … . . 𝑢𝑟 ) and (𝑣1 , 𝑣2 , … … , 𝑣𝑠 ) pendants
𝑝

𝑟+𝑠+2

2

2

attached to u and v respectively and ⌈ ⌉ = ⌈

𝑟+𝑠

⌉=⌈

2

⌉+1 .

Let 𝐷 = {𝑣} be a minimum majority

dominating set of 𝐺 such that |𝑁[𝑣]| = 𝑠 + 2 . When
𝑝

𝑝

𝑠 = 𝑟, 𝑟 + 1, 𝑟 + 2, ⌈ ⌉ = 𝑟 + 1 or 𝑟 + 2. Then |𝑁[𝑣]| ≥ 𝑟 + 2 ≥ ⌈ ⌉.
2

2

Choose the another central vertex

𝑝

{𝑢} ⊆ 𝑉 − 𝐷 dominates |𝑁[𝑢]| = 𝑟 + 2 = ⌈ ⌉ vertices, when 𝑟 < 𝑠 and if 𝑠 = 𝑟, 𝑟 + 1, 𝑟 + 2. It implies that
2

𝐷′ = {𝑢} is a inverse majority dominating set of 𝐺 with respect to 𝐷
−1 (𝐺)
Hence, 𝛾𝑀
= 1.
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Case (ii) When 𝑠 ≥ 𝑟 + 3 and 𝑟 < 𝑠.
Let 𝐷 = {𝑣} is a minimum majority dominating set of 𝐺. In the graph G, there are (𝑟 + 𝑠) = 𝐸1 ⋃𝐸2 =
pendants such that |𝐸1 | = 𝑟 and |𝐸2 | = 𝑠, Choose another centre vertex {𝑢} ⊆ 𝑉 − 𝐷 which dominates
𝑝

|𝑁[𝑢]| = 𝑟 + 2 < ⌈ ⌉, if 𝑠 = 𝑟 + 3, 𝑟 + 4, … …, and 𝑟 < 𝑠.
2

𝑝

Let |𝑒𝑖 | = ⌈ ⌉ - |𝑁[𝑢]|, for 𝑒𝑖 ∈ 𝐸2
2

…………………(1)

′

Let 𝐷 = ({𝑢}⋃{𝑒𝑖 }) ⊆ 𝑉 − 𝐷 ,where 𝑒𝑖 ∈ 𝐸2 .Then |𝑁[𝐷′]| = |𝑒𝑖 | + 𝑑(𝑢) + 1 .
𝑝

By the condition (1) |𝑁[𝐷′]| = |𝑒𝑖 | + 𝑟 + 2 = ⌈ ⌉ − (𝑟 + 2) + (𝑟 + 2)
2

𝑝

|𝑁[𝐷′]| = ⌈ ⌉. It implies that 𝐷′ is a inverse majority dominating set of 𝐺 with respect to the minimum majority
2

domination set D, when 𝑠 ≥ 𝑟 + 3,
−1 (𝐺)
𝛾𝑀
≤ |𝐷′ | = |𝑒𝑖 | + 1, 𝑒𝑖 ∈ 𝐸2
Suppose we take 𝐷1 = |𝐷′| − 1 ⊆ 𝑉 − 𝐷,

…………….…..(2)

𝑝

Then |𝑁[𝐷1 ]| < ⌈ ⌉ and clearly 𝐷1 is not a inverse majority dominating set of G
2

−1 (𝐺)
⇒ 𝛾𝑀
≥ |𝐷′ | = |𝑒𝑖 | + 1,
From( 2) and (3),We obtain
−1 (𝐺),= |𝑒 |
Hence 𝛾𝑀
𝑖 + 1, where 𝑒𝑖 ∈ 𝐸2 .

……………………..(3)

Proposition.3.4
𝑝−2
−1 (𝐺)
Let 𝐺 = 𝑊𝑝 be the wheel graph of p vertices with 𝑝 ≥ 5 then 𝛾𝑀
= ⌈ ⌉.
6
Proof
Let 𝐺 = 𝑊𝑝 = 𝐾1 + 𝐶𝑝−1 and 𝑉(𝐺) = {𝑣1 , 𝑣2 , … … , 𝑣𝑝−1 , 𝑣𝑝 },where 𝑣𝑝 is the centre of wheel graph
The only minimum majority dominating set of G is 𝐷 = {𝑣𝑝 }.By the result [1.2] , 𝛾𝑀 (𝐺) = 1.
Now, consider the inverse majority dominating set 𝐷′ with respect to D in the set (𝑉 − 𝐷) = 𝑉(𝐶𝑝−1 ).Let 𝐷′ =
𝑝−2

{𝑣2 , 𝑣5 , 𝑣8 , … … , 𝑣⌈𝑝−2⌉ } be a subset of (𝑉 − 𝐷) with 𝑑(𝑣𝑖 , 𝑣𝑗 ) ≥ 3 for 𝑖 ≠ 𝑗, and |𝐷′| = 𝑡 = ⌈
6

6

⌉.Then

|𝑁[𝐷′]| = ∑𝑡𝑖=1 𝑑(𝑣𝑖 ) + 𝑡 − (𝑡 − 1)
|𝑁[𝐷′]| = 3𝑡 + 𝑡 − (𝑡 − 1) = 3 ⌈
𝑝

𝑝−2
6

𝑝

⌉ + 1 .|𝑁[𝐷′]| = ( ) − 1 + 1, for all 𝑝 = 6𝑟, 6𝑟 + 1, … . ,6𝑟 + 5.
2

′

Hence |𝑁[𝐷′]| = ⌈ ⌉ and 𝐷 ⊆ (𝑉 − 𝐷).It implies that 𝐷′ is a inverse majority dominating set of 𝐺 with
2

respect to 𝐷 of G .
𝑝−2

−1 (𝐺)
𝐻𝑒𝑛𝑐𝑒, 𝛾𝑀
≤ |𝐷′| = ⌈

Let 𝑆

′

6

⌉

………… ……….(1)

= {𝑣1 ,…, 𝑣𝛾𝑀−1 (𝐺) } be an inverse majority dominating set of 𝐺 with respect to 𝐷.Then |𝑁[𝑆| ≥

𝑝

−1
⌈ ⌉ 𝑎𝑛𝑑 𝑆 ′ ⊆ (𝑉 − 𝐷) with |𝑆′| = 𝛾𝑀
(G).
2

𝛾

′]−1

𝑝

𝑀
−1
|𝑁[𝑆′]| = ∑𝑖=1
𝑑(𝑣𝑖 ) + 1, for 𝑣𝑖 ∈ 𝑉(𝐶𝑝−1 ).Then ⌈ ⌉ ≤ |𝑁[𝑆′]| ≤ 3𝛾𝑀
+1

2

⇒

−1 (𝐺)
𝛾𝑀

𝑝

1

𝑝−2

6

3

6

≥⌈ ⌉− =⌈

⌉.

−1 (𝐺)
𝛾𝑀
≥⌈
−1 (𝐺)
From (1) and (2),We get, 𝛾𝑀
=⌈

𝑝−2

𝑝−2
6

6

⌉

……………. ……………(2)

⌉.

𝜸−𝟏
𝑴 (𝑮) For Some Families of Graphs 3.5
(1)

−1
For a Complete graph 𝐺 = 𝐾𝑝 , 𝛾𝑀
(𝐾𝑝 ) = 1.

(2)

−1
For a Path, 𝛾𝑀
(𝑃𝑝 ) = ⌈ ⌉ , 𝑝 ≥ 2

(3)

−1 (𝐺)
Let 𝐺 = 𝐾𝑚,𝑛 , 𝑚, 𝑛 ≥ 2 be a Complete bipartite graph. Then 𝛾𝑀
= 1.

(4)

−1 (𝐺)
For a Star = 𝐾1,𝑝−1 , 𝛾𝑀
=⌊
⌋, 𝑝 ≥ 2.
2
−1 (𝐺)
̅𝑝 be a totally disconnected graph with p vertices, Then 𝛾𝑀
Let 𝐺 = 𝐾
= 𝑝/2, if p is even.

(5)

(6)

𝑝
6

𝑝−1

If G = mK2, m≥1 then 𝛾𝑀−1 (𝐺) = ⌈𝑝4⌉.
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Remark 3.6
̅𝑝 ,when p is odd.
The inverse majority dominating set does not exist for 𝐺 = 𝐾
Proposition.3.7
𝑝

−1 (𝐺)
Let 𝐺 be a caterpillar such that each vertex is attached with exactly one pendant. Then 𝛾𝑀
= ⌈ ⌉.
8

Proof
𝑝

−1 (𝐺)
By the result[1.2] , 𝛾𝑀
= ⌈ ⌉.Then 𝐷 = {𝑣1 , 𝑣2 , 𝑣3 , … … , 𝑣⌈𝑝⌉ } is a minimum majority dominating set of 𝐺
8

8

𝑝

such that 𝑁[𝑢𝑖 ]⋂𝑁[𝑣𝑗 ] =  for 𝑖 ≠ 𝑗 and |𝐷| = ⌈ ⌉.
8

Choose 𝐷′ = {𝑢𝑖+1 ∕ 𝑢𝑖 ∈ 𝐷} ⊆ (𝑉 − 𝐷) with |𝐷′| = |𝐷|.
𝑝

−1 (𝐺)
⇒ 𝐷′ is a inverse majority dominating set of 𝐺 with respect to 𝐷 of G. Hence 𝛾𝑀
= ⌈ ⌉.
8

IV. Bounds of 𝜸−𝟏
𝑴 (𝑮)
Proposition:4.1
𝑝

−1 (𝐺)
For a connected graph 𝐺,1 ≤ 𝛾𝑀
≤ ⌈ ⌉ − 1.
2

Proof
Suppose that the graph is minimally connected with p vertices. Then the graph 𝐺 could have (𝑝 − 1) pendants
and a full degree vertex’ 𝑢’.
∴ 𝐷 = {𝑢} is a majotity dominating set of 𝐺.Now choose 𝐷′ = {𝑢1 , 𝑢2 , … … 𝑢𝑡 } ⊆ (𝑉 − 𝐷) with
𝑝

|𝐷′| = 𝑡 = ⌈ ⌉ − 1
2

and

all

𝑝

pendants. ∴

are

|𝑁[𝐷′]| = 𝑡 + 1 = ⌈ ⌉
2

𝑝

−1 (𝐺)
dominating set G with respect to D. Hence 𝛾𝑀
≤ |𝐷′| = ⌈ ⌉ − 1
2

⇒

𝐷′

is

a

inverse

majority

……….(1)
𝑝

−1 (𝐺)
Suppose the connected graph G has less than (p-1) pendants, then 𝛾𝑀
< ⌈ ⌉ − 1.
2

−1 (𝐺)
Since 𝐺 is a connected graph, 𝛾𝑀
≥1
………(2)
From (1) and (2), we obtain the result,
This upper bound is sharp if 𝐺 = 𝐾1,𝑝−1 , a star and the lower bound is sharp if 𝐺 = 𝐾𝑝 , a complete graph.

Proposition:4.2
𝑝

𝑝

6

2

−1 (𝑇)
(i) For a tree T with p vertices, ⌈ ⌉ ≤ 𝛾𝑀
≤ ⌈ ⌉ − 1. These bounds are sharp.

Proof
This result is proved by induction on the number of pendants ′𝑒′.
Since every tree has 𝑒 ≥ 2 pendants, if 𝑒 = 2, then 𝑇 = 𝑃𝑝 , a path of p vertices.
𝑝

−1
By the proposition (3.5), 𝛾𝑀
(𝑃𝑝 ) = ⌈ ⌉.
6

If 𝑒 = 3, then 𝐺 is any connected graph with three pendants or 𝑇 = 𝐾1,3 or 𝐷1,2 .
𝑝

−1 (𝑇)
By the proposition (3.5) and (3.3),We get 𝛾𝑀
= ⌈ ⌉.
6

𝑝

−1 (𝑇)
∴ This is true for 𝑒 = 2,3,4, … … , (𝑝 − 2) pendants ie) 𝛾𝑀
≥ ⌈ ⌉.when e = p-1 then T=𝐾1,𝑝−1,a star
6

By the

−1
result(3.5),𝛾𝑀
(𝐾1,𝑝−1 )

= ⌊

𝑝−1
2

𝑝

⌋ = ⌈ ⌉ − 1.
2

𝑝

𝑝

6

2

−1 (𝑇)
Hence, for any tree 𝑇 with 𝑝 vertices, ⌈ ⌉ ≤ 𝛾𝑀
≤ ⌈ ⌉ − 1.

Corollary 4.3
𝑝
−1 (𝐺)
̅𝑝 , p is even.
(i) For any graph 𝐺 with isolates 𝛾𝑀
≤ ( ), the bound is sharp if 𝐺 = 𝐾
2

𝑝

−1 (𝐺)
(ii) For a disconnected graph 𝐺 without isolates, 𝛾𝑀
≤ ⌈ ⌉. This bounded is sharp for 𝐺 = 𝑚𝐾2 , 𝑚 ≥ 1 and
𝑝

4

−1 (𝐺)
for 𝐺 = 𝑚𝑃5 or 𝑚𝐶7 , 𝛾𝑀
< ⌈ ⌉.
4
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Proposition 4.4

For a disconnected graph G with isolates but G ≠ ̅
𝐾𝑝
𝑝

𝑝

4
𝑝

2
𝑝

4

2

−1 (𝐺)
𝛾𝑀
= ⌊ ⌋, if |𝑘1 | < ⌈ ⌉ and 𝑘1 denotes the set of isolates

a)

−1 (𝐺)
b) 𝛾𝑀
≥ ⌈ ⌉ if |𝑘1 | > ⌈ ⌉,

For example
𝑝
𝑝
−1 (𝐺)
(1)If G=3𝐾3 ∪6𝐾1 , 𝛾𝑀
= 3=⌊ ⌋.and |𝑘1 | < ⌈ ⌉
4

2

𝑝

𝑝

−1 (𝐺)
(2)If G=𝐾3 ∪12𝐾1 , 𝛾𝑀
= 6 > ⌈ ⌉ and |𝑘1 | > ⌈ ⌉.
4

(3) If

−1 (𝐺)
G=2𝐾3 ∪9𝑘1 , 𝛾𝑀

2

𝑝

𝑝

= 4 = ⌈ ⌉ and |𝑘1 | > ⌈ ⌉.
4

2

Proposition 4.5
−1 (𝐺)
If G is any r-regular graph with p vertices then 𝛾𝑀
= 𝛾𝑀 (𝐺).
Proof
Let G be a r-regular graph with p vertices such that d(𝑢𝑖 )=r, for all 𝑢𝑖 ∈ 𝑉(𝐺).
Let D be a minimum majority dominating set of G and
|𝐷| = 𝛾𝑀 (𝐺)
……..(1)
′
′
Choose 𝐷 = {𝑢𝑖+1 ∕ 𝑢𝑖 ∈ 𝐷} and 𝐷 ⊆ 𝑉 − 𝐷 such that |𝐷′| = |𝐷|.
|𝐷|

Then |𝑁[𝐷′ ]| ≤ ∑𝑖=1 𝑑(𝑢𝑖+1 ) + |𝐷| ≤ (r+1) |𝐷|.
Since |𝐷|=𝛾𝑀 (𝐺)

and

𝑝

𝑝

2

2

|𝑁[𝐷]| ≥ ⌈ ⌉, |𝑁[𝐷′]| ≥ ⌈ ⌉. It implies that

𝐷′ 𝑖𝑠 a majority dominating set

in V-D.
∴ 𝐷′ is an Inverse Majority Dominating set of G with |𝐷′| = |𝐷|.
−1
Hence,
𝛾𝑀
(G)≤ |𝐷′| = |𝐷| = 𝛾𝑀 (𝐺)

𝛾−1
𝑀 (G)

Also ,by proposition (2.4), for any graph G, 𝛾𝑀 (𝐺) ≤
−1
From (2) and (3), We obtain 𝛾𝑀
(G) = 𝛾𝑀 (𝐺).

…………….(2)

…….……..(3),.

Example:4.6
−1
For a Cycle 𝐶𝑝 , 𝑚𝐾2 , 𝐾𝑝, Petersen graph (3-regular) and Tutte graph, 𝛾𝑀
(G)= 𝛾𝑀 (𝐺).
Proposition 4.7
−1
In a graph G ,all the vertices of G are majority dominating vertex if and only if 𝛾𝑀
(G)= 1.
Proof
𝑝

d(𝑣𝑖 ) ≥ ⌈ ⌉ − 1, any single vertex is a minimum majority dominating set of G then we

Since each vertex

2

−1
could find another a majority dominating vertex in (V-D) of G. Hence 𝛾𝑀
(G)= 𝛾𝑀 (𝐺)=1.
Corallory 4.8
−1
If the graph G has exactlydominating vertex then 𝛾𝑀
(G) ≥ 2.
Corallory 4.9
Let D be a minimum majority dominating set of a graph G . If graph G has atleast one majority dominating
−1
Vertex (V-D) then 𝛾𝑀
(G)= 1.

THEOREM 4.10
𝛾 −1 (G)

−1
Let G be any graph with P vertices then 𝛾𝑀
(G) ≤, ⌈
⌉ where 𝛾 −1 (G) is the inverse dominating set of G.
2
Proof
Let 𝐷′ be a inverse dominating set of G. Then 𝐷′ is a 𝛾 −1 - set of G. Then |𝑁[𝐷′ ] = 𝑉(𝐺)|. Let 𝐷′= 𝐷1 ∪ 𝐷2 ,
𝛾 −1 (G)

𝛾−1 (G)

𝑉(G)

2

2

2

where |𝐷1 | = ⌈

𝑉(G)

|𝑁[𝐷2 ]| = ⌊

⌉, |𝐷2 | = ⌊

⌋. Then |𝑁[𝐷1 ] ∪ 𝑁[𝐷2 ]| = |𝑁[𝐷′]| = |𝑉(𝐺)|. Either |𝑁[𝐷1 ]| ≥ ⌈

⌉ or

⌋.
i.e) either 𝐷1 is ainverse majority dominating set or 𝐷2 is a Inverse majority dominating set.
2

𝛾−1 (G)

𝛾−1 (G)

2

2

−1
Therefore 𝛾𝑀
(G) ≤ |𝐷1 | = ⌈
𝛾−1 (G)

−1
Hence 𝛾𝑀
(G) ≤ ⌈

2

−1
⌉ or 𝛾𝑀
(G) ≤ |𝐷2 | = ⌊

⌋.

⌉.
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Example 4.11
Let G be the graph obtained from (𝐾1,10 ) by dividing each edge exactly once. G = S(𝐾1,10).Then p(G) = 21 ,
11

𝛾−1 (G)

−1
−1
q(G) = 20. 𝛾(𝐺)=10 𝛾 −1 (G)=11, 𝛾𝑀 (𝐺)=1, 𝛾𝑀
(G) = 5 there fore𝛾𝑀
(G) =5< ⌈ ⌉.. = ⌈
⌉=6.
2
2
Example 4.12
𝑝
−1
Let 𝐷3,10 with p = 15 . 𝛾(𝐺)=2 and 𝛾 −1 (G)=13 𝛾𝑀 (𝐺)=1, By proposition (3.3), 𝛾𝑀
(G)= |𝑒𝑖 | + 1= ⌈ ⌉ −
𝛾−1 (G)

2

−1
|𝑁[𝑢]| +1 =4.Hence, therefore 𝛾𝑀
(G) =4 <⌈
⌉=7.
2
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Abstract: In this paper we have introduced a new concept Sequentially Compact Menger Spaces and some
of their properties were discussed. Also we have proved that if X is a Compact Menger space and Y is a
subspace of X and if X is Hausdorff then Y is closed

.
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I.Introduction
The Menger property is a familiar topological notion introduced by K.Menger in 1924 and systematically
studied since the paper by Scheepers. Recently, the notions of almost Menger and weakly Menger properties
were introduced and considered. Di.Maio and Kocinac [5] considered almost Menger property in hyperspaces.
In almost Menger and weakly Menger properties were considered in infinite games and Babinkostova, Pansera
and scheepers [1] considered the productivity of Weakly Menger property.
II.Preliminaries
Definition :2.1
A topological space X is Menger [15] if for each sequence {𝒰𝑛 :n∈N} of open covers of X there exists a
sequence {𝒱𝑛 :n∈N} such that for every n∈N, 𝒱𝑛 is a finite subset of 𝒰 n and ⋃𝑛∈𝑁 𝒱𝑛 is an open cover of X.
Definition :2.2
A space X to be almost Menger [15] if for each sequence {𝒰𝑛 :n∈N} of open covers of X there exists a
̅ 𝑉 ∈ 𝒱𝑛 } = 𝑋.
sequence {𝒱𝑛 :n∈N} such that for every n∈N, 𝒱𝑛 is a finite subset of 𝒰𝑛 and ⋃𝑛∈𝑁∪ {𝑉:
Definition :2.3
A space X is said to be Weakly Menger [15] if for each sequence {𝒰𝑛 :n∈N} of open covers of X there
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
exists a sequence {𝒱𝑛 : 𝑛 ∈ 𝑁} such that for every n∈N, 𝒱𝑛 is a finite subset of 𝒰𝑛 and ∪
𝑛∈𝑁 ∪ {𝑉: 𝑉 ∈ 𝒱𝑛 }=X.
Definition :2.4
A space X is Star-C-Menger [14] if for each sequence {𝒰𝑛 :n∈N} of open covers of X there exists a sequence
{𝐾𝑛 :n∈N} of countably compact subsets of X such that {𝑆𝑡 (𝐾𝑛 , 𝒰𝑛 ): 𝑛 ∈ 𝑁} is open cover of X.
Definition :2.5
If X is Menger space, a point x of X is said to be an M-isolated point of X if the one-point set {x} is open in
X.
Definition :2.6
A Menger space X is said to be MLP-Compact (Menger limit point compact) if every infinite subset of X
has a limit point.
III. Sequentially Compact Menger Spaces
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Definition :3.1
Let X be a Menger space. If (xk) is a sequence of points of X and if K1 <K2<...<Ki <... is an increasing
sequence of positive integers then the sequence (yk) defined by setting yk = 𝑥𝑛𝑘 is called a M-subsequence of
the sequence (xn).
The space X is said to be sequentially compact Menger space if every sequence of points of X has a
convergence subsequence.
Lemma :3.2
Let X be a Menger space and Y be a subspace of X. Then Y is compact if and only if every open covering of
Y by open sets in X contains a finite sub collection covering Y.
Proof:
Suppose that Y is compact and 𝑈 = {𝑈𝛼 }𝛼𝜖𝐽 is a covering of Y by sets open in X. Then the collection
{𝑈𝛼 ∩ 𝑌/𝛼𝜖𝐽} is a covering of Y by sets open in Y.
Hence a finite sub collection of 𝑈𝛼 that covers Y.
Conversely suppose that every open covering of Y contains a finite sub collection that covering Y.
We wish to prove that Y is compact. Since X is a Menger space for each sequence of open covers of X there
exists a sequence of open covers 𝑈𝛼 that covers Y.
For each α, choose a set 𝑈𝛼 open in X such that 𝑈𝛼′ = 𝑈𝛼 ∩ 𝑌.
The collection 𝑈 = {𝑈𝛼 } is a covering of Y by sets open in X. By hypothesis some finite sub collection
{𝑈𝛼1, 𝑈𝛼2, … 𝑈𝛼𝑛 } covers Y.
Then {𝑈 ′ 𝛼1, 𝑈 ′ 𝛼2, … 𝑈 ′ 𝛼𝑛 } is a sub collection of 𝑈 ′ that covers Y.
Hence Y is compact.
Theorem :3.3
Let X be a Menger space. Let Y be the compact subspace of X. If X is a Hausdroff space then Y is closed.
Proof :
Let Y be the compact subspace of X. We shall prove that X-Y is open so that Y is closed.
Let x0 be a point of X-Y. We shall show that there is a neighbourhood of x0 that is different from Y. Since X
is Hausdroff,
for each point y of Y, let us choose neighbourhoods 𝑈𝑦 and 𝑉𝑦 of the
poits x0 and y. Then the collection {𝑉𝑦 /𝑦 ∈ 𝑌} is a covering of Y by sets open in X.
Therefore finitely many of the open sets 𝑉𝑦1 , 𝑉𝑦2 , … 𝑉𝑦𝑛 covers Y. Since X is a Menger space and Y is a
subspace of X, the open set 𝑉 = 𝑉𝑦1 ∪ … ∪ 𝑉𝑦𝑛 contains Y and is disjoint from the open set 𝑈 = 𝑈𝑦1 ∩ … ∩ 𝑈𝑦𝑛
by taking the intersection of the corresponding neighbourhoods of x 0.
For if Z∈V then 𝑧 ∈ 𝑉𝑦𝑖 for some i. Therefore 𝑧 ∉ 𝑈𝑦𝑖 implies z∉U. Then U is a neighbourhood of x0
disjoint from Y. Therefore Y is closed.
Theorem :3.4
Let X be a Menger space. If X is sequentially compact then X is compact.
Proof :
Let X be a Menger space. Let 𝒜 be an open covering of X. Since X is sequentially compact, the open
∈
covering 𝒜 has a Lebesgue number δ= and find a finite covering of X by open ϵ-balls.
3

2𝛿

Each of these balls has diameter at most , so it lies in an element of 𝒜. Choose an element of 𝒜 with this
3
property, we obtain a finite sub collection of 𝒜 that covers X. Hence X is compact.
Definition :3.5
Let X be a Menger space. Then X is said to be locally compact at x if there is some compact subspace B of
X that contains a neighbourhood of x. If X is locally compact at each of its points then X is said to be locally
compact Menger space.
Example :3.6
The space Rn is locally compact Menger space.
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Let B = (a1,b1) × (a2,b2) × ... × (an,bn) and xϵB. Also x lies in the compact subspace [a1,b1] × [a2,b2] × ... × [an,bn].
Therefore Rn is locally compact Menger space.
Theorem :3.7
Let X be a Menger space. If X is a subspace of Y and X is locally compact Hausdroff space then Y is a
compact Hausdroff space.
Proof :
Let X is a locally compact Hausdroff space. To show that Y is compact, let 𝒜 be an open covering of Y.
Since X is locally compact, form the set Y as Y=X∪{∞}. The collection 𝒜 must contain an open set Y-C, since
none of the sets contain the point ∞.
Take all the members of 𝒜 different from Y-C and intersect them with X. They form a collection of open sets of
X covering C. Since U is an open set and ƥϵU and since C=Y-U is closed in Y, it is a compact subspace of Y.
Because C is compact, finitely many of them cover C. The corresponding finite collection of elements of 𝒜
along with the element Y-C, cover all of Y. Hence Y is compact.
To show that Y is Hausdroff, let x and y be two points of Y. If x,yϵX, there are disjoint open sets U and V open
in X containing them.
Otherwise, if xϵX and y = ∞ then choose a compact set C in X containing a neighbourhood U of x. Then U and
Y-C are disjoint neighbourhoods of x and ∞ and in Y and therefore Y is compact Hausdroff space.
IV. Conclusion
Our main result is,
i)
Menger spaces can be extended to sequentially Compact Menger Spaces.
ii)
Some results were discussed.
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Abstract: This paper focuses its attention on Multi-Objective Transportation Problem (MOTP) in the field
of fisheries. In aquaculture, feed represents maximum of production costs. Earlier day’s plant and animal
products are used to prepare feed but the cost of feed raises high. In this paper biofloc meal is added to
improve the nutritional diet, growth and to minimize the cost for GIFT Tilapia. Here, the primary objective
is to minimize the total cost per week and the secondary objective is to minimize the number of weeks
needed to feed for the fishes to attain its maximum growth. In this work we show how a MOTP model is
better adapted to current needs in fish feed formulation than the traditionally used model.
Keywords: Multi-objective transportation problem (MOTP), priority factor, single-objective transportation
problem, basic feasible solution, Russell Approximation Method (RAM),minimize cost.
I. Introduction
In many real-life situations, optimization problems can be formulated as multi-objective transportation problem,
which is a special case of linear type optimization problem. Prakash et al. [14] developed an algorithm for the
two objective problems to obtain the set of non-dominated solutions where the primary objective is to minimize
the cumulative distance covered by all the buses and the secondary objective is to maximize the distance
covered by individual buses from the depots to the starting points of their routes. Ananya and Chakraborty [2]
proposed a model for a multi-objective linear programming problem that has been solved using fuzzy parametric
programming and prioritized goal programming. For time minimization in transportation problem, they have
utilized the concept of partitioned set.
Maity and Kumar Ro [7] developed a mathematical model for a multi objective transportation problem with
nonlinear cost and multi-choice demand.They focuses on objective functions of nonlinear type, which occur due
to the extra cost of remaining supplying goods at their points of origin to various destinations. Alsothe demand
parameters are considered to be of multi-choice type.Maity et al. [8] proposed a model for MOTP under
uncertainty in real-life decision making problems. They used Fuzzy Multi-Choice Goal Programming (FMCGP)
to select the proper goals to the objective functions.
Prabu et al. [12] studied the growth and survival of juvenile GIFT Tilapia to find the effect of dietary
supplementation of biofloc meal with tryptophan. They found that without any adverse effect on the fish
performance, biofloc meal supplement can improve the growth and survival of GIFT Tilapia. Porchelvi et al.
[10]suggested a diet for Anaemic and Hypotension using MOTP. They found that people who spend Rs.58 per
day and taking the same diet for five days will get the chances of reducing these health disorders. Porchelvi et
al. [11] proposed a feed formulation model for GIFT Tilapia using linear programming technique. They
considered the combination of plant feedstuffs and fish products for preparing feed. Together with the search for
the lowest possible cost, we have included biofloc meal to increase the growth and to decrease the cost for
formulating feed.
The purpose of the present paper is to prepare feed for GIFT Tilapia which is advanced from the existing
formulation quoted by Porchelvi et al. [11]. The new ingredient biofloc can meet up to 50% protein
requirements of tilapia (Avnimelech [3]) which is an aggregate formed by fungi, bacteria, invertebrates and
small inorganic and organic particles (Avnimelech [4]). This represents an alternative for protein supplements
in shrimp and fish feeds.
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The paper has the following structure: following the introduction, section II briefly discusses the formulation of
MOTP which is followed by the proposed algorithm. Section III gives the application in fish feed formulation.
The conclusion is included in Section IV.
II. MOTP model formulation
Kasna and Kumar [6] formulated the MOTP as follows: Suppose there are 𝑚 origins and 𝑛 destinations and also
the quantities available at each origin and the quantities to be transported to each destination. The total
quantities available at the origins may differ from the total quantities needed at the destinations. For such
situations, in order to get precisely the same total quantities at the origins and the destinations we introduce
dummy origin or destination so that the problem is balanced. A balanced transportation problem leads to no loss
of generality.
Let 𝑥𝑖𝑗 be the quantity to be transported from origin 𝑖 to destination 𝑗 and for each fixed 𝑝 ∶ 𝑝 =
𝑝
0,1, … , (𝑘 − 1), and 𝑐𝑖𝑗 (𝑖 = 1,2, … , 𝑚 and 𝑗 = 1,2, … , 𝑛)the units of the parameter required for transporting
one unit of the quantity from origin 𝑖 to destination 𝑗.
A. Solution Procedure:
The primary objective is to minimize

𝑛
1
𝑍1 = ∑𝑚
𝑖=1 ∑𝑗=1 𝑐𝑖𝑗 𝑥𝑖𝑗

------ (1)

𝑝

The secondary objective is to minimize 𝑍2 = 𝑚𝑎𝑥{𝑐𝑖𝑗 : 𝑥𝑖𝑗 > 0, 𝑖 = 1,2, … , 𝑛, 𝑗 = 1,2, … , 𝑛}

------ (2)

for 𝑝 = 1,2, … , (𝑘 − 1)
Subject to the constraints
𝑛

∑
𝑖=1
𝑚

𝑥𝑖𝑗 = 𝑎𝑖 ,

𝑖 = 1,2, … , 𝑚

𝑥𝑖𝑗 = 𝑏𝑗 ,

𝑗 = 1,2, … , 𝑛

∑
𝑖=1

The problem formulated on this pattern has 𝑘 objective functions given by Eqs. (1) and (2). For each arbitrarily
𝑝
chosen 𝑝 (𝑝 = 1,2, … , (𝑘 − 1)), the parameter 𝑐𝑖𝑗 , (𝑖 = 1,2, … , 𝑚 and 𝑗 = 1,2, … , 𝑛) is decomposed into
mutually disjoint subsets. The partitioning is done in such a way that the subsets ℒ𝜔𝑝 , where 𝜔𝑝 =
𝑝

1,2, … , 𝜈(𝑝) ; 1 ≤ 𝜈(𝑝) ≤ 𝑚𝑛 contain all 𝑐𝑖𝑗 which have the same numerical value and these subsets are
arranged in descending order.
Hence the problem is to minimize
𝑚

𝑍=∑

𝑛

∑

𝑖=1

𝑗=1

1
𝑐𝑖𝑗
𝑥𝑖𝑗 + ∑

𝜔𝑝

𝑝=1

𝑀𝑝 ∑ 𝑥𝑖𝑗
ℒ 𝜔𝑝

𝑡ℎ

where 𝑀𝑝 is the internal priority factor for the 𝑝 objective, are all positive with the condition that 𝑀𝑝 ≫
𝑀𝑝+1 , ( 𝑝 = 1,2,3, … , 𝑘 − 1). Also, the primary objective function is linear and the secondary objective
functions are nonlinear, and hence the problem becomes nonlinearity for the combined objective.
B. Proposed algorithm for solving MOTP
The algorithm consists of the following steps:
Step 1. Determine the basic initial solution using Russell Approximation Method (RAM)followed by u-v
method to find 𝑍1 .
Step 2. If a unique solution 𝑍1 exists, then go to Step 7; otherwise go to step 3.
Step 3. Determine the set of all different alternative optimal solutions 𝑠1 of 𝑍1 .
Step 4. Construct a subset 𝑠2 of 𝑠1 so that each element of 𝑠2 minimizes the first secondary objective function
𝑍2 .
Step 5. Do the optimality test for each element of 𝑠1 for 𝑍2 . In case a single element of 𝑠2 yields optimal for
𝑍2 , then go to Step 7; otherwise go to next step.
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Step 6. Repeat Step 4 and 5, till optimality is not disturbed using 𝑠3 , 𝑠2 and 𝑍3 in place of 𝑠2 , 𝑠1 and
𝑍1 , respectively, and so on. Go to next step if optimality is disturbed, or the entire secondary objective
functions are optimized.
Step 7.The current solution obtained is the solution of the combined objective problem.

III. An Application to formulate fish feed
The objective of the feed formulation is to ascertain the limits of certain ingredients that should be combined to
meet certain nutritional requirements for maximum fish growth. For this, the consideration of the feed
composition treatment levels for a week are treatment 1, treatment 2 and treatment 3 , and the ingredients are
biofloc meal, fish meal, cassava meal, soybean meal, rice bran, fish oil, and vitamin - mineral premix. The
values are taken from Department of Fish Processing unit, Nagapattinam, TamilNadu. The composition level of
each ingredient contained within a unit of each ingredient and their daily minimum requirement along with the
cost and origin and destination of each item is given in Table 1.
Table 1.Ingredient composition of formulated GIFT Tilapia diet

Destination
Supply
𝐹1 𝐹2 𝐹3
𝐹4
𝐹5
𝐹6
𝐹7
20 26 15 15
12
5.5
1
26
𝑇1
30 27 13 10
8
5
0.5
23
𝑇2
40 27 10
5
6
5
1
21
𝑇3
Demand
19
5
12 13
15
3
2
The proposed model is not a balanced one, in order to make it as a balanced problem; we include a dummy
variable 𝐹8 as given in Table 2. Fig 1, gives the optimum composition level that is quantities required to prepare
feed for tilapia.
Source

Table 2. Equivalent Balanced Problem Associated with the feed formulation

Source
𝑇1
𝑇2
𝑇3
Demand

𝐹1
20
30
40
19

𝐹2
26
27
27
5

𝐹3
15
13
10
12

Destination
𝐹4 𝐹5
15 12
10
8
5
6
13 15

𝐹6
5.5
5
5
3

𝐹7
1
0.5
1
2

𝐹8
0
0
0
1

Supply
26
23
21
70

Fig 1. The composition levels required for formulating feed
Fishoil
3%
Rice bran
15%

Soybean
meal
13%

Vit-Min
premix
2%

Biofloc
19%

Cassava
meal
12%

Fishoil
5%

Treatment3 Treatment1
21%
26%
Treatment2
23%

The multi-objective functions of the equivalent balanced problem (Table.2) associated with the feed formulation
problem are given by
20𝑥11 + 26𝑥12 + 15𝑥13 + 15𝑥14 + 12𝑥15 + 5.5𝑥16 + 𝑥17 + 0𝑥18
------ (3)
(1)
𝑧 = {+30𝑥21 + 27𝑥22 + 13𝑥23 + 10𝑥24 + 8𝑥25 + 5𝑥26 + 0.5𝑥27 + 0𝑥28
+40𝑥31 + 27𝑥32 + 10𝑥33 + 5𝑥34 + 6𝑥35 + 5𝑥36 + 𝑥37 + 0𝑥38
------ (4)
and
𝑧 (2) = 𝑚𝑎𝑥 {𝑐𝑖𝑗 : 𝑥𝑖𝑗 > 0, 𝑖 = 1,2,3 and 𝑗 = 1,2, … ,8}
We find 𝜔𝑝 = 16, for the equivalent balanced problem. The subsets forming the problem of the set
{𝑐𝑖𝑗 ∶ 𝑖 = 1,2,3; 𝑗 = 1,2, … ,8} are as follows:
𝐿1 = {𝑐31 }, 𝐿2 = {𝑐21 }, 𝐿3 = {𝑐22 , 𝑐32 }, 𝐿4 = {𝑐12 }, 𝐿5 = {𝑐11 }, 𝐿6 = {𝑐13 , 𝑐14 }, 𝐿7 = {𝑐23 } ,
𝐿8 = {𝑐15 }, 𝐿9 = {𝑐24 , 𝑐33 } , 𝐿10 = {𝑐25 } , 𝐿11 = {𝑐35 }, 𝐿12 = {𝑐16 }, 𝐿13 = {𝑐26 , 𝑐34 , 𝑐36 },
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𝐿14 = {𝑐17 , 𝑐37 }, 𝐿15 = {𝑐27 }, 𝐿16 = {𝑐18 , 𝑐28 , 𝑐38 }
Here, the 𝑐𝑖𝑗 ′𝑠 belonging to 𝐿1 , 𝐿2 … , 𝐿16 have the numerical values 40, 30, 27, 26, 20, 15, 13, 12, 10,
8, 6, 5.5, 5, 1, 0.5, 0 respectively. The representation of the equivalent problem associated with the
formulation, the objective function which we seek to minimize is,
𝑀0 (20𝑥11 + 26𝑥12 + 15𝑥13 + 15𝑥14 + 12𝑥15 + 5.5𝑥16 + 𝑥17 + 0𝑥18 + 30𝑥21 + 27𝑥22
+13𝑥23 + 10𝑥24 + 8𝑥25 + 5𝑥26 + 0.5𝑥27 + 0𝑥28 + 40𝑥31 + 27𝑥32 + 10𝑥33 + 5𝑥34
𝑧 = +6𝑥35 + 5𝑥36 + 𝑥37 + 0𝑥38 ) + 𝑀1 (𝑥31 ) + 𝑀2 (𝑥21 ) + 𝑀3 (𝑥22 + 𝑥32 ) + 𝑀4 (𝑥12 ) + 𝑀5 (𝑥11 )
+𝑀6 (𝑥13 + 𝑥14 ) + 𝑀7 (𝑥23 ) + 𝑀8 (𝑥15 ) + 𝑀9 (𝑥24 + 𝑥33 ) + 𝑀10 (𝑥25 ) + 𝑀11 (𝑥35 ) + 𝑀12 (𝑥16 )
+𝑀13 (𝑥26 + 𝑥34 + 𝑥36 ) + 𝑀14 (𝑥17 + 𝑥37 ) + 𝑀15 (𝑥27 ) + 𝑀16 (𝑥18 + 𝑥28 + 𝑥38 )
{

--- (5)

A. Data Analysis
The equivalent alternative problem is a single-objective transportation problem amenable to the solution by the
Step1. Hence, by using the above algorithm, the optimal solution obtained is given in Table 4. In this table, all
cost coefficients corresponding to the basic cells are entered in their lower portions which gives the
requirementneeded to formulate the mixture.
Table 3. The solution of the transportation problem using RAM
Destination
Source

𝑻𝟏

𝑭𝟏

𝑭𝟐

𝑭𝟑

𝑭𝟒

𝑭𝟓

𝑭𝟔

𝑭𝟕

𝑭𝟖

20𝑀0 + 𝑀5

26𝑀0 + 𝑀4

15𝑀0 + 𝑀6

15𝑀0 + 𝑀6

12𝑀0 + 𝑀8

5.5𝑀0 + 𝑀12

𝑀0 + 𝑀4

𝑀16

19
30𝑀0 + 𝑀2

5
27𝑀0 + 𝑀3

8𝑀0 + 𝑀10

1
5𝑀0 + 𝑀13

13𝑀0 + 𝑀7

10𝑀0 + 𝑀9

40𝑀0 + 𝑀1

27𝑀0 + 𝑀3

7

10𝑀0 + 𝑀9

5𝑀0 + 𝑀13

𝑻𝟑
Demand

Source

19

5

12

𝑭𝟏

𝑭𝟐

20𝑀0 + 𝑀5

26𝑀0 + 𝑀4

19

𝑻𝟑

Demand

13

2
5𝑀0 + 𝑀13

5

30𝑀0 + 𝑀2
−10.5𝑀0
+ 𝑀5 + 𝑀13
− 𝑀2 − 𝑀12

27𝑀0 + 𝑀3
−1.5𝑀0 + 𝑀4
+ 𝑀13 − 𝑀2
− 𝑀12

40𝑀0 + 𝑀1
−23.5𝑀0
+ 𝑀5 + 𝑀9
+ 𝑀13 − 𝑀1
− 𝑀7 − 𝑀12

27𝑀0 + 𝑀3
−4.5𝑀0 + 𝑀4
+ 𝑀9 + 𝑀13
− 𝑀3 − 𝑀7
− 𝑀12

19

5

15𝑀0 + 𝑀6
−2𝑀0 + 𝑀7
+ 𝑀12 − 𝑀6
− 𝑀13

15

13𝑀0 + 𝑀7

4
10𝑀0 + 𝑀9

15𝑀0 + 𝑀6
−6𝑀0
+ 𝑀7
+ 𝑀12
− 𝑀6 − 𝑀9
10𝑀0 + 𝑀9
−2𝑀0
+ 𝑀7
+ 𝑀13
− 2𝑀9
5𝑀0 + 𝑀13

8
12

13
13

0.5𝑀0
+ 𝑀15
2

𝑀16

𝑀0 + 𝑀14

𝑀16

23

21

8
3

Table 4. Final Table Giving Optimal Basic Feasible Solution
Destination
𝑭𝟑
𝑭𝟒
𝑭𝟓
𝑭𝟔

𝑻𝟏

𝑻𝟐

6𝑀0 + 𝑀11

13

26
1

𝑻𝟐
12

Supply

12𝑀0 + 𝑀8
−3.5𝑀0
+ 𝑀10 + 𝑀12
− 𝑀8 − 𝑀13

5.5𝑀0
+ 𝑀12

8𝑀0 + 𝑀10

5𝑀0 + 𝑀13

1

15

2

1

𝑭𝟕

𝑭𝟖

𝑀0 + 𝑀4
𝑀12 + 𝑀15
− 𝑀13
− 𝑀14
0.5𝑀0
+ 𝑀15

2

2

6𝑀0 + 𝑀11
−𝑀0 + 𝑀9
+ 𝑀10 − 𝑀7
− 𝑀11

5𝑀0 + 𝑀13
−3𝑀0
+ 𝑀9 − 𝑀7

𝑀0 + 𝑀14
−3.5𝑀0
+ 𝑀7 + 𝑀9
+ 𝑀15
− 𝑀14

15

3

2

70

Supply

𝑀16

26

1
𝑀16
−0.5𝑀0
+ 𝑀13
− 𝑀12

23

𝑀16
−3.5𝑀0
+ 𝑀9
+ 𝑀13
− 𝑀7
− 𝑀12

21

1

The value of 𝑧 for this optimal basic feasible solution is given by
𝑧 = 843.5𝑀0 + 5𝑀4 + 19𝑀5 + 4𝑀7 + 8𝑀9 + 15𝑀10 + 3𝑀13 + 𝑀14 + 𝑀15 + 𝑀16
------ (6)
Now, as 𝑀0 is the priority factor assigned to 𝑧 (1) which represents the cost for the formulation and the desired
solution is 𝑅𝑠. 843.5 . Further, we see that 𝑀4 has the largest priority factor among the others and 𝑐𝑖𝑗 ′𝑠
belonging to 𝐿4 have the numerical value 26, it follows solution of 𝑧 (2) is 26 which is the minimum number
of weeks needed to feed for the fishes to attain its maximum growth. The alternative solution also gives the
same result.
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Solutions
𝑥 (1)

𝑥

(2)

Values of the basic variables
𝑥11 = 19, 𝑥12 = 5, 𝑥17 = 1, 𝑥18 = 1
𝑥23 = 4, 𝑥25 = 15, 𝑥26 = 3, 𝑥27 = 1
𝑥33 = 8, 𝑥34 = 13
𝑥11 = 19, 𝑥12 = 5, 𝑥16 = 1, 𝑥18 = 1
𝑥23 = 4, 𝑥25 = 15, 𝑥26 = 2, 𝑥27 = 2
𝑥33 = 8, 𝑥34 = 13

Cost per week

No. of weeks

𝑍1 (𝑥 (1) ) = 843.5

𝑍2 (𝑥 (1) ) = 26

𝑍1 (𝑥 (2) ) = 843.5

𝑍2 (𝑥 (2) ) = 26

IV. Conclusion
The algorithm used here is simple and efficient in solving multi-objective transportation problems, because it
accounts for additional secondary objectives in partitioning and ordering the coefficients before solving. In this
work the model constructed is quite versatile because a variety of real-life constraints can be easily
accommodated within this framework. From the application, it is observed that for formulating feed for GIFT
Tilapia requires 𝑅𝑠. 843.5 per week and following this for 26 weeks will give a maximum growth. It is
suggested that following the formulation for several weeks will gives no negative impact on nutrition and
growth and raises the income for the small-scale farmer.
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Classification:90C90
Applications
of mathematical
programming,90C30
programming,and𝟗𝟎𝑪𝟎𝟖 Special problems of linear programming (transportation)

Non-linear

Conflict of Interests
The authors have declared that no Conflict of Interest exists.

References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]

[13]
[14]
[15]

Agrawal, A. K., &Dhingra, S. L. (1989). An optimal programme for augmentation of capacities of depots and shipment of buses
from depots to starting points of routes. Indian Journal of Pure and Applied Mathematics, 20(2), 111-120.
Ananya, C., & Chakraborty, M. (2010). Cost-time minimization in a transportation problem with fuzzy parameters: a case study.
Journal of Transportation Systems Engineering and Information Technology, 10(6), 53-63.
Avnimelech, Y. (2007). Feeding with microbial flocs by tilapia in minimal discharge bio-flocs technology ponds. Aquaculture,
264(1-4), 140-147.
Avnimelech, Y. (2009). Biofloc technology. A practical guide book. The World Aquaculture Society, Baton Rouge, 182.
Castrodeza, C., Lara, P., & Peña, T. (2005). Multicriteria fractional model for feed formulation: economic, nutritional and
environmental criteria. Agricultural systems, 86(1), 76-96.
Kasana, H.S., and Kumar, K.D. (2005), Introductory Operations Research Theory and Applications, Springer International
Edition, New Delhi.
Maity, G., & Kumar Roy, S. (2016). Solving a multi-objective transportation problem with nonlinear cost and multi-choice
demand. International Journal of Management Science and Engineering Management, 11(1), 62-70.
Maity, G., Roy, S. K., &Verdegay, J. L. (2016). Multi-objective transportation problem with cost reliability under uncertain
environment. International Journal of Computational Intelligence Systems, 9(5), 839-849.
Mitani, K., & Nakayama, H. (1997). A Multiobjective Diet Planning Support System Using the Satisficing Trade‐off Method.
Journal of Multi‐Criteria Decision Analysis, 6(3), 131-139.
Porchelvi, R., Selvavathi, P., &Anitha, M. (2016). A Mathematical Diet Problem for the Nutritional Health Disorder. Asian
Journal of Research in Social Sciences and Humanities, 6(9), 1994-2001.
Porchelvi, R., Irine, J., &Regupathi, R. (2018). Linear Programming method for solving Optimized Nutrients Feed formulation in
GIFT Tilapia. IOSR Journal of Humanities and Social Science (IOSR-JHSS), 23(10), 28-33.
Prabu, E., Rajagopalsamy, C. B. T., Ahilan, B., Jeevagan, I. J. M. A., &Renuhadevi, M. (2017). Effect of Dietary
Supplementation of Biofloc Meal with Tryptophan on Growth and Survival of GIFT Tilapia. Int. J. Micribiol. App. Sci, 6(8),
3426-34.
Prakash, S. (1981). A transportation problem with objectives to minimize total cost and duration of transportation. Opsearch,
18(4), 235-238.
Prakash, S., Balaji, B. V., &Tuteja, D. (1999). Optimizing dead mileage in urban bus routes through a nondominated solution
approach. European Journal of Operational Research, 114(3), 465-473.
Sharma, V., &Prakash, S. (1986). Optimizing dead mileage in urban bus routes. Journal of transportation engineering, 112(1),
121-129.

ICOMAC 2019-042; © 2019, AIJRSTEM All Rights Reserved

Page 125

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Solving Assignment Problem by Using Trapezoidal Neutrosophic Number
K.Priya1, and P.Raja Pushpam2
1
Department of Mathematics,
Idhaya College for Women,
Affiliated to Bharathidasan University,
Kumbakonam. Tamil Nadu, INDIA.
2
Department of Mathematics,
Jayaraj Annapackiam College for Women (Autonomous),
Affiliated to Mother Teresa Womens’ University,
Periyakulam.Theni District, Tamilnadu, INDIA.
Abstract: Assignment problem is one of the fundamental kind of Linear programming problem. In this
paper, the cost value of the assignment problem are considered as Neutrosophic numbers. The approach is
illustrated by a numerical example.
AMS Subject Classification: 90B06, 90C08, 90C70
Keywords: Assignment problem, Trapezoidal Neutrosophic numbers.
I.

Introduction

A neutrosophic is a more general platform ,which can be used to present uncertainty, imprecise,
incomplete and inconsistent. F.Smarandache. [10] proposed in decision making process, the neutrosophic
weighted aggregation operators (arithmetic and geometric operators) are adopted to aggregate the neutrosophic
information related to each alternative. Thus, we can rank all alternatives and make the selection of the best one
according to score-accuracy functions.
Any generalization of fuzzy set failed to handle problems with indeterminate or inconsistent
information.To overcome this, H.Wang, F.Smarandache. Q. Zhang [14] , introduced neutrosophic sets as a
classical sets, fuzzy sets, and intutionistic fuzzy sets as an extension of classical sets, fuzzy sets and intutionistic
fuzzy sets.The components of neutrosophic set, namely, truth membership degree, indeterminacy-membership
degree, and falsity –membership degree, were suitable to represent indeterminacy and inconsistent information.
Though many researchers worked on assignment problem in fuzzy environment.R.E.Bellman and
Zadeh [1] was introduced a Decision making in fuzzy environment. F.Smarandache.,[10] proposed a
neutrosophic logic, by adding another independent membership function named as indeterminacy-membership
I(x) along with truth-membership T(x) and Falsity -membership functions F(x).
R.Vidhya, R.Irene Hepzibah and A.Nagoorgani [13] and P.A.Thakre, D.S.Shelar [11] proposed a multi
objective linear programming problems. Also, A.Thamaraiselvi. and R.Santhi. [12] discussed a new approach
for Transportation problem in neutrosophic environment.S.L.Gauss [4] solved the transportation problem.
M.OhEigeartaigh [8] discussed fuzzy transportation algorithm.Rittik Roy and Pintu Das [9] discussed
Neutrrsophic Linear Programming.
K.Kadhirvel, K.Balamurugan[5] solved a Assignment problem using Trapezoidal fuzzy
number.S.Chanas and D.Kuchta [2] introduced a concept of optimal solution of the transportation problem with
fuzzy cost co-efficients.R.R.Yager [15] proposed a procedure for ordering fuzzy subsets of the unit
interval.DalbinnderKour and KajlaBasu [3] extended a Fuzzy programming Technique in real transportation
problem.
The aim of this paper to obtain optimal cost in neutrosophic environment. This paper is well organized
as follows. In section II the basic concept of neutrosophic set neutrosophic number are reviewed. In section III,
the solutions of algorithm are developed for solving trapezoidal neutrosophic numbers. In section IV the
numerical example and the results are interpreted. Finally, Section V concludes the paper with future work.
II.

Preliminaries

Definition 2.1
Let X be a non emptyset.Then a neutrosophic set 𝐴̅𝑁 of X defined as 𝐴̅𝑁 of X is defined as ,
𝑁
̅
𝐴 = {< x, 𝑇𝐴̅𝑁 (𝑥), 𝐼𝐴̅𝑁 (𝑥), 𝐹𝐴̅𝑁 (𝑥)>, x∈ 𝑋, 𝑇𝐴̅𝑁 (𝑥), 𝐼𝐴̅𝑁 (𝑥), 𝐹𝐴̅𝑁 (𝑥) ∈]− 0,1+ [} where 𝑇𝐴̅𝑁 (𝑥), 𝐼𝐴̅𝑁 (𝑥), are
𝐹𝐴̅𝑁 (𝑥) are truth membership function, an indeterminacy –membership function, and a falsity –membership
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function and there is no restriction on the sum of 𝑇𝐴̅𝑁 (𝑥) , 𝐼𝐴̅𝑁 (𝑥) , and𝐹𝐴̅𝑁 (𝑥)
, so
−
0 ≤ 𝑇𝐴̅𝑁 (𝑥) + 𝐼𝐴̅𝑁 (𝑥) + 𝐹𝐴̅𝑁 (𝑥) ≤3+ and ]− 0,1+ [ is a nonstandard unit interval.
But it is difficult to apply neutrosophic set theories in real life problems directly. So, Wang introduced singlevalued neutrosophic set as a subset of neutrosophic set and the definition as follows.
Definition 2.2
𝑁
Let X be a non empty set. Then a single valued neutrosophic set 𝐴̅𝑠 of X is defined as
𝑁
𝐴̅𝑠 ={< x, 𝑇𝐴̅𝑁 (𝑥), 𝐼𝐴̅𝑁 (𝑥), 𝐹𝐴̅𝑁 (𝑥)>, x∈ 𝑋, 𝑇𝐴̅𝑁 (𝑥), 𝐼𝐴̅𝑁 (𝑥), 𝐹𝐴̅𝑁 (𝑥) ∈[0,1] for each x∈ 𝑋 and 0 ≤ 𝑇𝐴̅𝑁 (𝑥)+
𝐼𝐴̅𝑁 (𝑥)+ 𝐹𝐴̅𝑁 (𝑥) ≤ 3
Definition 2.3
Let 𝑟𝑎̃ , 𝑠𝑎̃ , 𝑡𝑎̃ ∈ [0,1] be any real numbers A single valued neutrosophic number,
𝑎̃ = 〈 (𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 ); 𝑟𝑎̃ ), ( 𝑎2 , 𝑏2 , 𝑐2 , 𝑑2 ) ; 𝑠𝑎̃ ), ( 𝑎3 , 𝑏3 , 𝑐3 , 𝑑3 ); 𝑡𝑎̃ 〉 is represented as a special single valued
neutrosophic set on the set of real numbers R, and the truth membership function 𝜇𝐴̃ : 𝑅 → [0, 𝑟𝑎̃ ], a
indeterminancy membership function 𝑣𝐴̌ : 𝑅 →[𝜇𝐴̌ , 1], and a falsity-membership function 𝜆𝐴̃ : 𝑅 →[𝑡𝑎̃ ,1] is given
by
𝑓𝜇𝑙 (𝑥), 𝑎1 ≤ 𝑥 ≤ 𝑏1
𝑟,
𝑏1 ≤ 𝑥 ≤ 𝑐1
𝜇𝑎̃ (𝑥)= 𝑎̃
𝑓𝜇𝑟 (𝑥), 𝑐1 ≤ 𝑥 ≤ 𝑑1
{0,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝑓𝑣𝑙 (𝑥),
𝑠 ,
𝑣𝑎̃ (x)={ 𝑎̃
𝑓𝑣𝑟 (𝑥),
1

𝑎2 ≤ 𝑥 < 𝑏2
𝑏2 ≤ 𝑥 < 𝑐2
𝑐2 ≤ 𝑥 < 𝑑2
otherwise

𝑓𝜆𝑙 (𝑥), 𝑎3 ≤ x < 𝑏3
𝑡𝑎̃, 𝑏3 ≤ x < 𝑐3
𝜆𝑎̃ (𝑥) = {
𝑓𝜆𝑟 (𝑥), 𝑐2 ≤ x < 𝑑3
1
otherwise
respectively, where 𝑟𝑎̃ , 𝑠𝑎̃ , 𝑎𝑛𝑑 𝑡𝑎̃ denote the maximum truth-membership degree, minimum indeterminacy
degree falsity-membership degree respectively. where the functions
𝑓𝜇𝑙 (𝑥): [𝑎1 , 𝑏1 ] → [0,𝑟𝑎̃ ], 𝑓𝑣𝑟 : [𝑐2 , 𝑑2 ] → [𝑠𝑎̃ , 1] ,
𝑓𝜆𝑟 : [𝑐3 , 𝑑3 ]→ [𝑡𝑎̃ , 1] are continuous and non decreasing, and satisfy the conditions:
𝑓𝜇𝑙 (𝑎1 ) = 0, 𝑓𝜇𝑙 (𝑏1 ) = 𝑟𝑎̃ ,𝑓𝑣𝑟 (𝑐2 ) =𝑠𝑎̃ , 𝑓𝑣𝑟 (𝑑2 ) = 1, 𝑓𝜆𝑟 (𝑐3 )=𝑡𝑎̃, and 𝑓𝜆𝑟 (𝑑3 ) = 1; the functions
𝑓𝜇𝑟 : [𝑐1 , 𝑑1 ] → [0,𝑟𝑎̃ ], 𝑓𝑣𝑙 (𝑥) : [𝑎2 , 𝑏2 ] → [𝑠𝑎̃ , 1] and 𝑓𝜆𝑙 : [𝑎3,𝑏3] → [𝑡𝑎̃, 1] are continuous and non increasing,
and satisfy the conditions:
𝑓𝜇𝑟 (𝑏2 ) = 0, 𝑓𝜇𝑟 (𝑑1 ) =𝑟𝑎̃ , 𝑓𝑣𝑟 ((𝑐2 ) =𝑠𝑎̃ , 𝑓𝑣𝑟 (𝑑2 ) = 1, 𝑓𝜆𝑟 (𝑐3 ) =𝑡𝑎̃, and 𝑓𝜆𝑟 (𝑑3 ) = 1; and𝑎1 , 𝑑1 are called the
mean interval and the lower and upper limits of the general neutrosophic number 𝑎̃for the truth-membership
function, respectively.
[𝑏2 , 𝑐2 ], 𝑐2 and 𝑑2 are called the mean interval and the lower and upper limits of the general neutrosophic
number 𝑎̃ for the indeterminacy-membership function, respectively.
[𝑏3 , 𝑐3 ], 𝑎3 and 𝑑3 are called the mean interval and the lower and upper limits of the general neutrosophic
number 𝑎̃ for the falsity- membership function, respectively.
𝑟𝑎̃ ,𝑠𝑎̃ and 𝑡𝑎̃ are called the maximum truth-membership degree, minimum indeterminacy-membership degree
and minimum falsity-membership degree, respectively.
Obviously, the single valued neutrosophic numbers are a generalization of the intuitionistic fuzzy numbers.
Thus, the neutrosophic number may express more uncertainty information than the intuitionistic fuzzy number.
For some specific values of the parameters 𝑎1 ,𝑏1 ,𝑐1 , 𝑑1 , 𝑎2 , 𝑏2 , 𝑐2 , 𝑑2 , 𝑎3 , 𝑏3 , 𝑐3 , 𝑑3 , 𝑟𝑎̃ ,𝑠𝑎̃ and 𝑡𝑎̃, we can be
further constructed some particular forms of neutrosophic number.
Definition 2.4
Arithmetic operators:
Let 𝑎̃ = 〈 (𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 ); 𝑟𝑎̃ , 𝑠𝑎̃ , 𝑡𝑎̃ ⟩ and 𝑏̃ = 〈 (𝑎2 , 𝑏2 , 𝑐2 , 𝑑2 ) ; 𝑟𝑏̃ , 𝑠𝑏̃ , 𝑡𝑏̃ ⟩ be the two single
valued trapezoidal neutrosophic numbers and 𝛾 ≠ 0 then,
1. 𝑎̃+𝑏̃ =〈 (𝑎1 +𝑎2 , 𝑏1 +𝑏2 , 𝑐1 +𝑐2 , 𝑑1 + 𝑑2 ); 𝑟𝑎̃ ⋀𝑟𝑏̃ , 𝑠𝑎̃ ∨ 𝑠𝑏̃ , 𝑡𝑎̃ ∨ 𝑡𝑏̃ ⟩
2. 𝑎̃-𝑏̃ = 〈 (𝑎1 +𝑑2 , 𝑏1 -𝑐2 , 𝑐1 -𝑏2 , 𝑑1 − 𝑎2 ); 𝑟𝑎̃ ⋀𝑟𝑏̃ , 𝑠𝑎̃ ∨ 𝑠𝑏̃ , 𝑡𝑎̃ ∨ 𝑡𝑏̃ ⟩
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Definition 2.5
Let 𝑎̃ = 〈 (𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 ); 𝑟𝑎̃ , 𝑠𝑎̃ , 𝑡𝑎̃ ⟩is a single valued neutrosophic number. Then
1
S(𝑎̃) = (𝑎1 + 𝑏1 + 𝑐1 + 𝑑1 )× (2 + 𝑟𝑎̃ − 𝑠𝑎̃ − 𝑡𝑎̃ ) and
16
1

A( 𝑎̃) = (𝑎1 + 𝑏1 + 𝑐1 + 𝑑1 ) × (2 + 𝑟𝑎̃ − 𝑠𝑎̃ + 𝑡𝑎̃ ) are called the score and accuracy degrees of
16
respectively.
III.

𝑎̃

Fuzzy assignment problem

There are n jobs for a factory and the factory has n machines to n jobs to process the jobs. A job i(=1,2,…n)
when processed by the machine j=(1,2,...,n) is assumed to incur a cost 𝐶𝑖𝑗 . Let 𝐶𝑖𝑗 be the fuzzy cost of assigning
ith machine to the j th job. Let 𝑦𝑖𝑗 be the decision variable denoting the assignment of the i th machine to j th
job. Determine an assignment of jobs to machines so as to minimize the overall cost.
Fuzzy assignment problem is given by,
Min Z= ∑𝑛𝑖=1 ∑𝑛𝑗=1 𝐶𝑖𝑗 𝑦𝑖𝑗
Subject to
∑𝑛𝑖=1 𝑦𝑖𝑗 =1 for j=1,2,…,n
∑𝑛𝑖=1 𝑦𝑖𝑗 =1 for i=1,2,…n, 𝑦𝑖𝑗 𝜖[0,1]
1 if the i th machine is assigned to j th job
where yij = {
0if the i th machine is not assigned to that j th job
Procedure
Step 1: Check the assignment problem is balanced or not
a) if balanced go to step 2
b) if not balanced go to step 3
Step 2: Use Hungarian assignment problem method and get optimal solution.
Step 3: Adding dummy row or column with cost value as zero to make balance one and go to step 2.
IV.

Numerical example

Consider the problem of assigning 4 jobs to 4 persons.The assignment cost are given as neutrosophic
numbers.
Job 1

Job 2

Job 3

Job 4

𝐴1

<(18,19,20,21);0.8,0.6,0
.3>

<(7,8,9,10);0.4,0.6,0.8>

<(16,17,18,19);0.5,0.6,0
.2>

<(17,18,19,20);0.6,0.5,
0.4>

𝐴2

<(11,12,13,14);0.2,0.1,0
.2>

<(9,10,11,12);0.5,0.7,0.
4>

<(8,9,10,11);0.5,0.7,0.5
>

<(16,17,18,19);0.5,0.6,
0.2>

𝐴3

<(10,11,12,13);0.6,0.3,0
.6>

<(17,18,19,20);0.6,0.5,0
.4>

<(1,2,3,4);0.5,0.4,0.8>

<(17,18,19,20);0.6,0.5,
0.4>

𝐴4

<(16,17,18,19);0.5,0.6,0
.2>

<(11,12,13,14);0.2,0.1,0
.2>

<(18,19,20,21);0.8,0.6,0
.3>

<(9,10,11,12);0.5,0.7,0
.4>

After doing step 1, problem is solved by Hungarian method. The assignment schedule is as follows.
Job 1

Job 2

Job 3

Job 4

𝐴1

<(2,6,10,14);0.2,0.7,0.
8>

<(0,0,0,0);0.5,0.3,0.5>

<(6,8,10,12);0.4,0.6,0.
3)

<(7,9,11,13);0.4,0.6,0.8
)

𝐴2

<(0,0,0,0);0.5,0.3,0.5>

<(-2,0,2,4);0.5,0.7,0.5>

<(0,0,0,0);0.5,0.3,0.5>

<(5,7,9,11);0.5,0.7,0.5>

𝐴3

<(0,4,8,12);0.2,0.7,0.8
>

<(13,15,17,19);0.5,0.5,0.
8>

<(0,0,0,0);0.5,0.3,0.5>

<(13,15,17,19);0.5,0.5,
0.8>

𝐴4

<(2,2,6,10);0.2,0.7,0.5>

<(-1,1,3,5);0.2,0.7,0.4>

<(6,8.10,12);0.5,0.7,0.
4>

<(0,0,0,0);0.5,0.3,0.5>
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Examine the rows and columns successively until a row / column with exactly one marked zero. No unmarked
zero is left. Hence assignment schedule is 𝑨𝟏 goes to job 2, 𝑨𝟐 goes to job1, 𝑨𝟑 goes to job 3, 𝑨𝟒 goes to job 4.
Hence the minimum total neutrosophic cost is < (28,32,36,40) ;0.2,0.7,0.8>.
V.

Conclusion

In this paper the assignment cost has been considered as neutrosophic numbers which are more realistic
and general in nature. It is always possible to get an optimal solution for a given fuzzy assignment problem
whether maximize or minimize objective function. This approach will be effective in assignment problems
involving data. In future the approach of assignment problem may be extended to neutrosophic logic.
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Abstract:We discuss about the deals for analysis of multiple queue and multiple server queuing system
with fuzzy parameter, we obtain some system characteristic such as the average number of customers in the
system and the average time a customer spends waiting in the system. Finally numerical results for some
performance measures are presented to show the eﬀects of system parameters.
Keywords: FM/FM/S model; membership values; pentagonal fuzzy numbers
I.Introduction
Lines of individuals or customers waiting for their turn to receive service operators is called queues or waiting
lines. The human beings or physical entities are the customers waiting to receive service in such place as airport,
bank, petrol bunk, railway station, among others. In Nigeria queue is everyday experience, especially in banks
and ﬁlling stations. As sharma(2013) stated queue is formed when either the number of customers requiring
service be greater than the number of facilities or the server do not perform properly well such that it gives more
time then necessary to serve a customer. Balking and Reneging are the resulting consequence of customer
waiting lines create worries to managers of service providers for the customers. Due to long waiting lines the
stress and more serious mistake generates, in addition to cost by both the waiting customers and the facility
operators, see Uche and Ugah (2014) in other words customer via Reneging and Balking when a long queue is
formed, customers lose their precious time and the serviceproviders also lose valuable
Finally, increase the number of servers by the operator would reduce the waiting time of customers, but
increasing the operating cost of the services. Yuncheng and Liang (2002) introduced that the queue problem is a
problem about a diﬀerence between average waiting of customers and the idle time of particular occasion in a
service station. Queuing theory is a best method use in diﬀerent situations where it is not possible to accurately
predict the arrival rate of customers and service rate operation servers. It is ﬁnd the level of service that would
give eﬀective use of time both to the customer and the service operator. Ezeliora et al (2014), he studied queuing
system management of Shoprite Plaza, Enugu, using single-line multiple server analysis. They introduced a
decrease in the number of servers to minimize the operating cost of the system and idle time of the servers.
Fuzzy queuing model was ﬁrst introduced by Lie and Lee, further explained this model by many authors namely
Negi, Lee and Chen. Chen (2006) described by arrival queuing model with fuzzy parameters and diﬀerent batch
sizes using Zadehs extension principle and he analyzed FM/FM/1 queuing models. LotﬁA.Zadeh (1965)
introduced new concept namely fuzzy set theory, It has been applied with great success in many various ﬁelds.
Kao et al (1999) explained the member ship functions of systems characteristic for fuzzy queues. Apurba Panda
and Madhumangal Pal (2015)introduced the pentagonal fuzzy number. G.Kannadasan and N.Sathiyamoorthi
(2017) deﬁned the FM/FM/1 queue with single working vocation with N-policy, using non-linear programming
method. In this paper we study on some performance measure associated with pentagonal fuzzy number using
membership function.
II. Crisp model
This M/M/S model is deﬁned by inﬁnite calling population with ﬁrst come, ﬁrst served multiple server queue
system (D/FCFS). In this type there is multiple identical servers in parallel line that provide the same service to
the customers. Customer on arrival joins any queue and remains their until he receives service.
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Introducing M/M/S queue with arrivals of customers follow poisson distribution with an arrival rate λ, and
service time are exponentially distribution with mean rate µ obviously service time various from one customer
to the other, but the same for each server and there is no limit to the number in the queue, thus inﬁnite calling
population. The queue discipline is ﬁrst come ﬁrst serve, and no Balking or Reneging is allowed. If n < s, the
number of customer are less than the number of servers, then there will be no queue formed this means that ns,
number of servers will be idle. The combined service rate is 𝛽𝑛 = nβ.
If n ≥ s, then all servers are busy and the maximum number of customers in the queue is s - n, the combined
service rate is 𝛽𝑛 = sβ. Akinnuli and olugbade (2014) the total service rate must be more than the arrival rate.
ie) sβ > λ, otherwise the waiting line will be inﬁnitely large that would give undesirable graph (Adamu, 2015).
III. The Model in Fuzzy Environment
The arrival rate λ and service rate β are assumed to be fuzzy numbers respectively.









Now,   x,  ( x); x  S ( ) ,   y ,   ( y ); y  S (  )

where s( ) , s(  ) are the universal set’s of the arrival rate, service rate in a regular busy period. Deﬁne f(x,y)
as the system performance measure related to the above deﬁned fuzzy queuing model which depends on the
fuzzy membership function f ( ,  ) .
Applying Zadeh’s extension principle (1978) the membership function of the performance
measure f ( ,  ) can be deﬁned

 f (  , ) ( H ) = sup  ( x),  ( y) / H  f ( x, y)

(1)

xS (  )
yS (  )

If the



-cuts of f ( ,  ) degenerate to some ﬁxed value, then the system performance is a crisp number,

otherwise it is a fuzzy number. Under the study state condition

=


1.


We obtain the membership function of some performance measure’s namely the average number of customer in
the system, the average time a customer waiting in the system.
(i) The average number of customer in the system:

Ls = [

1



( )s
] p0 
2
( s  1)!  ( s   )


(ii) The average time a customer spends waiting in the system:

1


1
( )s
] p0 +
2
( s  1)!  ( s   )

where the probability that all the servers are ideal p0 is given by
Ws = [

( )n

n 0

n!

p0 = [
When s




s 1



1  s s
( ) (
)]1
s !  s  

 5 , we get performance of the system in terms of the membership functions are,
 E[ LS ]( A) = sup  ( x),   ( y ) / A


(2)

xS (  )
yS (  )

A= [

600 y 6 x  360 y5 x2  276 y4 x3  76 y3 x4 3 y2 x5
]
600 y 7  360 y 6 x  276 y5 x2  76 y4 x3  3 y3 x4  y2 x5
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 E[WS ]( B) = sup  ( x),   ( y ) / B


(3)

xS (  )
yS (  )

B= [

600 y 6  360 y 5 x  276 y 4 x 2  76 y 3 x 3  3y 2 x 4
]
600 y 7  360 y 6 x  276 y 5 x 2  76 y 4 x 3  3 y 3x 4  y 2x 5

Using the fuzzy analysis technique explained we can ﬁnd the membership of

E[ Ls ] , E[Ws ] as a function of

the parameter α, thus the α-cut approach can be used to develop the membership function of

E[ Ls ] , E[Ws ].

IV. Performance measure

The average number of customer in the system
The average number of customer in the system Based on Zadeh’s extension principle µE[Ls] is superimum of
minimum over







( x),   ( y ) to satisfying E[ Ls ] ( A)   ,0    1

We consider the following two cases:
case(i) :  ( x)   ,   ( x)  
case(ii):

 ( x )  

,

  ( x)  

For case(i) the lower and upper bound of



cuts of

E[ Ls ] can be obtained through the corresponding

parametric non-linear programs,

E[ Ls ]L1  min  A and E[ Ls ]U 1  max  A




Similarly, we can calculate the lower and upper bounds of the



-cuts of

E[ Ls ]

For thecase (ii) By considering all the case simultaneously the lower and upper bounds of the



-cuts of

E[ Ls ] can be written as
E[ Ls ]L  min  A and E[ Ls ]U  max  A




such that

[ x]L  x  [ x]U and [ y ]L  y  [ y ]U
Now,

E[ Ls ]L and E[ Ls ]U are invertible with respect to α, the left and right shape function, L( A)  [ E[ Ls ]L ]1
U 1

and R( A)  [ E[ Ls ] ]

can be derived from which the membership function

 E[ L ] ( A)

can be constructed

s

as,

 L( A),

 E[ Ls ] ( A) = 1,

 R( A),

( E ( Ls ))L =0  A  ( E ( Ls ))U =0
( E ( Ls ))L =1  A  ( E ( Ls ))U =1
( E ( Ls ))L = 0  A  ( E ( Ls ))U = 0

(4)

In the same way we get the following result.

Average time a customer spends waiting in the system
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 L( B), ( E (Ws ))L =0  B  ( E (Ws ))U =0

 E[Ws ] ( B) = 1,
( E (Ws ))L =1  B  ( E (WS ))U =1

L
U
 R( B), ( E (Ws )) =0  B  ( E (Ws )) =0

(5)

V.Numerical study

The average number of customer in the system:
Suppose the arrival rate

 , service rate  are assumed to be Pentagonal fuzzy numbers described by:

  1, 2,3, 4,5 and   11,12,13,14,15 per hour respectively.Then



 ( )  min  x  s ( ), G ( x)    , max  x  s ( ), G ( x)   



Where,

0,

1 - (1 - r) x - a 2 ,

a3 - a2

1,

G(x) = 
a4 - x
1 - (1 - r) a - a ,
4
3

 a5 - x
r a - a ,
 5 4

0,

(ie).,

if x ≤ a1



if a 2 ≤ x ≤ a 3 


if x = a 3



if a 3 ≤ x ≤ a4 


if a 4 ≤ x ≤ a5 


if x ≥ a5


(6)

 ( )  [1   ],[5   ],  ( )  [11   ],[15   ]

It is clear that, when x  x and y  y , A attains its maximum value and when x  x and y  y A
U

U

L

L

attains its minimum value.



From the generated for the given input values of  and
(i)
For ﬁxed value of x, A decrease as y increase.
(ii)
For ﬁxed value of y, A decrease as x increase.

The smallest value of occurs when x-takes its lower bound.
i.e)., x  1   and y take their upper bound given by y  15   respectively. And maximum value of

E[ Ls ] occurs when x  5   , y  11   . If both E[ Ls ]L and E[ Ls ]U are invertible with respect to ' 
L 1

U 1

then, the left shape function L(A) = [ E[ Ls ] ] and the right shape function R(A)= [ E[ Ls ] ]

can be

obtained and from which the membership function  E [ L ] ( A) can be constructed as:
s

0,
0.5(𝑥 − 2),
 E[ L ] ( A) = 0.5(4 − 𝑥),
s
0.5(5 − 𝑥),
{
0,

𝑖𝑓 𝐴 ≤ 𝐴1
𝑖𝑓𝐴1 ≤ 𝐴 ≤ 𝐴2
𝑖𝑓𝐴2 ≤ 𝐴 ≤ 𝐴3
𝑖𝑓 𝐴3 ≤ 𝐴 ≤ 𝐴4
𝑖𝑓 𝐴 ≥ 𝐴5

(7)

The values of A1 , A2 , A3 , A4 , and A5 as obtained from (7) are:
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0,
0.5(𝑥 − 2),
1,
 E[ L ] ( A) = 0.5(4 − 𝑥),
s
0.5(5 − 𝑥),
0,
{

𝑖𝑓 𝐴 ≤ 0.0000
𝑖𝑓 0.0000 ≤ 𝐴 ≤ 0.3654
𝑖𝑓 𝑥 = 1
𝑖𝑓 0.3654 ≤ 𝐴 ≤ 0.8946
𝑖𝑓 0.8946 ≤ 𝐴 ≤ 0.3644
𝑖𝑓 𝐴 ≥ 0.0000

(8)

In the same way we get the following results.

The average time a customer spends waiting in the system:
0,
0.6(𝑦 − 2),
 E [Ws ] ( B ) = 0.6(4 − 𝑦),
0.6(5 − 𝑦),
{
0,

𝑖𝑓 𝐵 ≤ 𝐵1
𝑖𝑓𝐵1 ≤ 𝐵 ≤ 𝐵2
𝑖𝑓𝐵2 ≤ 𝐵 ≤ 𝐵3
𝑖𝑓 𝐵3 ≤ 𝐵 ≤ 𝐵4
𝑖𝑓 𝐵 ≥ 𝐵5

(9)

The values of B1 , B2 , B3 , B4 , and B5 as obtained from (9)are:

0,
0.6(𝑦 − 2),
 E [Ws ] ( B ) = 0.6(4 − 𝑦),
0.6(5 − 𝑦),
{
0,

𝑖𝑓𝐵 ≤ 0.0000
𝑖𝑓 0.0000 ≤ 𝐵 ≤ 0.4625
𝑖𝑓 0.4625 ≤ 𝐵 ≤ 0.7954
𝑖𝑓 0.7954 ≤ 𝐵 ≤ 0.4620
𝑖𝑓𝐵 ≥ 0.0000

(10)

The following two graphs are represent the performance measures:

Figure 1: arrival rate, service rate, versus the average number of customer in the system
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Figure 2: arrival rate, service rate, versus the average time a customer spends waiting in the system
VI. Conclusion
In this research paper we have studied the FM/FM/S queue with multiple-lines, multiple server systems of
customers using Pentagonal fuzzy numbers. We have obtained the performance measures such as average
number of customers in the system and average time a customer spends waiting in the system. We have
obtained numerical results to all the performance measures for this fuzzy queues. The application of this fuzzy
queues, there are situations, particularly in Bank, where theservice provided is a group that, a group of
customers can be served simultaneously with batch servicing in this process.
VII. References
[1]

[2]
[3]
[4]
[5]

[6]
[7]
[8]
[9]
[10]
[11]
[12]

Adamu, M. (2015). Analysis of Single Queue-Single Server and Single Queue-Multi Server
Systems using Simulation: Case Stuies of ECO and First Banks. International Jornal of Scientiﬁc and Engineering Research,
6(1), 1284-1296
Sharma, J.K. (2013). Operations Research: Theory and Applications.Fiftheition, India, Macmillan Publishers LTD.
Uche,P.I. and Ugha, T.E. (2014). Priority Assessment Based on Patronage value. International Journal of Scientiﬁc and
Engineering Research, 5(4).1-5.
Yuncheng, D.D. and Liang, S. (2002). System Simulation an Application. Beijiing, Mechanism Industy Press.
Ezeliora, C.D., Ogunoh, A.V., Umeh, M.N., Mbeledeogu, N.N., (2014). Analysis of queue System Using Single-Line Multiple
Server System: A Case Study of Shoprite Plaza Enugu State,Nigeria. International Journal of Scientiﬁc and Engineering research
3(3).364-373.
Kannadasan, G. and Sathiyamoorrthi, N.(2017). The FM/FM/1 queue with single working vacation. International Journal on
Recent and Innovation Trends in Computing and Communication. vol.5, Issue.7, ISSN:2321-8169, pp.648-654,
Lie, R.J. and Lee, E.S. (1989). Analysis of Fuzzy Queues Computers and Mathematics with Applications 17(7),1143-1147.
Negi, D.S. and Lee, E.S. (1992). Analysis and simulation of Fuzzy Queue Fuzzy sets and Systems 46 321-330.
Chen, S.P. (2006) A Mathematics programming Approach to the Machine Interference Problem with Fuzzy Parameters Applied
Mathematics and computation 174 374-387.
Kao, C., Li, C., and Chen, S.P. (1999).Parametric programming to the analysis of fuzzy queues, Fuzzy sets and systems, Vol.
107,pp.93-100.
Apurbabanda, Madhumangal Pal, (2015) A study on pentagonal fuzzy number and its corresponding matrices Paciﬁc Sciences
Review B: Humanities and Social Sciences 1 131-139.
Zadeh, L.A. (1978). Fuzzy sets as a basis a theory of Possibility, Fuzzy sets and systems.
1.pp.3-28.

Acknowledgement
The authors would like to thank the refers for their valuable suggestions and comments for improving this paper.

ICOMAC 2019-002; © 2019, AIJRSTEM All Rights Reserved

Page 135

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Measures of Central Tendency For Type – 2 Triangular Mixed Fuzzy
Numbers
K. Thiripurasundari1, K. Latha2, S. Kabilan3
Assistant professor1,2, PG Student3
PG and Research Department of Mathematics
Poompuhar College, Melaiyur
INDIA
Abstract: This paper deals with different types of averages for type -2 triangular mixed fuzzy numbers. Also
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I. Introduction
After Zadeh’s work, uncertainty can be classified in to two types – probabilistic uncertainty and fuzzy
uncertainty, through people were aware of fuzzy uncertainty before the mathematical formulation of fuzziness
by Zadeh. Fuzziness can be represented in different ways. One of the most useful representations is membership
function. Also depending the nature or shape of membership function a fuzzy number can be classified in
different ways, such as triangular fuzzy number, trapezoidal fuzzy number etc.
The concept of a type – 2 fuzzy set, an extension of the concept of an ordinary fuzzy set, was
introduced by Zadeh. A type – 2 fuzzy set is characterized by a membership function, ie, the membership value
for each element of this set is a fuzzy set in [0,1]. The concept of a type – 2 triangular fuzzy number was
presented by Stephen Dinagar and Anbalagan[1]. The another form of type – 2 triangular fuzzy number called
type – 2 triangular mixed fuzzy number was presented by Thiripurasundari[2,3]. This paper deals with different
types of averages for type -2 triangular mixed fuzzy numbers.. In section -II, some basic definitions are given. In
section – III, deals with averages for type – 2 triangular mixed fuzzy numbers. In section IV relevant numerical
examples are presented. In section – V, conclusion is included.
II. Prelimineries
2.1 Type-2 fuzzy set

A type-2 fuzzy set is a fuzzy set whose membership values are fuzzy sets on [0,1].
2.2 Type-2 fuzzy number [2]
Let 𝐴̃ be a type-2 fuzzy set defined in the universe of discourse R. If the following conditions are
satisfied:
(i)
𝐴̃ is normal,
(ii)
𝐴̃ is a convex set,
(iii)
The support of 𝐴̃ is closed and bounded, then 𝐴̃ is called a type-2 fuzzy number.
2.3 Type-2 triangular fuzzy number
A type-2 triangular fuzzy number 𝐴̃ on R is given by 𝐴̃ = {(x,( 𝜇 A1(x), 𝜇 A2(x), 𝜇 A3(x)); xєR} and
𝜇 A1(x) ≤ 𝜇 A2(x)≤ 𝜇 A3(x), for all xє R. Denote 𝐴̃ = (𝐴̃1 ,𝐴̃2 ,𝐴̃3 ), where 𝐴̃1 = (A1L,A1N,A1U), 𝐴̃2 = (A2L,A2N,A2U)
and 𝐴̃3= (A3L,A3N,A3U) are same type of fuzzy numbers.
2.4 Notations
𝐴̃2 = closed interval approximation, 𝐴̃3 = triangular fuzzy number,
𝐴̃4 = trapezoidal fuzzy number, 𝐴̃5 =piecewise quadratic fuzzy number, etc.,
𝑘̃ 5 = (𝑘, 𝑘, 𝑘, 𝑘, 𝑘), where k is constant.
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2.5 Type – 2 triangular mixed fuzzy number (T2TMFN)[3]
Let 𝐴̃ = (𝐴̃1 ,𝐴̃2 ,𝐴̃3 ) be a type – 2 triangular fuzzy number. Then there may be a choice that 𝐴̃1 , 𝐴̃2 , 𝐴̃3
are different types of fuzzy numbers ie. 𝐴̃ = (𝐴̃13 , 𝐴̃42 , 𝐴̃23 ) or 𝐴̃ = (𝐴̃15 , 𝐴̃32 , 𝐴̃43 ) or 𝐴̃ = (𝐴̃15 , 𝐴̃52 , 𝐴̃43) etc. This type of
type – 2 triangular fuzzy number is called type – 2 triangular mixed fuzzy number.
For a type – 2 triangular mixed fuzzy number 𝐴̃ = (𝐴̃13 , 𝐴̃42 , 𝐴̃23 ) with membership function 𝜇𝐴̃ (𝑥̃) given by
𝜇𝐴̃ (𝑥̃) =

(𝑥̃−𝐴̃3
1)
̃3
(𝐴̃4
2 −𝐴1 )

𝐴̃13 ≤ 𝑥̃ ≤ 𝐴̃42

(𝐴̃2
3 −𝑥̃)
̃4
(𝐴̃2
3 −𝐴2 )

𝐴̃42 ≤ 𝑥̃ ≤ 𝐴̃23

{ 0

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

2.6 Ranking function
Let F(R) be the set of all type-2 normal triangular fuzzy numbers. One convenient approach for solving
numerical valued problem is based on the concept of comparison of fuzzy numbers by use of ranking function.
An effective approach for ordering the elements of F(R) is to define a linear ranking function ℝ:F(R) → Rwhich
maps each fuzzy number into R.
(i) Suppose if 𝐴̃ = (𝐴̃13 , 𝐴̃42 , 𝐴̃23 ), then
ℝ(𝐴̃ ) = (4∑3𝑖=1 𝐴̃1𝑖 +3∑4𝑖=1 𝐴̃𝑖2 +6∑2𝑖=1 𝐴̃𝑖3 ) /36.
(ii) Suppose if 𝐴̃ = (𝐴̃13 , 𝐴̃42 , 𝐴̃53 ), then we define
ℝ(𝐴̃ )= (20∑3𝑖=1 𝐴̃1𝑖 + 15 ∑4𝑖=1 𝐴̃𝑖2 + 12 ∑5𝑖=1 𝐴̃𝑖3 )/180.
(iii) Suppose if 𝐴̃ = (𝐴̃13 , 𝐴̃22 , 𝐴̃53 ), then we define
ℝ(𝐴̃ ) = (10∑3𝑖=1 𝐴̃1𝑖 + 15 ∑2𝑖=1 𝐴̃𝑖2 + 6 ∑5𝑖=1 𝐴̃𝑖3 )/90.
(iv) Suppose if 𝐴̃ = (𝐴̃14 , 𝐴̃42 , 𝐴̃63 ), then we define
ℝ(𝐴̃ ) = (6∑4𝑖=1 𝐴̃1𝑖 + 6 ∑4𝑖=1 𝐴̃𝑖2 + 4 ∑6𝑖=1 𝐴̃𝑖3 )/72, etc.
2.7 Arithmetic operations
Let 𝐴̃ = (𝐴̃13 , 𝐴̃42 , 𝐴̃23 ) and 𝐵̃ = (𝐵̃14 , 𝐵̃23 , 𝐵̃32 ) be two type – 2 triangular mixed fuzzy numbers then
1). Addition and subtraction:
𝐴̃ ± 𝐵̃ = (𝐴̃13 ±𝑘̃ 3 , 𝐴̃42 ± 𝑘̃ 4 , 𝐴̃23 ± 𝑘̃ 2 ), where k = (4∑4𝑖=1 𝐵̃1𝑖 +3∑3𝑖=1 𝐵̃2𝑖 +6∑2𝑖=1 𝐵̃3𝑖 ) /36.
2). Scalar multiplication:
If 𝛼 ≥ 0 and 𝛼 ∈ 𝑅, then
⃗⃗⃗⃗
⃗⃗⃗⃗
⃗⃗⃗⃗
̃13 , 𝛼𝐴
̃42 , 𝛼𝐴
̃23 ), where 𝐴̃13 = (𝑎, 𝑏, 𝑐) then ⃗⃗⃗⃗
𝛼𝐴̃ = (𝛼𝐴
𝐴̃13 = (𝑎, 𝑏, 𝑐).
If 𝛼 < 0 and 𝛼 ∈ 𝑅, then
⃖⃗⃗⃗⃗
⃖⃗⃗⃗⃗
⃖⃗⃗⃗⃗
̃13 , 𝛼𝐴
̃42 , 𝛼𝐴
̃23 ), where 𝐴̃13 = (𝑎, 𝑏, 𝑐) then ⃖⃗⃗⃗⃗
𝛼𝐴̃ = (𝛼𝐴
𝐴̃13 = (𝑐, 𝑏, 𝑎).
3). Multiplication:
𝑘 ′ ⃗⃗⃗⃗⃗
𝐴̃3 𝑘 ′ ⃗⃗⃗⃗⃗
𝐴̃4 𝑘 ′ ⃗⃗⃗⃗⃗
𝐴̃2
𝐴̃ × 𝐵̃ = ( 1 , 2 , 3 ) , where 𝑘 ′ = (3 ∑4 𝐵̃ 𝑖 + 4 ∑3 𝐵̃ 𝑖 + 6 ∑2 𝐵̃ 𝑖 ) , 𝑘 ′ ≥ 0.
36

𝐴̃ × 𝐵̃ = (

36

𝑘 ′ ⃖⃗⃗⃗⃗
𝐴̃23
36

,

𝑖=1

36

𝑘 ′ ⃖⃗⃗⃗⃗
𝐴̃42
36

,

1

𝑖=1

2

i=1

3

⃖⃗⃗⃗⃗
̃13
𝑘 ′𝐴
36

) , 𝑘 ′ < 0.

4). Division:
⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗
⃗⃗⃗⃗⃗
̃3 36𝐴
̃4 36𝐴
̃1
36𝐴
𝐴̃ ÷ 𝐵̃ = ( ′ 1 , ′ 2 , ′ 3), 𝑘 ′ ≥ 0.
𝐴̃ ÷ 𝐵̃ = (

𝑘
𝑘
𝑘
⃖⃗⃗⃗⃗⃗
⃖⃗⃗⃗⃗⃗
⃖⃗⃗⃗⃗⃗
̃2
̃4
̃3
36𝐴
3 36𝐴2 36𝐴1
𝑘′

,

𝑘′

,

𝑘′

), 𝑘 ′ < 0.
III. A Study on kinds of averages

(i)

Fuzzy arithmetic mean (F.A.M):
Fuzzy arithmetic mean of a series is equal to the sum of fuzzy variables divided by their
number.
Step 1: Add up all the values of the fuzzy variables 𝑥̃ and find out ∑ 𝑥̃ .
Step 2: Divide ∑ 𝑋̃ by their number of observation (N).
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∑ 𝑋̃

F.A.M = .
𝑁
Fuzzy geometric mean(F.G.M):
Fuzzy geometric mean is defined as the Nth root of the product of items.

(ii)

(iii)

𝑁
F.G.M = √ℝ(𝑥̃1 × 𝑥̃2 × … .× 𝑥̃𝑁 ).
Fuzzy harmonic mean(F.H.M):
Fuzzy harmonic mean is the reciprocal of the fuzzy arithmetic average of the reciprocal of
values of various items in the fuzzy variable.

1

Step 1: Find out the reciprocal of each size i.e., ̃̃.
1

𝑥

Step 2: Add all the reciprocals of all values∑ ̃̃.
𝑥
Step 3: Apply the formula:
𝑁
F.H.M = 1.
∑̃

̃
𝑥

(iv)

Relation between F.A.M, F.G.M and F.H.M
If all the items in a distribution have the same value then, F.A.M = F.G.M = F.H.M. But if the
size vary, as will generally be the case , F.A.M > F.G.M > F.H.M.
IV. Numerical examples

Calculate F. A.M, F.G.M and F.H.M from the following fuzzy data
̃
̃)
Fuzzy Data (𝒙
((1,5,6),[4,6],(4,5,6,9))
([0,2],(0,1,3,4),(2,3,4))
Solution:

S.No
1.
2.
∑ 𝑋̃

(1) F.A.M =

𝑁

.

= ((3,7,8),[6,8],96,7,8,11))/ 2.
= 3.5.
𝑁
(2) F.G.M = √ℝ(𝑥̃1 × 𝑥̃2 × … .× 𝑥̃𝑁 ).
2

= √10
= 3.16.
(3) F.H.M =

𝑁
1
̃
𝑥

∑̃

.
2

= ([5,7],95,6,8,9),(7,8,9)).
= 2.88.
∴ F.A.M > F.G.M > F.H.M.
IV Conclusion
In this paper presents arithmetic mean, geometric mean and harmonic mean of type -2 triangular mixed fuzzy
numbers. In future median,mode etc., of type – 2 triangular mixed fuzzy numbers can be studied.
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Abstract: The concept of type-2 fuzzy set was introduced by Zadeh as an extension of an ordinary fuzzy set.
Type-2 fuzzy sets have grades of membership that are themselves fuzzy. Hence the membership function of
a type-2 fuzzy set is three dimensional, and it is the new third dimension that provides new design degrees
of freedom for handling uncertainties.Type-2 triangular fuzzy matrices are the generalization of fuzzy
matrices. In this paper, the concept ofS-diagonal type-2 triangular fuzzy matrices is proposed. Also some
properties of S-diagonal type-2 triangular fuzzy matrices are presented.
Key words: Type-2 fuzzy set, Type-2 triangular fuzzy number, Type-2 triangular fuzzy matrices.

I. Introduction
Fuzzy methods allow the processing of imprecise and indecisive variables. Fuzzy methods come in two
main flavours, type-1 and type-2. The concept of a type-2 fuzzy set, which is an extension of the concept of an
ordinary fuzzy set, was introduced by Zadeh [13]. Type-1 fuzziness represents the first step toward the full
processing of qualms and the type-2 fuzziness builds upon the strengths of the type-1 methods and overcomes
some of the limitations.It is observed that the type-2 fuzzy paradigm is a lesser known and a lesser exploited
area of fuzziness and also the type-2 fuzzy methods provide second order uncertainties allowing fuzzy systems
to accurately deal with real world uncertainty. At present the full potential of type-2 methods has not been
exploited by practitioners, probably because of computational expense of type-2 operations. In the current
climate of ever faster, more dominant and more affordable hardware, the type-2 fuzzy methods present a
stimulating opportunity to explore uncertainties in real world systems in ways that were not previously possible.
Fuzzy matrices were introduced for the first time by Thomason [11], who discussed the convergence of
powers of fuzzy matrix. Kim [3] presented some important results on determinant of square fuzzy matrices.
Ragab et al [5] presented some properties of the min-max composition of fuzzy matrices.Fuzzy matrices play an
important role in scientific developments. Shyamal and Pal [6] presented triangular fuzzy matrices. Stephen
Dinagar and Anbalagan [7] presented new ranking function and arithmetic operations on generalized type-2
trapezoidal fuzzy numbers. Stephen Dinagar and Latha [8] introduced type-2 triangular fuzzy matrices. In[9]
they also presented some types and properties of type-2 triangular fuzzy matrices.
The paper is organized as follows. Firstly in section-2 of this paper, we recall the definition of type-2
triangular fuzzy number and some operations on type-2 triangular fuzzy numbers. In section-3, we review the
definition of type-2 triangular fuzzy matrices (T2TFM) and some operations on T2TFMs. In section-4, we
define S-diagonal type-2 triangular fuzzy matrices. In section-5, we derive some properties of S-diagonal
T2TFMs. Finally in section-6, conclusion is also included.
II Type-2 Triangular Fuzzy Numbers
2.1 Definition: Fuzzy set
A fuzzy set is characterized by a membership function mapping the elements of a domain, space or
universe of discourse X to the unit interval [0,1].
A fuzzy set A in a universe of discourse X is defined as the following set of pairs:
A = {(x, μA(x)); x є X}.
Here μA: X → [0,1] is a mapping called the degree of membership function of the fuzzy set A and μ A(x) is
called the membership value of x є X in the fuzzy set A. These membership grades are often represented by real
numbers ranging from [0,1].
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2.2. Definition: (Zadeh) Type-2 fuzzy set
A type-2 fuzzy set is a fuzzy set whose membership values are fuzzy sets on [0,1].
2.3. Definition:
The type-2 fuzzy sets are defined by functions of the form𝜇 A: x → χ ([0,1]) where χ ([0,1]) denotes the
set of all ordinary fuzzy sets that can be defined within the universal set [0,1]. An example [4] of a membership
function of this type is given in fig.1.

F
i
g
.
1
.
I
l
lustration of the concept of a fuzzy set of type-2.
2.4.. Definition: Type-2 fuzzy number [8]
Let 𝐴̃ be a type-2 fuzzy set defined in the universe of discourse R. If the following conditions are satisfied:
(i)
𝐴̃ is normal,
(ii)
𝐴̃ is a convex set,
(iii)
The support of 𝐴̃ is closed and bounded, then 𝐴̃ is called a type-2 fuzzy number.
2.5. Definition: Type-2 triangular fuzzy number
A type-2 triangular fuzzy number 𝐴̃ on R is given by 𝐴̃ = {(x,(𝜇 A1(x),𝜇 A2(x),𝜇 A3(x)); xєR} and 𝜇 A1(x) ≤
𝜇 A2(x)≤ 𝜇 A3(x), for all xє R. Denote 𝐴̃ = (𝐴̃1 ,𝐴̃2 ,𝐴̃3 ), where 𝐴̃1 = (A1L,A1N,A1U), 𝐴̃2 = (A2L,A2N,A2U) and𝐴̃3 =
(A3L,A3N,A3U) are same type of fuzzy numbers.
2.6. Arithmetic operations on type-2 triangular fuzzy numbers [9]
Let
𝑎̃ = ( 𝑎̃1 , 𝑎̃2 , 𝑎̃3 ) = ((a1L,a1N,a1U),(a2L,a2N,a2U),(a3L,a3N,a3U)) and 𝑏̃ = ( 𝑏̃1 , 𝑏̃2 , 𝑏̃3 ) =
L
N
U
L
((b1 ,b1 ,b1 ),(b2 ,b2N,b2U),(b3L,b3N,b3U)) be two type-2 triangular fuzzy numbers. Then we define,
(i)Addition:
𝑎̃ + 𝑏̃= ((a1L+b1L,a1N+b1N,a1U+b1U),(a2L+b2L,a2N+b2N,a2U+b2U),(a3L+b3L,a3N+b3N, a3U+b3U))
(ii)Subtraction:
𝑎̃ − 𝑏̃= ((a1L−b3U,a1N−b3N,a1U−b3L),(a2L−b2U,a2N−b2N,a2U−b2L),(a3L−b1U,a3N−b1N, a3U−b1L))
(iii)Scalar multiplication:
If k ≥ 0 and k є R then k𝑎̃ = ((ka1L,ka1N,ka1U),(ka2L,ka2N,ka2U),(ka3L,ka3N,ka3U)) and
if k < 0 and k є R then k𝑎̃ = ((ka3U,ka3N,ka3L),(ka2U,ka2N,ka2L),(ka1U,ka1N,ka1L)).
(iv)Multiplication:
Define 𝜎b = b1L+b1N+b1U+b2L+b2N+b2U+b3L+b3N+b3U.If 𝜎𝑏 ≥0, then
𝑎 𝐿 𝜎𝑏 𝑎1 𝑁 𝜎𝑏 𝑎1 𝑈 𝜎𝑏
𝑎 𝐿 𝜎𝑏 𝑎2 𝑁 𝜎𝑏 𝑎2 𝑈 𝜎𝑏
𝑎 𝐿 𝜎𝑏 𝑎 𝑁 𝜎𝑏 𝑎3 𝑈 𝜎𝑏
𝑎̃ × 𝑏̃ = (( 1
,
,
), ( 2
,
,
), ( 3 , 3
,
)).
9

9

9

9

9

9

9

9

9

If 𝜎b<0, then
𝑎 𝑈 𝜎𝑏 𝑎3 𝑁 𝜎𝑏 𝑎3 𝐿𝜎𝑏
𝑎 𝑈 𝜎𝑏 𝑎2 𝑁 𝜎𝑏 𝑎2 𝐿 𝜎𝑏
𝑎 𝑈 𝜎𝑏 𝑎1 𝑁 𝜎𝑏 𝑎1 𝐿 𝜎𝑏
𝑎̃ × 𝑏̃ = (( 3
,
,
), ( 2
,
,
), ( 1
,
,
)).
9

9

9

9

9
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(v)Division:
Whenever𝜎b ≠ 0 we define division as follows:If𝜎b>0, then
9𝑎1 𝐿

𝑎̃̃
𝑏̃

=((

𝑎̃̃
𝑏̃

=((

𝜎𝑏

9𝑎3 𝑈
𝜎𝑏

,
,

9𝑎1 𝑁
𝜎𝑏
9𝑎3 𝑁
𝜎𝑏

,
,

9𝑎1 𝑈
𝜎𝑏
9𝑎3 𝐿
𝜎𝑏

), (
), (

9𝑎2 𝐿
𝜎𝑏
9𝑎2 𝑈
𝜎𝑏

,
,

9𝑎2 𝑁
𝜎𝑏
9𝑎2 𝑁
𝜎𝑏

,
,

9𝑎2 𝑈
𝜎𝑏
9𝑎2 𝐿
𝜎𝑏

9𝑎3 𝐿 9𝑎3 𝑁 9𝑎3 𝑈

), (

𝜎𝑏

,
,
)) .
𝜎𝑏
𝜎𝑏
If 𝜎b<0, then

9𝑎1 𝑈 9𝑎1 𝑁 9𝑎1 𝐿

), (

𝜎𝑏

,

𝜎𝑏

,

𝜎𝑏

)) .

2.7. The proposed ranking function [9]
Let F(R) be the set of all type-2 normal triangular fuzzy numbers. One convenient approach for solving
numerical valued problem is based on the concept of comparison of fuzzy numbers by use of ranking function.
An effective approach for ordering the elements of F(R) is to define a linear ranking function Ř:F(R) → Rwhich
maps each fuzzy number into R.
Suppose if 𝐴̃ = ( 𝐴̃1 , 𝐴̃2 , 𝐴̃3 ), = ((A1L,A1N,A1U),(A2L,A2N,A2U),(A3L,A3N,A3U))then we defineŘ( 𝐴̃ ) =
(A1L+A1N+A1U+A2L+A2N+A2U+A3L+A3N+A3U) / 9 .
Also we define orders on F(R) by
Ř(𝐴̃) ≥ Ř(𝐵̃ ) if and only if 𝐴̃≥Ř 𝐵̃,
Ř(𝐴̃) ≤ Ř(𝐵̃ ) if and only if 𝐴̃≤Ř 𝐵̃
and Ř(𝐴̃ ) = Ř(𝐵̃ ) if and only if 𝐴̃= 𝐵̃ .
Ř

2.8. Definition: Type-2 zero triangular fuzzy number
If 𝐴̃ = ((0,0,0),(0,0,0),(0,0,0)) then𝐴̃ is said to be a type-2 zero triangular fuzzy number. It is denoted by
0.
2.9. Definition: Type-2 zero-equivalent triangular fuzzy number
A type-2 triangular fuzzy number 𝐴̃ is said to be a type-2 zero-equivalent triangular fuzzy number if Ř
̃
(𝐴) = 0. It is denoted by 0̃ .
III Type-2 Triangular Fuzzy Matrices (T2tfms) [9]
3.1.Definition:Type-2 triangular fuzzy matrix (T2TFM)
A type-2 triangular fuzzy matrix (T2TFM) of order m×n is defined as A = (𝑎̃𝑖𝑗 )mxn where the ijth
element 𝑎̃𝑖𝑗 of A is the type-2 triangular fuzzy number.
3.2. Operations onT2TFMs:
As for classical matrices we define the following operations on T2TFMs. Let A = (𝑎̃𝑖𝑗 ) and B = (𝑏̃𝑖𝑗 ) be
two T2TFMs of same order. Then we have the following:
(i) A+B = (𝑎̃𝑖𝑗 + 𝑏̃𝑖𝑗 )
(ii) A−B = (𝑎̃𝑖𝑗 − 𝑏̃𝑖𝑗 )
(iii) For A = (𝑎̃ )mxn and B = (𝑏̃ )nxk then AB = (𝑐̃̃ )mxk where 𝑐̃̃ = ∑𝑛 𝑎̃ .𝑏̃ ,
𝑖𝑗

𝑖𝑗

𝑖𝑗

𝑖𝑗

𝑝=1

𝑖𝑝

𝑝𝑗

i=1,2,…..,m and j=1,2,…..,k.
(iv) ATor Aˊ= (𝑎̃𝑗𝑖 )
(v) kA = (k𝑎̃𝑖𝑗 ) , where k is a scalar.
IV S-Diagonal Type-2 Triangular Fuzzy Matrices
4.1. Definition: Diagonal T2TFM
A square T2TFM A= (𝑎̃𝑖𝑗 ) of order n is said to be a diagonal T2TFM if all the elements outside the
principal diagonal are 0. Hence if A= (𝑎̃𝑖𝑗 ) is a diagonal T2TFM then 𝑎̃ 𝑖𝑗 = 0 whenever i≠j.
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4.2. Definition: Diagonal - equivalent T2TFM
A square T2TFM A= (𝑎̃𝑖𝑗 ) of order n is said to be a diagonal - equivalent T2TFM if all the elements
outside the principal diagonal are 0̃. Hence if A= (𝑎̃𝑖𝑗 ) is a diagonal - equivalent T2TFM then 𝑎̃ 𝑖𝑗 = 0̃ whenever
i≠j.
4.3. Definition: S-Diagonal T2TFM
A square T2TFM A= (𝑎̃𝑖𝑗 ) of order n is said to be a S-diagonal T2TFM if all the elements outside the
secondary diagonal are 0. Hence if A= (𝑎̃ 𝑖𝑗 ) is a S-diagonal T2TFM then 𝑎̃𝑖𝑗 = 0 whenever i+j ≠ n+1.
4.4. Definition: S-Diagonal - equivalent T2TFM
A square T2TFM A= (𝑎̃𝑖𝑗 ) of order n is said to be a S-diagonal - equivalent T2TFM if all the elements
outside the secondary diagonal are 0̃ . Hence if A= (𝑎̃𝑖𝑗 ) is a S-diagonal - equivalent T2TFM then 𝑎̃𝑖𝑗 = 0̃
whenever i+j ≠ n+1.
V Properties of S-Diagonal T2TFMS
Property 5.1
The sum of twoS-diagonalT2TFMs of order n is also a S-diagonalT2TFM of order n.
Proof:
Let A = (𝑎̃ 𝑖𝑗 ) and B = (𝑏̃𝑖𝑗 ) be two S-diagonalT2TFMs. Since A and B are S-diagonalT2TFMs, 𝑎̃𝑖𝑗 = 0
and 𝑏̃ = 0 for all i+j ≠ n+1.
𝑖𝑗

LetA+B = C. Then (𝑎̃𝑖𝑗 + 𝑏̃𝑖𝑗 ) = (𝑐̃̃𝑖𝑗 ).
For all i+j≠ n+1, 𝑐̃̃𝑖𝑗 = 𝑎̃𝑖𝑗 + 𝑏̃𝑖𝑗 = 0 + 0 = 0.
Hence C is also aS-diagonalT2TFM of order n.
Property 5.2
The product of aS-diagonalT2TFM by a scalar is also a S-diagonalT2TFM.
Proof:
Let A = (𝑎̃ 𝑖𝑗 ) be a S-diagonalT2TFM. Since A is a S-diagonalT2TFM, 𝑎̃𝑖𝑗 = 0 for all i+j ≠ n+1.
Let k be a scalar and kA = B. Then (k𝑎̃ ) = (𝑏̃ ).
𝑖𝑗

𝑖𝑗

For alli+j≠ n+1, 𝑏̃𝑖𝑗 = k𝑎̃𝑖𝑗 = k0 = 0. Hence B is also a S-diagonalT2TFM.
Property 5.3
The transpose of a S-diagonalT2TFM is also a S-diagonalT2TFM.
Proof:
Let A = (𝑎̃ 𝑖𝑗 ) be a S-diagonalT2TFM. Since A is a S-diagonalT2TFM, 𝑎̃𝑖𝑗 = 0 for alli+j ≠ n+1.
Let B be the transpose of A. Then Aˊ = B. i.e, (𝑎̃𝑗𝑖 ) = (𝑏̃𝑖𝑗 ).
For alli+j≠ n+1, that is j+i ≠ n+1 𝑎̃ = 0 = 𝑏̃ .
𝑗𝑖

𝑖𝑗

That is for all i+j≠ n+1, 𝑏̃𝑖𝑗 = 0. Hence B is a S-diagonalT2TFM.
Property 5.4
The product of twoS-diagonalT2TFMs of order n is a diagonalT2TFM of order n.
Proof:
Let A = (𝑎̃ 𝑖𝑗 ) and B = (𝑏̃𝑖𝑗 ) be two S-diagonalT2TFMs. Since A and B are S-diagonalT2TFMs, 𝑎̃𝑖𝑗 = 0
and 𝑏̃ = 0 for all i+j ≠ n+1.
𝑖𝑗

both 𝑎̃𝑖𝑘

That is 𝑎̃𝑖𝑗 ≠ 0 and 𝑏̃𝑖𝑗 ≠ 0 for all i+j = n+1.
Let AB = C = (𝑐̃̃𝑖𝑗 ) where 𝑐̃̃𝑖𝑗 = ∑𝑛𝑘=1 𝑎̃𝑖𝑘 .𝑏̃𝑘𝑗 . In this summation non-zero entries are possible only if
≠ 0 and 𝑏̃ ≠ 0.
𝑘𝑗

But 𝑎̃ 𝑖𝑘 ≠ 0 only if i+k = n+1
⇒ k = n+1−i → (1)
That is 𝑎̃𝑖𝑘 ≠ 0 only if k = n+1− i.
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Similarly 𝑏̃𝑘𝑗 ≠ 0 only if k+j = n+1
⇒ j = n+1− k
⇒ j = n+1− (n+1−i) [using equation (1)]
⇒ j = n+1−n−1+i
⇒j=i
Hence in this summation non-zero entries are possible only if i=j.
That is 𝑐̃̃𝑖𝑖 ≠ 0. Hence C = (𝑐̃̃𝑖𝑗 ) is a diagonalT2TFM of order n.
Property 5.5
The product of a diagonal T2TFM with theS-diagonalT2TFM, both of order n is a S-diagonalT2TFM
of order n.
Proof:
Let A = (𝑎̃ 𝑖𝑗 ) be a diagonal T2TFM and B = (𝑏̃𝑖𝑗 ) be a S-diagonalT2TFM of order n. Since A is a
diagonal T2TFM 𝑎̃ 𝑖𝑗 = 0 for all i ≠ j and B is a S-diagonalT2TFM𝑏̃𝑖𝑗 = 0 for all i+j ≠ n+1.
That is 𝑎̃ ≠ 0 for all i = j and 𝑏̃ ≠ 0 for all i+j = n+1.
𝑖𝑗

both 𝑎̃𝑖𝑘

𝑖𝑗

Let AB = C = (𝑐̃̃𝑖𝑗 ) where 𝑐̃̃𝑖𝑗 = ∑𝑛𝑘=1 𝑎̃𝑖𝑘 .𝑏̃𝑘𝑗 . In this summation non-zero entries are possible only if
≠ 0 and 𝑏̃𝑘𝑗 ≠ 0.
But 𝑎̃ 𝑖𝑘 ≠ 0 only if i = k → (1)
Similarly 𝑏̃𝑘𝑗 ≠ 0 only if k+j = n+1

⇒ i+ j = n+1 [using equation (1)]
Hence in this summation non-zero entries are possible only if 𝑏̃𝑖𝑗 ≠ 0 for all i+j = n+1. That is𝑐̃̃𝑖𝑗 ≠ 0
for all i+j = n+1.. Hence C = (𝑐̃̃𝑖𝑗 ) is a S-diagonalT2TFM of order n.
VI. Conclusion
In this article S-diagonal type-2 triangular fuzzy matrices are defined. Also some properties of Sdiagonal T2TFMs are proved. Using these results of T2TFMs, some important properties of T2TFMs, involving
the notion like S-bidiagonal T2TFM,
S-tridiagonal T2TFM etc., can be studied in future. Also the
theories of the discussed T2TFMs may be utilized in further works.
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Some Inequality of Fuzzy Matrices
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Abstract: In this paper, the fuzzy matrix geometric mean is fuzzy concave. We complete this important fact
with a reverse result. This follows from an interesting non-commutative extension of a classical reverse
Cauchy Schwarz inequality in 𝑀𝑛 (𝐹).
Keywords: Fuzzy matrix, determinant of a squarefuzzy matrix, ,, fuzzy norm, Cauchy Schwarz inequality
I. Introduction
The concept of fuzzy set was introduced by Zadeh [10] in 1965. R. Biswas [2] and A. M. K.H.kim and
F.W.Roush [4] first tried to give a meaningful definition of Generalized fuzzy matrices and associated fuzzy
norm function. Jian Miao Chen[3] introduced Fuzzy matrix partial ordering and generalized inverse.
[1]Bertoiuzzaintroduced the properties ofdistributivity of t-norm and t-conorms.[5] Ragab.M. Z. and Emam E.
G. introduced the concept of determinant and have the developed adjoint of a square fuzzy matrix. introduced
On fuzzy 2-normed linear spaces. Meenakshi andCokilavany [6],[7,8] introduced the properties of fuzzy mnorm matrices and Binormed sequences in fuzzy matricesGani and Kalyani. Introduced the definition of
positive Definite Matrices[2] R.Bhatia. Recently [9] ZHOU Min - na have introduced a definition of
Characterizations of the Minus Ordering in Fuzzy Matrix Set` In this paper, the concept of inequalityof fuzzy
matrices on 𝑀𝑛 (F), the set of all fuzzy sets of 𝑃∗ (𝑀𝑛 (F)), the standard Cauchy Schwarz inequality is proved.
Moreover Cauchy Schwarz inequality of fuzzy matrices are established. Some equivalent conditions are also
proved.
II. Preliminaries
We consider F=[0,1] the fuzzy algebra with operation [+,∙] and the standard order “≤” where a+b = max{a,b},
a∙b = min{a,b} for all a,b in F.F is a commutative semi-ring with additive and multiplicative identities 0 and 1
respectively. Let 𝑀𝑀𝑁 (F) denote the set of all m×n fuzzy matrices over F. In short 𝑀𝑛 (F) is the set of all fuzzy
matrices of order n. define ‘+’ and scalar multiplication in 𝑀𝑛 (F) as A + B = [𝑎𝑖𝑗 + 𝑏𝑖𝑗 ], where A = [𝑎𝑖𝑗 ] and
B = [𝑏𝑖𝑗 ] and cA = [c𝑎𝑖𝑗 ], where c is in [0,1], with these operations 𝑀𝑛 (F) forms a linear space.
Definition 2.1
An m×n matrix A = [a ij ] whose components are in the unit interval [0,1] is called a fuzzy matrix.
Definition 2.2
The determinant |A| of an n × n fuzzy matrix A is defined as follows;
|A| = ∑ a1σ(1) a 2σ(2) ⋯ a nσ(n)
σ∈Sn

Where Sn denotes the symmetric group of all permutations of the indices (1,2, ⋯ , n)
Definition 2.3
A fuzzy matrix A is defined to be greater than B if ‖B‖ ≤ ‖A‖, A is strictly greater than B if ‖B‖ < ‖A‖ . We
also say that B is smaller than A.
Definition 2.4
Define a mapping d:Mn (F) × Mn (F) → [0,1] as‖A + B‖ = det[A, B] for all A,B in Mn (F).
Definition 2.5
A matrix A in 𝑀𝑛 (F) is called idempotentif 𝐴2 = 𝐴
or ‖𝐴2 ‖ = 𝑑𝑒𝑡[𝐴], where 𝐴 = [𝑎𝑖𝑗 ]
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Definition 2.6
Let A be in 𝑀𝑛 (𝐹) and 𝛼 be in [0,1] such that ||A||= 𝛼 or 𝑛(𝑃𝐴 ) = 𝛼 , then the pair (𝑃𝐴 , 𝛼) is called a fuzzy
point in 𝑀𝑛 (𝐹) and it is denoted by 𝑃𝐴𝛼 . The dual fuzzy point 𝑃𝐴𝛼 is the point with norm (1- 𝛼) denoted by 𝑃∗ =
𝑃1−𝛼 .
Definition 2.7
The set of all fuzzy points in 𝑀𝑛 (𝐹) is gven by
𝑃 ∗ (𝑀𝑛 (𝐹)) = {𝑃𝐴𝛼 | 𝐴 𝜖 𝑀𝑛 (𝐹), 𝛼 є [0,1]}
In F we follow the usual ≤ order relation correspondingly we define an order relation in 𝑃 ∗ (𝑀𝑛 (𝐹))
Definition 2.8
The Geometric mean √𝑎𝑏 of two positive real numbers a,b(0 ≤ 𝑎, 𝑏 ≤ 1) is a convex operation. This paper
equivalent to the Cauchy-Schwarz inequality. Let 𝑃𝐴 , 𝑃𝐵 , … , 𝑃𝑍 be n × n Fuzzy Matrices or operators on a ndimensional space 𝑃 ∗ (𝑀𝑛 (𝐹)), for 𝑃𝐴 , 𝑃𝐵 ∈ 𝑀𝑛 (𝐹) their geometric mean 𝑃𝐴 # 𝑃𝐵 is defined by two quite
natural requirements.
1. 𝑃𝐴 𝑃𝐵 = 𝑃𝐵 𝑃𝐴 implies 𝑃𝐴 # 𝑃𝐵 = √𝑃𝐴 𝑃𝐵
2. (𝑃𝑋∗ 𝑃𝐴 𝑃𝑋 ) # (𝑃𝑋∗ 𝑃𝐵 𝑃𝑋 ) = 𝑃𝑋∗ (𝑃𝐴 # 𝑃𝐵 )𝑃𝑋
for any invertible 𝑃𝑋 on 𝑀𝑛 (𝐹).
1⁄
2

Then, 𝑃𝐴 # 𝑃𝐵 = 𝑃𝐴
1⁄
2

𝑃𝐴 # 𝑃𝐵 = 𝑃𝐴

−1⁄
2

(𝐼 # 𝑃𝐴

−1⁄
2

(𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴

1⁄
2

) 𝑃𝐴

1⁄
2

) 𝑃𝐴

-----------(1)
𝑃𝑍 𝑃𝐴−1 𝑃𝑍

So that 𝑃𝐴 # 𝑃𝐵 should be solution of
= 𝑃𝐵 , 𝑃𝑍 𝑖𝑛 𝑀𝑛 (𝐹)or equivalently to 𝑃𝑍 𝑃𝐵−1 𝑃𝑍 = 𝑃𝐴 .
Hence, 𝑃𝐴 # 𝑃𝐵 can be defined (1) and 𝑃𝐴 # 𝑃𝐵 = 𝑃𝐵 # 𝑃𝐴 .
Since 𝑃𝐴 # 𝑃𝐵 is operator increasing. Since f(t) = 𝑡

1⁄
2

𝑖𝑠 operator monotone.

Theorem 2.9
𝑃 𝑃𝑋
Let 𝑃𝐴 , 𝑃𝐵 > 0 𝑖𝑛 𝑀𝑛 (𝐹). Then 𝑃𝐴 # 𝑃𝐵 = 𝑀𝑎𝑥 {𝑃𝑋 ∈ [0,1]/ ( 𝐴
) ≥ 0}.
𝑃𝑋 𝑃𝐵
Proof:
1⁄
1⁄
𝑃 𝑃𝑋
( 𝐴
) ≥ 0 , if 𝑃𝐴 , 𝑃𝐵 , 𝑃𝑋 in 𝑀𝑛 (𝐹) where 𝑃𝑋 = 𝑃𝐴 2 𝐾 𝑃𝐵 2 for some contraction
𝑃𝑋 𝑃𝐵
K ∈ [0,1] and n(K) ≤ 1.
−1⁄
2

⇒ 𝑛 (𝑃𝐴

−1⁄
2

𝑃𝑋 𝑃𝐵

) ≤1

(or)
−1⁄
2

𝑛 (𝑃𝐴

−1⁄
1
2 ⁄2
𝑃𝐴

𝑃𝑋 𝑃𝐴

−1⁄
2

𝑃𝐵

) ≤1

(or)
−1⁄
2

(𝑃𝐴

Therefore, by operator monotony of t → 𝑡

1⁄
2

−1⁄
2

𝑃𝐴
1⁄
2

Hence 𝑃𝑋 ≤ 𝑃𝐴

−1⁄
2

(𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴

1⁄
2

)

−1⁄
2

) ≤ 𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴

.
−1⁄
2

𝑃𝑋 𝑃𝐴

1⁄
2

𝑃𝐴

−1⁄ 2
2

𝑃𝑋 𝑃𝐴

−1⁄
2

≤ (𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴

)

1⁄
2

= 𝑃𝐴 # 𝑃𝐵

Next we have check that,
𝑃
( 𝐴
𝑃𝐴 # 𝑃𝐵
−1⁄
2 (𝑃
𝐴#

⇒ 𝑛 (𝑃𝐴

−1⁄
2

𝑃𝐵 )𝑃𝐵

−1⁄
2 (𝑃
𝐴#

) = 1since𝑃𝐴

𝑃𝐴 # 𝑃𝐵
) ≥0
𝑃𝐵
−1⁄
2

𝑃𝐵 )𝑃𝐵
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Theorem 2.10
Let 𝑃𝐴 , 𝑃𝐵 ∈ 𝑀𝑛 (𝐹)such that 𝛼𝑃𝐴 ≥ 𝑃𝐵 ≥ 𝛽𝑃𝐴 for some 0≤ 𝛼, 𝑃 ≤ 1 and let Φ be a positive linear map then
1⁄
4

Φ (𝑃𝐴 )# Φ (𝑃𝐵 ) ≤

(𝛼⁄𝛽 )

1

⁄4
𝛽
+( ⁄𝛼 )

2

Φ (𝑃𝐴 # 𝑃𝐵 ).

Proof:
Step 1
Suppose that for a vector f,
Φ (𝑃𝐴 ) = (𝑓, 𝑃𝐴 𝑓)
𝑃𝑍 =

1⁄
−1⁄
−1⁄
2
2
2
(𝑃𝐴 𝑃𝐵 𝑃𝐴 )

1⁄
2

𝑎𝑛𝑑 ℎ = 𝑃𝐴

𝑓

Since 𝛼𝑃𝐴 ≥ 𝑃𝐵 ≥ 𝛽𝑃𝐴 implies
𝛼

1⁄
2

−1⁄
2

≥ (𝑃𝐴

{〈𝑓, 𝑃𝐴 𝑓〉, 〈𝑓, 𝑃𝐵 𝑓〉}

1⁄
2

−1⁄
2

𝑃𝐵 𝑃𝐴

(𝛼⁄𝛽 )

≤

1⁄
4

−1⁄
2

)

≥ 𝛽

𝛽
+ ( ⁄𝛼 )

1⁄
2

1⁄
4

(𝑓, 𝑃𝐴 # 𝑃𝐵 𝑓).

2

Step 2
Let h be any vector. Then by Fact 1
〈ℎ, Φ (𝑃𝐴 )# Φ (𝑃𝐵 ) ℎ〉 ≤ 〈ℎ, Φ (𝑃𝐴 )ℎ〉
1

1⁄
2 〈ℎ, Φ

(𝑃𝐵 )ℎ〉

1⁄
2

1

= Ψ(𝑃𝐴 ) ⁄2 Ψ(𝑃𝐵 ) ⁄2
Where Ψ is defined by Ψ(𝑃𝑋 ) = 〈ℎ, Ψ(𝑃𝑋 )ℎ 〉
1⁄

1⁄

By fact 2: Ψ(𝑃𝑋 ) = 𝑇𝑟 𝑃𝑌 𝑃𝑋 = 〈𝑃𝑋 2 , ∏(𝑃𝑋 )𝑃𝑌 2 〉 for some 𝑃𝑌 ∈ 𝑀𝑛 (𝐹)
Since 𝛼𝑃𝐴 ≥ 𝑃𝐵 ≥ 𝛽𝑃𝐴 implies 𝛼∏(𝑃𝐴 ) ≥ ∏(𝑃𝐵 ) ≥ 𝛽 ∏(𝑃𝐴 )
1⁄
1
2 Ψ(𝑃𝐵 ) ⁄2

Ψ(𝑃𝐴 )

≤

(𝛼⁄𝛽 )

1⁄
4

𝛽
+ ( ⁄𝛼 )

1⁄
4

Ψ(𝑃𝐴 # 𝑃𝐵 ).

2

Combining with the previous inequality, we get
〈ℎ, Φ (𝑃𝐴 )# Φ (𝑃𝐵 ) ℎ〉 ≤

(𝛼⁄𝛽 )

1⁄
4

𝛽
+ ( ⁄𝛼 )

1⁄
4

〈ℎ, Φ (𝑃𝐴 )# Φ (𝑃𝐵 ) ℎ〉

2

Theorem 2.11
Let 𝑃𝑍 in 𝑀𝑛 (𝐹) with extremal eigen values a, b for all vectors h in 𝑀𝑛 (𝐹).
𝑛(ℎ)𝑛(𝑃𝑍 ℎ) ≤

1⁄
1⁄
(𝑎⁄𝑏 ) 2+(𝑏⁄𝑎 ) 2
〈ℎ, 𝑃𝑍 ℎ
2

〉.

Proof:
Fact 1: For 𝑃𝐴 , 𝑃𝐵 𝑖𝑛 𝑀𝑛 (𝐹) all vectors h and all positive linear maps Φ.
〈ℎ, Φ (PA # 𝑃𝐵 ) ℎ〉 ≤ 〈ℎ, Φ (𝑃𝐴 )ℎ〉

1⁄
2 〈ℎ, Φ

(𝑃𝐵 )ℎ〉

1⁄
2

-----(2)

〈ℎ, PA # 𝑃𝐵 ℎ〉 ≤

1
1
〈ℎ, 𝑃𝐴 ℎ〉 ⁄2 〈ℎ, 𝑃𝐵 ℎ〉 ⁄2

Inequality (2),
Φ (PA # 𝑃𝐵 ) ≤ Φ (𝑃𝐴 )# Φ (𝑃𝐵 )
Where Φ (𝑃𝐴 ) = 𝑃𝑍∗ PA PZ for some n× 𝑘 𝑓𝑢𝑧𝑧𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 PZ .
1⁄

−1⁄
2

〈ℎ, PA # 𝑃𝐵 ℎ〉 = 〈𝑃𝐴 2 ℎ, (𝑃𝐴
1⁄

−1⁄
2

≤ 𝑛 (𝑃𝐴 2 ℎ) 𝑛((𝑃𝐴

−1⁄
2

𝑃𝐵 𝑃𝐴
1

−1⁄
2

𝑃𝐵 𝑃𝐴

1⁄

)𝑃𝐴 2 ℎ〉

1⁄

) 𝑃𝐴 2 ℎ)
1

〈ℎ, PA # 𝑃𝐵 ℎ〉 ≤ 〈ℎ, 𝑃𝐴 ℎ〉 ⁄2 〈ℎ, 𝑃𝐵 ℎ〉 ⁄2
Fact 2: let Φ be a positive fuzzy linear function on 𝑃 ∗ (𝑀𝑛 (𝐹)). Then there exists PX in 𝑀𝑛 (𝐹) such that
Φ(𝑃𝐴 ) = 𝑇𝑟 𝑃𝐴 𝑃𝑋 .
Hence if ∏(𝑃𝐴 ): 𝑃 ∗ (𝑀𝑛 (𝐹)) × 𝑃∗ (𝑀𝑛 (𝐹)) → [0,1] is the left multiplication by 𝑃𝐴 .
Φ(𝑃𝐴 ) = 〈ℎ, ∏(𝑃𝐴 )ℎ〉
1⁄

Where the fuzzy inner product is the canonical inner product on 𝑀𝑛 (𝐹)and ℎ = 𝑃𝑋 2.
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Theorem 2.12
Let 𝑃𝐴 , 𝑃𝐵 𝑖𝑛 𝑀𝑛 (𝐹) such that 𝛼 𝑃𝐵 (𝑢) ⊃ 𝑃𝐴 (𝑢) ⊃ 𝛽 𝑃𝐵 (𝑢) for some 𝛼, 𝛽 ∈ [0,1]. Then ∑ 𝜆𝑗 (𝑃𝐴 )𝜆𝑗 (𝑃𝐵 ) ≤
𝛼+𝛽
𝑇𝑃𝑃 .
2√𝛼𝛽 𝑟 𝐴 𝐵

Proof:
We may assume 𝑃𝐴 , 𝑃𝐵 𝑖𝑛 𝑀𝑛 (𝐹)and the inclusion conditions on 𝑃𝐴 (𝑢), 𝑃𝐵 (𝑢) of 𝑃 ∗ (𝑀𝑛 (𝐹)) .
⇒ 𝛼 ≥ |𝑃𝐵−1 𝑃𝐴 | ≥ 𝛽 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝛼 ≥ |𝑃𝐴 𝑃𝐵−1 | ≥ 𝛽
𝛼+𝛽
〈ℎ, 𝑃𝐴2 # 𝑃𝐵2 ℎ〉 − − − −(3)
∴ 𝑛(𝑃𝐴 ℎ) 𝑛(𝑃𝐵 ℎ) ≤
2√𝛼𝛽
That is, Φ(𝑃𝑋 ) = 〈ℎ, 𝑃𝑋 ℎ〉 , denoted by ‖. ‖1 𝑜𝑟 𝑛1 the trace norm. There exists a unitary V such that
∑ 𝜆𝑗 (𝑃𝐴 )𝜆𝑗 (𝑃𝐵 ) = 𝑛1 (𝑃𝐴 ∨ 𝑃𝐵 )
Where V = ∑ 𝑣𝑖 ℎ𝑖 ⨂ℎ𝑖 , Hence making use of the triangle inequality for the trace norm.
∑ 𝜆𝑗 (𝑃𝐴 )𝜆𝑗 (𝑃𝐵 ) ≤ ∑ 𝑛(𝑃𝐴 ℎ𝑖 ) 𝑛(𝑃𝐵 ℎ𝑖 )
Combining with (2), we get
𝛼+𝛽

∑ 𝜆𝑗 (𝑃𝐴 )𝜆𝑗 (𝑃𝐵 ) ≤

2√𝛼𝛽

𝑇𝑟 𝑃𝐴2 # 𝑃𝐵2

Next to check that,
𝑇𝑟 𝑃𝐴2 # 𝑃𝐵2 ≤ 𝑇𝑟 𝑃𝐴 𝑃𝐵 .
there is a unitary ∪ such that 𝑃𝐴2 # 𝑃𝐵2 = 𝑃𝐴 ∪ 𝑃𝐵
⇒ 𝑇𝑟 𝑃𝐴2 # 𝑃𝐵2 = 𝑇𝑟 𝑃𝐴 ∪ 𝑃𝐵
1⁄
2

= 𝑇𝑟 (𝑃𝐴

1⁄

1⁄

1⁄

∪ 𝑃𝐵 2 ) (𝑃𝐵 2 𝑃𝐴 2 )
1⁄
1
2 (𝑇𝑟 𝑃𝐴 𝑃𝐵 ) ⁄2

≤ (𝑇𝑟 𝑃𝐴 ∪ 𝑃𝐵 ∪∗ )
1

≤ (𝑇𝑟 𝑃𝐴 ∪ 𝑃𝐵 ) ⁄2 (𝑇𝑟 𝑃𝐴 𝑃𝐵 )
𝑇𝑟 𝑃𝐴 ∪ 𝑃𝐵 ≤ 𝑇𝑟 𝑃𝐴 𝑃𝐵

1⁄
2

III. Conclusion
In this paper, the inequality of fuzzy matricesand it’sSome Cauchy Schwarz inequality in 𝑀𝑛 (𝐹) are discussed.
Numerical examplesare given to clarify the developed theory and the proposed inequalityof fuzzy matrices.
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Abstract: In this paper, the definition of fuzzy matrix norm in 𝑀𝑛 (𝐹) and fuzzy matrix operator norm is
given. Some of its properties are discussed. Fuzzy matrix norm, 1-norm, 2-norm, p-norm are also defined.
AMS Subject Classification: 03E72, 15B15
Keywords:matrix norm, Fuzzy matrix, Fuzzy norm, Fuzzy norm matrix, determinant of a square fuzzy matrix
I. Introduction
The concept of fuzzy set was introduced by [10] Zadeh in 1965. A. White introduced the concept of 2-Banach
Space [8]. Also those definitions are restricted to the fuzzy normed linear spaces and Convergence of power of a
controllable fuzzy matrices .Felbin[2] and L.J. Xin [9],1995,Ragab.M. Z. and Emam E. G.[3] introduced the
determinant and adjoint of a square fuzzy matrix. Meenakshi A.R. and Cokilavany R. [4] introduced the concept
of fuzzy 2-normed linear spaces. Nagoorgani A. and Kalyani G. [6] introduced the properties of fuzzy m-norm
matrices. In Nagoorgani A. and Kalyani G. [1] T.Bag introduced theFundamental Theorem in Felbins Type
Fuzzy Normed Linear Space. [7]Nagoorgani A. and Manikandan A.R, introduced the concept of Integrals over
Fuzzy Matrices. [5]Madhumangal Pal and RajkumarPradhan Also those definitions are restricted to
theTriangular Fuzzy Matrix Norm. In this paper, we introduce the concept of fuzzy norm matrices. The purpose
of the introduction is to explain 1,2,p- norms and its properties are discussed.
II. Preliminaries
We consider F=[0,1] the fuzzy algebra with operation [+,∙] and the standard order “≤” where a+b = max{a,b},
a∙b = min{a,b} for all a,b in F.F is a commutative semi-ring with additive and multiplicative identities 0 and 1
respectively. Let 𝑀𝑀𝑁 (F) denote the set of all m×n fuzzy matrices over F. In short 𝑀𝑛 (F) is the set of all fuzzy
matrices of order n. define ‘+’ and scalar multiplication in 𝑀𝑛 (F) as A + B = [𝑎𝑖𝑗 + 𝑏𝑖𝑗 ], where A = [𝑎𝑖𝑗 ] and
B = [𝑏𝑖𝑗 ] and cA = [c𝑎𝑖𝑗 ], where c is in [0,1], with these operations 𝑀𝑛 (F) forms a linear space.
Definition 2.1
A fuzzy matrix (FM) of order 𝑚 × 𝑛 isdefined as 𝐴 = [𝑎𝑖𝑗 ] 𝑜𝑟 𝑃𝐴 = [𝑎𝑖𝑗 ]where 𝑎𝑖𝑗 is the membership value of
the i,j-th element in A. Let 𝑀𝑚𝑛 (𝐹) denote the set of all fuzzy matrices of order 𝑚 × 𝑛 over F. If 𝑚 = 𝑛 in
short we write 𝑀𝑛 (𝐹) the set of all square FMs of order n.
Definition 2.2 :
Let A be in 𝑀𝑛 (𝐹) and 𝛼 be in [0,1] such that ||A||= 𝛼 or 𝑛(𝑃𝐴 ) = 𝛼 , then the pair (𝑃𝐴 , 𝛼) is called a fuzzy
point in 𝑀𝑛 (𝐹) and it is denoted by 𝑃𝐴𝛼 . The dual fuzzy point 𝑃𝐴𝛼 is the point with norm (1- 𝛼) denoted by 𝑃∗ =
𝑃1−𝛼 .
Definition 2.3 :
The set of all fuzzy points in 𝑀𝑛 (𝐹) is gven by
𝑃 ∗ (𝑀𝑛 (𝐹)) = {𝑃𝐴𝛼 | 𝐴 𝜖 𝑀𝑛 (𝐹), 𝛼 є [0,1]}
In F we follow the usual ≤ order relation correspondingly we define an order relation in 𝑃 ∗ (𝑀𝑛 (𝐹)) as follows
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Definition 2.4:
𝛽

𝛽

We define 𝑃𝐴𝛼 < 𝑃𝐵 iff 𝛼 < 𝛽 and 𝑃𝐴𝛼 = 𝑃𝐵 𝑖𝑓𝑓 𝐴 = 𝐵 (then automatically = 𝛽)
Definition 2.5:
A fuzzy norm with respect to the fuzzy matrix norm in 𝑀𝑛 (𝐹) is a real valued function n defined on
𝑃 ∗ (𝑀𝑛 (𝐹)) × 𝑃 ∗ (𝑀𝑛 (𝐹)) to [0,1] satisfying the following conditions
(i) 𝑛(𝑃𝐴 ) = 0
(ii) 𝑛(𝛼𝑃𝐴 ) = |𝛼| 𝑛(𝑃𝐴 )
(iii) 𝑛(𝑃𝐴 + 𝑃𝐵 ) ≤ 𝑛(𝑃𝐴 ) + 𝑛(𝑃𝐵 )
Definition 2.6:
Let 𝑃 ∗ (𝑀𝑛 (𝐹)) be a fuzzy vector space, where 𝑛(𝑃𝑥 ) is some norm , we define the norm of the matrix
𝐴𝑚𝑛 𝑖𝑛 𝑀𝑚𝑛 (𝐹) subordinate to the vector norm 𝑛(𝑃𝑥 ) as
𝑛(𝑃𝐴 ) =

𝑚𝑎𝑥
𝑛(𝑃𝐴 )≠0(𝑛(𝑃𝐴 𝑃𝑥 )/𝑛(𝑃𝑥 )).

The above norm is called sub-ordinate fuzzy matrix norm.
Let us consider the vector norm as
𝑛(𝑃𝑥 ) = max[𝑥𝑖 ] , 𝑤ℎ𝑒𝑟𝑒 𝑃𝑥 = [𝑥𝑖 ]
(Or)
𝑛(𝑃𝑥 ) = max[𝑥1, 𝑥2, … 𝑥𝑛 ]
(or)
𝑛(𝑃𝑥 ) = ∑𝑛𝑖=1|𝑥𝑖 |denoted on the set 𝑃∗ (𝑀𝑛 (𝐹))and the fuzzy matrix norm.
𝑛(𝑃𝐴 ) = max[𝑎𝑖,𝑗 ] , 𝑤ℎ𝑒𝑟𝑒 𝑃𝐴 = [𝑎𝑖,𝑗 ]
(or)
𝑛(𝑃𝐴 ) = max[𝑎11, 𝑎12, … 𝑎𝑖𝑗 , … 𝑎𝑛𝑛 ]
𝑛(𝑃𝐴 ) = ∑𝑛𝑖=1 ∑𝑛𝑗=1 𝑎𝑖𝑗 denoted on the set (𝑀𝑛 (𝐹)).
(i) 𝑛(𝑃𝐴 𝑃𝑥 )is defined for 𝑃𝐴 = 𝑃𝑥 𝑎𝑠 0,
𝑛(𝑃𝐴 𝑃𝑥 ) ≠ 0is defined for 𝑃𝐴 < 𝑃𝑥
when𝑃𝐴 = 𝑃𝑥 both fuzzy points coincide 𝑛(𝑃𝐴 𝑃𝑥 ) = 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑃𝐴 , 𝑃𝑥 Є 𝑃 ∗ (𝑀𝑛 (𝐹))
(ii)

Since 𝑃𝐴 , 𝑃𝑥 Є 𝑃∗ (𝑀𝑛 (𝐹))
𝑛(𝛼𝑃𝐴 ) =

𝑚𝑎𝑥
𝑛(𝑃𝑥 )≠0(𝑛(𝛼𝑃𝐴 𝑃𝑥 )/𝑛(𝑃𝑥 ))

=𝑛(𝑃𝑥𝑚𝑎𝑥
)≠0(|𝛼|𝑛(𝑃𝐴 𝑃𝑥 )/𝑛(𝑃𝑥 ))
= |𝛼| 𝑛(𝑃𝑥𝑚𝑎𝑥
)≠0(𝑛(𝑃𝐴 𝑃𝑥 )/𝑛(𝑃𝑥 ))
𝑛(𝛼𝑃𝐴 ) =|𝛼|𝑛(𝑃𝐴 )
(𝑖𝑖𝑖)

𝑛(𝑃𝐴 ) =

𝑚𝑎𝑥
𝑛(𝑃𝑥 )≠0(𝑛((𝑃𝐴

+ 𝑃𝐵 )𝑃𝑥 )/𝑛(𝑃𝑥 ))

𝑛(𝑃𝐴 ) = 𝑛((𝑃𝐴 + 𝑃𝐵 )𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 ))
Where 𝑃𝑥𝑚 Є 𝑃∗ (𝑀𝑛 (𝐹)) maximizes the right hand side.
Define 𝑃𝐴 𝑃𝑥𝑚 = 𝑃𝑦𝑚 and 𝑃𝐵 𝑃𝑥𝑚 = 𝑃𝑧𝑚
𝑛((𝑃𝐴 + 𝑃𝐵 )𝑃𝑥𝑚 ) = 𝑛(𝑃𝐴 𝑃𝑥𝑚 + 𝑃𝐵 𝑃𝑥𝑚 )
𝑛(𝑃𝐴 + 𝑃𝐵 ) ∩ (𝑃𝑥𝑚 )= 𝑛(𝑃𝑦𝑚 + 𝑃𝑧𝑚 )
≤ 𝑛(𝑃𝑦𝑚 ) + 𝑛(𝑃𝑧𝑚 )
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𝑛(𝑃𝐴 + 𝑃𝐵 ) ∩ (𝑃𝑥𝑚 ) ≤ 𝑛(𝑃𝐴 𝑃𝑥𝑚 ) + 𝑛(𝑃𝐵 𝑃𝑥𝑚 )
𝑛(𝑃𝐴 + 𝑃𝐵 ) ≤

𝑛(𝑃𝐴 𝑃𝑥𝑚 )+𝑛(𝑃𝐵 𝑃𝑥𝑚 )

≤

𝑛(𝑃𝑥𝑚 )
𝑚𝑎𝑥
𝑛(𝑃𝑥 )≠0(𝑛(𝑃𝐴 𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 ))

+ 𝑛(𝑃𝑥𝑚𝑎𝑥
)≠0(𝑛(𝑃𝐵 ) ∩ (𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 )

𝑛(𝑃𝐴 + 𝑃𝐵 ) ≤ 𝑛(𝑃𝐴 ) + 𝑛(𝑃𝐵 ) .
(iv) By Definition,
𝑛(𝑃𝐴 ) ≥ 𝑛(𝑃𝐴 𝑃𝑥 )/𝑛(𝑃𝑥 )
𝑛(𝑃𝐴 ) ∩ 𝑛(𝑃𝑥 ) ≥ 𝑛(𝑃𝐴 𝑃𝑥 ), ∀𝑃𝑥 Є𝑀𝑛 (𝐹)
(v) If 𝑃𝐴 , 𝑃𝐵 Є𝑀𝑛 (𝐹), then
𝑛(𝑃𝐴 𝑃𝐵 ) = 𝑛(𝑃𝑥𝑚𝑎𝑥
)≠0(𝑛(𝑃𝐴 𝑃𝐵 𝑃𝑥 )/𝑛(𝑃𝑥 ))
𝑛(𝑃𝐴 𝑃𝐵 ) = 𝑛(𝑃𝑥𝑚𝑎𝑥
)≠0(𝑛(𝑃𝐴 𝑃𝐵 𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 ))
If we define 𝑛(𝑃𝐵 𝑃𝑥𝑚 ) = 𝑃𝑧𝑚 in 𝑃 ∗ (𝑀𝑛 (𝐹))
𝑛(𝑃𝐴 𝑃𝐵 𝑃𝑥 ) = 𝑛(𝑃𝐴 𝑃𝑧𝑚 )
≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝑧𝑚 )
≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 𝑃𝑧𝑚 )
≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 )𝑛(𝑃𝑧𝑚 )
𝑛(𝑃𝐴 𝑃𝐵 𝑃𝑥 ) ≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 )𝑛(𝑃𝑧𝑚 )
Hence 𝑛(𝑃𝐴 𝑃𝐵 ) = 𝑛(𝑃𝐴 𝑃𝐵 𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 )
≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 )𝑛(𝑃𝑥𝑚 )/𝑛(𝑃𝑥𝑚 )
𝑛(𝑃𝐴 𝑃𝐵 ) ≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 )
This n is a fuzzy norm with respect to the fuzzy matrix norm in𝑀𝑛 (𝐹) and hence 𝑀𝑛 (𝐹)is a fuzzy norm with
respect to the fuzzy matrix norm.
Definition 2.7:
A fuzzy matrix norm n on a the set 𝑀𝑛 (𝐹) is a norm, with the additional property that
𝑛(𝑃𝐴 𝑃𝐵 ) ≤ 𝑛(𝑃𝐴 )𝑛(𝑃𝐵 )for all 𝑃𝐴 , 𝑃𝐵 in 𝑀𝑛 (𝐹).
Definition 2.8:
Let 𝑛𝛼 be a vector norm on 𝑃 ∗ (𝑀𝑛 (𝐹)), and 𝑛𝛽 a vector norm on 𝑃∗ (𝑀𝑛 (𝐹)), for 𝑃𝐴 Є𝑀𝑛 (𝐹).
We define 𝑛(𝑃𝐴 ) = 𝑛𝛼,𝛽 (𝑃𝐴 ) =

𝑚𝑎𝑥
𝑛(𝑃𝑥)≠0(𝑛𝛽 (𝑃𝐴 𝑃𝑥 )/𝑛𝛼 (𝑃𝑥 )

for all , 𝛽 Є [0,1] .

Sub-ordinate fuzzy matrix norm with respect to different vector norm. They be general 𝑙1 norm
and𝑙2 norm respectively. If 𝛼 = 𝛽 then the above fuzzy norm is called 𝛼 − 𝑛𝑜𝑟𝑚
III. Fuzzy Matrix 1-Norm
The vector 1-Norm is given by
𝑛1 (𝑃𝑥 ) = ∑𝑛𝑖=1|𝑥𝑖 |
Subordinate to the vector 1-norm is the fuzzy matrix 1-norm .
𝑛1 (𝑃𝐴 ) = max(∑𝑖 |𝑎𝑖,𝑗 |)
𝑗

The fuzzy matrix 1-norm is the maximum of the column sums in 𝑀𝑛 (𝐹) and let 𝑚 × 𝑛
matrix𝑃𝐴 𝑖𝑛 𝑀𝑛 (𝐹) be represented.
𝑃𝐴 = [𝑃𝐴1 , 𝑃𝐴2 , … , 𝑃𝐴𝑛 ]
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Which implies
𝑃𝐴 𝑃𝑥 = [𝑃𝐴1 , 𝑃𝐴2 , … , 𝑃𝐴𝑛 ]𝑃𝑥
𝑃𝐴 𝑃𝑥 = ∑𝑛𝑖=1 𝑃𝐴𝑘 𝑃𝑥𝑘
𝑛

𝑛1 (𝑃𝐴 𝑃𝑥 ) = 𝑛1 (∑ 𝑃𝐴𝑘 𝑃𝑥𝑘 )
𝑖=1

≤∑𝑛𝑖=1 |𝑃𝑥𝑘 | ∩ (𝑃𝑥𝑘 )
≤max 𝑛(𝑃𝐴𝑗 )( ∑𝑛𝑖=1 𝑃𝑥𝑘 )
𝑗

𝑛1 (𝑃𝐴 𝑃𝑥 ) = max 𝑛(𝑃𝐴𝑗 )𝑛(𝑃𝑥 )
𝑗

IV. Fuzzy Matrix 2-Norm
The vector 2-Norm is given by
𝑛2 (𝑃𝑥 ) = (∑𝑛𝑖=1 |𝑥𝑖 |2 )

1⁄
2

1⁄
2

= (< 𝑥, 𝑥 >)

Subordinate to the vector 2-norm is given by
𝑛2 (𝑃𝐴 ) = 𝑃𝐴 ∗ 𝑃𝐴
The Fuzzy 2-Norm is called the spectral norm. The arbitrary 𝑚 × 𝑛 fuzzy matrix 𝑃𝐴 in 𝑀𝑛 (𝐹) and 𝑃𝐴 ∗ 𝑃𝐴 is 𝑛 ×
𝑛 and Hermitian, the eigen values of 𝑃𝐴 ∗ 𝑃𝐴 are real valued. Also 𝑃𝐴 ∗ 𝑃𝐴 is at least positive fuzzy semi-definite.
Since 𝑃𝑥 ∗ (𝑃𝐴 ∗ 𝑃𝑥 ) ∗ 𝑃𝑥 = 𝑃𝐴 𝑃𝑥 ∗ 𝑃𝐴 𝑃𝑥 for all 𝑃𝑥 Є 𝑃 ∗ (𝑀𝑛 (𝐹))
Hence the eigen values of 𝑃𝐴 ∗ 𝑃𝐴 are both real valued and non-negative.
Denote them as
0≤ 𝜎12 ≥ 𝜎22 ≥ 𝜎32 ≥ … . 𝜎𝑛2 ≥ 1
Corresponding to these eigenvalues are n orthonormal and eigen vectors 𝑈1, 𝑈2 , 𝑈3 … . 𝑈𝑛
(𝑃𝐴 ∗ 𝑃𝐴 )𝑈𝑘 = (𝜎𝑘2 )𝑈𝑘
The n eigenvectors form the columns of a unitary 𝑛 × 𝑛 fuzzy matrix U that diagonalizes fuzzy matrix
𝑃𝐴 ∗ 𝑃𝐴 in 𝑃 ∗ (𝑀𝑛 (𝐹)).
𝑃𝑥 = ∑𝑛𝑖=1 𝑃𝑐𝑘 𝑈𝑘 where𝑃𝑐𝑘 in 𝑀𝑛 (𝐹)
𝑃𝐴 ∗ 𝑃𝐴 𝑃𝑥 = 𝑃𝐴 ∗ 𝑃𝐴 ∑𝑛𝑖=1 𝑃𝑐𝑘 𝑈𝑘
𝑃𝐴 ∗ 𝑃𝐴 𝑃𝑥 = ∑𝑛𝑖=1 𝑃𝑐𝑘 𝜎𝑘2 𝑈𝑘
(𝑛2 (𝑃𝐴 𝑃𝑥 ))2 = (𝑃𝐴 𝑃𝑥 ) ∗ 𝑃𝐴 𝑃𝑥
=𝑃𝑥 ∗ (𝑃𝐴 ∗ 𝑃𝐴 𝑃𝑥 )
=(∑𝑛𝑘=1 𝑃𝑐𝑘 ∗ 𝑈𝑘 ) (∑𝑛𝑗=1 𝑃𝑐𝑗 𝜎𝑗2 𝑈𝑗 )
2

= ∑𝑛𝑘=1|𝑃𝑐𝑘 | 𝜎𝑘2 𝑈𝑘
2

≤ 𝜎12 (∑𝑛𝑘=1|𝑃𝑐𝑘 | 𝑈𝑘 )
(𝑛2 (𝑃𝐴 𝑃𝑥 ))2 = 𝜎12 𝑛2 (𝑃𝑥 )2
V. Fuzzy Matrix p-norm
For 𝑚 × 𝑛 fuzzy matrix 𝑃𝐴 in 𝑀𝑛 (𝐹)
𝑛𝑝 (𝑃𝐴 𝑃𝑥 ) ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝑥 )for all 𝑃𝑥 in 𝑀𝑛 (𝐹)
𝑛𝑝 (𝑃𝐴 𝑃𝐵 𝑃𝑥 ) = 𝑛𝑝 (𝑃𝐴 (𝑃𝐵 𝑃𝑥 ))
≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 ((𝑃𝐵 𝑃𝑥 )
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𝑛𝑝 (𝑃𝐴 𝑃𝐵 𝑃𝑥 ) ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝐵 )𝑛𝑝 (𝑃𝑥 )
𝑛𝑝 (𝑃𝐴 𝑃𝐵 𝑃𝑥 )
= 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝐵 )
𝑛𝑝 (𝑃𝑥 )
𝑛𝑝 (𝑃𝐴 𝑃𝐵 ) ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝐵 )
Theorem 5.1
For the fuzzy matrices 𝑃𝐴 , 𝑃𝐵 Є𝑀𝑛 (𝐹) and 𝑃𝑣 , 𝑃𝑤 Є 𝑃∗ (𝑀𝑛 (𝐹))
(i)
(ii)
(iii)
(iv)

𝑛𝑝 (𝑃𝐴 ) = 𝑛𝑝 (𝑃𝐴𝑇 )
𝑛𝑝 (𝑃𝐴 ) = 𝑛𝑝 (𝑃𝐴𝑇 )
𝑛𝑝 (𝑃𝐴 𝑃𝐴𝑇 ) = 𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 ) = (𝑛𝑝 (𝑃𝐴 ))2
|〈𝑃𝐴 𝑃𝑣 , 𝑃𝑤 〉| ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝑣 )𝑛𝑝 (𝑃𝑤 )

Proof
(i)

For any 𝑃𝑣 Є 𝑃 ∗ (𝑀𝑛 (𝐹))

(𝑛𝑝 (𝑃𝐴 𝑃𝑣 ))2 = |〈𝑃𝐴 𝑃𝑣 , 𝑃𝐴 𝑃𝑣 〉|
𝑛𝑝 (𝑃𝐴 𝑃𝑣 ) = |〈𝑃𝑣 𝑃𝐴𝑇 , 𝑃𝐴 𝑃𝑣 〉| = 𝑛𝑝 (𝑃𝑣 )𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 𝑃𝑣 )
1

𝑛𝑝 (𝑃𝐴 𝑃𝑣 ) = (𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 )𝑛𝑝 (𝑃𝑣 ))2
Therefore 𝑛𝑝 (𝑃𝐴 ) = 𝑛𝑝 (𝑃𝐴𝑇 )
(ii)

We have (𝑛𝑝 (𝑃𝐴 ))2 ≤ 𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 ) ≤ 𝑛𝑝 (𝑃𝐴𝑇 )𝑛𝑝 (𝑃𝐴 ) = (𝑛𝑝 (𝑃𝐴 ))2

Therefore (𝑛𝑝 (𝑃𝐴 ))2 = 𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 )
(iii)

|〈𝑃𝐴 𝑃𝑣 , 𝑃𝑤 〉| ≤ 𝑛𝑝 (𝑃𝐴 𝑃𝑣 )𝑛𝑝 (𝑃𝑤 )
1

𝑛𝑝 (𝑃𝐴 𝑃𝑣 ) ≤ (𝑛𝑝 (𝑃𝐴𝑇 𝑃𝐴 ))2 𝑛𝑝 (𝑃𝑣 ) ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝑣 )
|〈𝑃𝐴 𝑃𝑣 , 𝑃𝑤 〉| ≤ 𝑛𝑝 (𝑃𝐴 )𝑛𝑝 (𝑃𝑣 )𝑛𝑝 (𝑃𝑤 )
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I. Introduction
In 1970, Levine [1] introduced the concept of generalized closed sets in topological spaces. This concept
was found to be useful to develop many results in general topology.Lellis Thivagar et al. [1] introduced a
nano topological space with respect to a subset X of an universe which is defined in terms of lower
approximation and upper approximation and boundary region. The classical nano topological space is
based on an equivalence relation on a set, but in some situation, equivalence rela- tions are nor suitable for
coping with granularity, instead the classical nano topology is extend to general binary relation based
covering nano topological space. Rajasekaran et al. [3] intiated the study nano πg- closed sets, nano gβclosed sets, nano πgp-closed sets, nano πgp-closed sets, nano πgs-closed sets.
II. Preliminaries
Throughout this paper (U, τ R(X)) (or X) represent nano topological space on which no separation axioms
are assumed unless otherwise men- tioned. For a subset H of a space (U, τR (X), N cl(H)) and
N int(H)
denote the nano closure of H and the nano interior in H respectively. We recall the following definitions
which are useful in the sequel.
Definition 2.1 [1] Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on
U named as the indiscernibility relation. Elements belonging to the same equivalence class are said to be indiscernible
with one another. The pair (U, R) is said to be the approximation space. Let X ⊂ U.
1. The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as
X with respect to R and it is denoted by LR(X): That is, ⋃𝑥∈𝑈{ 𝑅(𝑥): 𝑅(𝑥)∁ 𝑋}, LR(X) = where R(x) denotes the
equivalence class determined by x:
2. The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X
with respect to R and it is denoted by UR(X): That is ⋃𝑥∈𝑈{ 𝑅(𝑥): 𝑅(𝑥) ∩ 𝑋 ≠ 𝜑}.
3. The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor
as not X with respect to R and it is denoted by B R(X): That is, BR(X) = UR(X) – LR(X).
Proposition 2.1 [1] If (U, R) be an approximation space and X, Y ⊂U; then
1. LR(X) ⊂ X ⊂UR(X);
2. LR (  ) = UR (  ) =  and LR (U ) = UR (U ) = U ;
3. UR(X ∪ Y ) = UR(X) ∪ UR(Y );
4. UR(X ∩Y ) ⊂UR(X) ∪ UR(Y );
5. LR(X ∪ Y ) ⊃LR(X) ∪ LR(Y );
6. LR(X ∩Y ) ⊂LR(X) ∩LR(Y );
7. LR(X) ⊂LR(Y ) and UR(X) ⊂UR(Y ) whenever X ⊂Y ;
8. U R (X c) = [LR(X)]c and LR (X c) = [UR(X)] c;
9. UR UR (X) = L R UR (X) = UR(X);
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10. LR LR (X) = UR LR (X) = LR (X).
Definition 2.2 [1] Let U be the universe, R be an equivalence relation on U and τR (X) = {U,  , LR (X), UR (X),
BR (X)} where X ⊂ U. Then by the property 2.2, R(X) satisfies the following axioms:
(a) U and  ∈τR(X),
(b) The Union of the elements of any sub collection of τR(X) is in τR(X),
(c) The intersection of the elements of any sub collection of τ R(X) is in τR(X).
That is, τR(X) is a topology on U called the nano topology on U With respect to X. We call (X, τ R(X)) as the
nano topological space. The elements of τR(X) are called as nano open sets and [τR(X)]c is called as the dual nano
topology on [τR(X)].
Definition 2.3 [1] If (X, τR(X)) is a nano topological space with respect to X and if H ⊂ U, then the nano interior
of H is defined as the union of all nano open subsets of H and it is denoted by N int(H).
That is, Nint(H) is the largest nano open subset of H. The nano closure of H is defined as the intersection of all nano
closed sets containing H and it is denoted by Ncl(H). That is, N cl(H) is the smallest nano closed set containing
H.
Definition 2.4 [1] A subset H of a nano topological space (U, τR(X)) is called
(a) nano semi-open if H ⊂ Ncl(Nint(H)).
(b) nano regular open if H =Nint(Ncl(H)).
(c) nano pre-open if ⊂ Nint(Ncl(H)).
(c) nano α-open if H ⊂ N int(Ncl(Nint(H))).
(d) nano β-open if H ⊂ N cl(Nint(Ncl(H))).
The complements of the above mentioned sets is called their respective closed sets.
III. Nano α-semi closed sets
Definition 3.1 A subset A of a nano topological space (U, N, τ ) is said to be nano semi-closed set if sNcl(A) ⊂ U
whenever A ⊂ U and U is nano α-open.
Example 3.1 Let X = a, b, c, d with U/R = {{a, } {b}, {d}} and X = {a, d}. Then τR(X) = {  , {d}, {a, c,
d}, {a, c}, U }. Then τ αR(X) = {  , {d}, {a, c}, {a, c, d}, X}. If A = {a} is a nano α-semi closed set in
(U, τR(X)).
Proposition 3.1 Every nano closed set in (U, N, τ R(X)) is a nano α- semi closed set in (U, N, τR(X)).
Proof: Let A be a nano closed set in (U, N, τ R(X)), then N cl(A) = A. Now let A be a subset of U and U
be a nano open set in X. Then sN cl(A) = A union N int(N cl(A)) = A ∪ N int(A) subset A subset U.
Hence A is a nano α-semi closed set.
Remark 3.1 The converse of the above theorem need not be true as shown in the following example.
Example 3.2 In example 2.1, A = {a} is nano α-semi closed but not a nano closed.
Proposition 3.2 Every nano semi closed set is a nano α-semi closed.
Proof: Let A be a nano semi closed set. Then N int(N cl(A) ⊂ A. Now let A be a subset of U and U be nano
α-open. Then sN cl(A) = A ∪ N int(N cl(A)) ⊂ A ∪ A = A ⊂ U. Hence A is a nano α-semi closed set.
Remark 3.2 The converse of the above theorem need not be true as shown in the following example.
Example 3.3 In example 2.1, A = {a, b} is a nano α-semi closed set but not a nano semi closed.
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Proposition 3.3 Every nano α-closed set is a nano α-semi closed.
Proof: Let A be a nano α-semi closed set. Then N cl(N int(N cl(A))) ⊂ A. Now let A be a subset of U and
U be a nano α-open set in X. Then sN cl(A) = A ∪ N int(N cl(A)) ⊂ A ∪ N cl(N int(N cl(A))) ⊂ A ∪ A = A.
Hence A is a nano α-semi closed set.
Remark 3.3 The converse of the above theorem need not be true as shown in the following example.
Example 3.4 In example 2.1, A = {c}is nano α-semi closed but not a nano α-closed.
Proposition 3.4 Every nano regular closed set in (U, N, τ R(X)) is a nano α-semi closed set.
Proof: Let A be a nano regular closed set. Then A = N cl(N int(A)). Now let A be a subset of
U and U be a nano α-open set. Then sN cl(A) = A ∪ N int(N cl(A) = A∪ N int(N cl(N cl(N
int(A))) = A∪ N int(N cl(N int(A))) = A ∪ N int(A) = A ⊂U. Hence A is a nano α-semi closed set.
Remark 3.4 The converse of the above theorem need not be true as shown in the following example.
Example 3.5 In example 2.1, A = {a}is a nano α-semi closed but not a nano regular closed set.
Remark 3.5 The notions nano α-semi closed and nano g-closed set are independent.
Example 3.6 U = {a, b, c, d} with U/R = {{a}, {c}, {b, d}} and X = {a, b}. Then τR(X) = {  , {a}, {a, b,
d}, {b, d}, X}.
(a)A = {a} is nano α-semi-closed but not nano g-closed.
(b) A = {a, d} is nano g-closed but not nano α-semi-closed.
Remark 3.6 Union of any two nano α-semi closed sets need not be a nano α-semi closed set.
Example 3.7 In example, A = {a} and B = {d} are nano α-semi- closed sets but A ∪ B = {a, d} is not a nano αsemi-closed set.
Proposition 3.5 : Let (U, N, τR(X)) be a nano topological space and A ⊂ U. Then sN cl(A) − A contains no nonempty nano α-semi- closed in X.
Proof: Let A be nano α-semi closed set and let F be a nano α-semi closed set containing sN cl(A) − A.
That is F subset sN cl(A) − A. This implies, F ⊂ sN cl(A) ∩ Ac and hence F ⊂ sN cl(A) and F ⊂ Ac. Since F c
is nano α open and A is nano α-semi closed, we have sN cl(A) ⊂ F c . This implies F ⊂ (sN cl(A)c . Hence F ⊂
sN cl(A) ∩(sN cl(A)c = ∅ . Thus sN cl(A) −A contains no non-empty nano α-semi closed in X.
Proposition 3.6 In nano topological space (U, N, τR(X)), if H is a nano α-semi closed set and H ⊂ K ⊂ N cl(A),
then K is also a nano α-semi closed set.
Proof: Let K ⊂ U and U be a nano α-open set. Since H ⊂ K and H ⊂ U. Now sN cl(K) ⊂ sN cl(sN
cl(H)) = sN cl(H) ⊂U as H is nano α-semi closed. Hence K is a nano α-semi closed set.
Proposition 3.7 In a nano topological space (U, N, τR(X)), if H is both nano regular open and nano α-semi
closed, then it is nano clopen.
Proof: Since H is a nano regular open set, H is open and H = N int(H). H is a nano alpha-semi closed set
implies sN cl(H) ⊂ H. sN cl(H) = sN cl(N int(H)) ⊂ H implies sN cl(H) = H. Hence H is a nano clopen
set.
Proposition 3.8 A subset H of a nano topological space is nano α-semi open if and only if F ⊂sN int(H) whenever F
is a nano α closed set and F subset of H.
Proof: Assume H is a nano α-semi open set, then H c is a nano α-semi closed set. Let F be a nano α
closed in U contained in H. Then F c is a nano α open set in U containing H c . Since Hc is a nano
α-semi closed set, sN cl(H c ) ⊂ F c . Consequently, F ⊂ sN int(H). Conversely, let F ⊂ sN int(H) whenever
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F subset H and F is nano α closed in U. Let G be nano α open containing H c then H c ⊂ sN
int(H). Thus sN int(Hc) ⊂ G implies H is a nano α-semi open set.
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Abstract: In this Paper, we modeled the multiplicative degree based topological indices of Linear phenylene
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 of Linear Phenylene [ Lp (G(a, k , n))] .The vertex degree
eE ( G )  a  b 
based topological indices for the Linear Phenylene [ Lp (G(a, k , n))] are computed as a functional equations
Geometric – Arithmetic index



in ‘a’ and ‘n’, where ‘a’ represents the number of hexagons and ‘n’ represents the number of segments. The
modeling of these multiplicative connectivity indices are given in terms of ‘a’ and ‘n’ and also tabulated as a
ready reckoner and which are very much useful for the study of the pharmacological compounds.
Keywords: Topological indices, First Zagreb, Second Zagreb, Connectivity index, Multiplicative invariants
Mathematics Subject Classiﬁcation: 05C05, 05C12
I. Introduction
In this research paper, we compute the multiplicative invariants of degree based topological indices of chemical
compound. Linear Phenylenes are a class of conjugated hydrocarbons composed of four membered rings and
every four membered ring is adjacent to a pair of hexagons in the manufactured for a wide variety of
applications. A topological index is a numerical quantity derived in an unambiguous manner from the structure
graph of a molecule, as a graph structural invariants that is, it does not depend on the labelling or the picture
representation of a graph. Various topological indices usually reflect molecular size and shape. It plays an
important role in the so called inverse structure – property relationship problems. A new topological index in
chemistry, matching energy, is first introduced by Gutman and wagner in 2012 to study topological resonance
energy of conjugated molecules, which has received a lot of attention from researchers in recent year. For more
background and applications about matching energy. A topological index of a chemical compound is an
integer, derived following a certain rule, which can be used to characterize the chemical compound and predict
certain physiochemical properties like boiling point, Molecular weight, density, refractive index, and so forth.
A Molecular graph G = (V, E) is a simple graph having 𝑛 = |𝑉| vertices and 𝑚 = |𝐸| edges. The vertices vi  V
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represent non hydrogen atoms and the edges

(vi , v j )  E represent covalent bond between the corresponding

atoms. In particular, hydrocarbons are formed only by carbon and hydrogen atom and their molecular graphs
represent the carbon skeleton of the molecule. The Molecular graphs are a special type of chemical graphs,
which represent the constitution of molecules. They are also called constitutional graphs. When the
constitutional of molecules is represented in a two dimensional basis, it is called structural graph. All molecular
graphs considered in this paper are finite, Connected, loop less, and without multiples edges. Let G = (V,E) be a
graph with n vertices and m edges. The degree of a vertex d u and d v is the number of vertices ‘u’ and ‘v’
respectively . The Multiplicative invariants of Randic index of a phenylene and of the corresponding hexagonal
squeeze. There are many multiplicative degree based topological indices defined on the basis of the vertex
degree of graphs one of the Multiplicative degree based index likely harmonic index, Geometric-Arithmetic,
Atom- Bond connectivity and sum-connectivity . Recently, on the occasion of the 30 th anniversary of the first
Zagreb indices a paper was Published in which their main properties were summarised. The Zagreb coincides
were recently studied in some details and the relation between Zagreb indices and coincides were also examined
and we determine all relation between the Zagreb indices and coincides of a graph G. However, both the
Generalized First Zagreb index and the Generalized second Zagreb index give greater Weights to the inner
vertices and edges, the smaller weight to outer vertices and edges which opposes intuitive reasoning. Hence,
they were amended as follows for a simple Connected graph G. A connected graph is known as a molecular
Graph if its maximum degree is at most four determined the minimum and maximum values of this index for
molecular trees and showed that the star is unique tree with the maximum ABC index when number of vertices
is given.
CASE 1:
In [ Lp (G(a, k , n))] , let ‘n’ be the Number of segments, for any ‘n’ and a = k for 𝑛 ≥ 2
⟹ Number of hexagons = 𝑛ℎ = an
⟹ Number of squares = 𝑛𝑠 = a(n − 1)

For [ L p (G (1, 0,1))] , (i.e) for a =1, k = 0,n = 1, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 0, the number of edges with end degrees (3,3) is 0, total number of edges for n=1
is 6.

For [ L p (G (1,1, 2))] , (i.e) for a =1, k = 1,n = 2, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 4, the number of edges with end degrees (3,3) is 4, total number of edges for n=2
is 14.

For

[ Lp (G(1,1,3))] , (i.e) for a =1, k = 1,n = 3, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 8, the number of edges with end degrees (3,3) is 8, total number of edges for n=3
is 22.

For

[ Lp (G(1,1, 4))] , (i.e) for a =1, k = 1,n = 4, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 12, the number of edges with end degrees (3,3) is 12, total number of edges for
n=4 is 30.
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For [ L p (G (1,1, n))] for a =1, k = 1 for 𝑛 ≥ 1,the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 4n-4,the number of edges with end degrees (3,3) is 4n-4,total number of edges
for any n is given by 8n-2.
CASE 2:

For

[ Lp (G(2,0,1))] , (i.e) for a =2, k = 0,n = 1, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 4, the number of edges with end degrees (3,3) is 1, total number of edges for
n=11.

For [ L p (G (2, 2, 2))] , (i.e) for a =2, k = 2,n = 2, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 12, the number of edges with end degrees (3,3) is 9, total number of edges for
n=27.

For [ L p (G (2, 2,3))] , (i.e) for a =2, k = 2,n = 3, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 20, the number of edges with end degrees (3,3) is 17, total number of edges for
n=43.

For [ L p (G (2, 2, 4))] , (i.e) for a =2, k = 2,n = 4, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 28, the number of edges with end degrees (3,3) is 25, total number of edges for
n=59.

For [ L p (G (2, 2, n))] , (i.e) for a =2, k = 2 for 𝑛 ≥ 1 the number of edges with end degrees (2,2) is 6, the
number of edges with end degrees (2,3) is 8n-4, the number of edges with end degrees (3,3) is 8n-7, total
number of edges for any n is 16n-5.
CASE 3:
In

[ Lp (G(a, k , n))] , let ‘n’ be the Number of segments, for any ‘n’ and a = k for 𝑛 ≥ 2
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For

[ Lp (G(3,0,1))] , (i.e) for a =3, k = 0,n = 1, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 8, the number of edges with end degrees (3,3) is 2, total number of edges for n=1
is 16.

For

[ Lp (G(3,1, 2))] , (i.e) for a =3, k = 1,n = 2, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 20, the number of edges with end degrees (3,3) is 14, total number of edges for n=2
is 40.

For [ L p (G (3, 2,3))] , (i.e) for a =3, k = 2,n = 3, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 32, the number of edges with end degrees (3,3) is 26, total number of edges for
n=3 is 64.
Generalized result of [ L p (G (3,3, n))]
For [ L p (G (3,3, n))] , (i.e) for a =3, k = 3 for 𝑛 ≥ 1 the number of edges with end degrees (2,2) is 6, the
number of edges with end degrees (2,3) is 12n-4, the number of edges with end degrees (3,3) is 12n-10, total
number of edges for any n is 24n-8.
CASE 4:

For

[ Lp (G(4,0,1))] , (i.e) for a =4, k = 0,n = 1, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 12, the number of edges with end degrees (3,3) is 3, total number of edges for
n=1 is 21.

For

[ Lp (G(4,1, 2))] , (i.e) for a =4, k = 1,n =2, the number of edges with end degrees (2,2) is 6, the number of

edges with end degrees (2,3) is 28, the number of edges with end degrees (3,3) is 19, total number of edges for
n=2 is 53.

For [ L p (G (4, 2,3))] , (i.e) for a =4, k = 2,n = 3, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 44, the number of edges with end degrees (3,3) is 35, total number of edges for
n=3 is 85.
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For [ L p (G (4,3, 4))] , (i.e) for a =4, k = 3,n = 4, the number of edges with end degrees (2,2) is 6, the number of
edges with end degrees (2,3) is 60, the number of edges with end degrees (3,3) is 51, total number of edges for
n=4 is 111.
II . Generalized result of [ L p (G (4, 4, n))]
For [ L p (G (4, 4, n))] , (i.e) for a =3, k = 3 for 𝑛 ≥ 1 the number of edges with end degrees (2,2) is 6, the
number of edges with end degrees (2,3) is 16n-4, the number of edges with end degrees (3,3) is 16n-13, total
number of edges for any n is given by 32n-11.
Generalization for G(a,k,n)
For a=1 then k=0 for n = 1 and a = k for 𝑛 ≥ 2, the results obtained from case 1 to case 4 are tabulated as
follows:
From the results of Case 1:
A
k
N
Number of edges
Number of edges
Number of edges
i=2
j=2
i=2
j=3
i=3
j=3
1
0
1
6
0
0
1
1
2
6
4
4
1
2
3
6
8
8
1
3
4
6
12
12
6
4n-4
4n-4
Generalizations
From the results of Case 2:
a
k
2
0
2
1
2
2
2
3
Generalizations
From the results of Case 3:
a
k
3
0
3
1
3
2
3
3
Generalizations
From the results of Case 4:
a
k
4
0
4
1
4
2
4
3
Generalizations

N
1
2
3
4

N
1
2
3
4

N
1
2
3
4

Number of edges
i=2
j=2
6
6
6
6
6

Number of edges
i=2
j=3
4
12
20
28
8n-4

Number of edges
i=3
j=3
1
9
17
25
8n-7

Number of edges
i=2
j=2
6
6
6
6
6

Number of edges
i=2
j=3
8
20
32
44
12n-4

Number of edges
i=3
j=3
2
14
26
38
12n-10

Number of edges
i=2
j=2
6
6
6
6
6

Number of edges
i=2
j=3
12
28
44
60
16n-4

Number of edges
i=3
j=3
3
19
35
51
16n-13

Hence we obtained the we defined formula for linear phenylene [ Lp (G(a, k , n))] for all n, a  1 the number
of edges with end degrees (2,2) is equal to 6, the number of edges with end degrees (2,3) is
number of edges with end degrees (3,3) is given by 4an  (3a  1) .

(4an – 4), the

M-Polynomial of linear Phenylene is developed and it is given by

Lp (G(a, k , n))  6 x 2 y 2  (4an  4) x 2 y 3  (4an  (3a  1)) x3 y 3 for all n, a  1
Some important Multiplicative degree based Topological invariants of Linear Phenylene [L p(G(a,k,n)] are
given below:
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1.

The Multiplicative invariants of first Zagreb of Linear Phenylene is denoted by the

P1[ L p (G (a, k , n))] =
2.

 i  j 

e E ( G )

The Multiplicative invariants of second Zagreb of Linear Phenylene is denoted by the

  ij 

P2 [ LP (G (a, k , n))] =
3.

P3[ LP (G (a, k , n))] =
4.
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The Multiplicative invariants of square of first Zagreb of Linear Phenylene is denoted by the
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The Generalized Multiplicative invariants of second Zagreb of Linear Phenylene is denoted by the

P8 [ LP (G (a, k , n))] =
9.

e E ( G )

The Generalized Multiplicative invariants of first Zagreb of Linear Phenylene is denoted by the

P7 [ LP (G (a, k , n))] =
8.

2

The Multiplicative invariants of Randic index of Linear Phenylene is denoted by the

P6 [ LP (G (a, k , n))] =
7.

  ij 

The Multiplicative invariants of sum connectivity index of Linear Phenylene is denoted by the

P5 [ LP (G (a, k , n))] =
6.

2

The Multiplicative invariants of square of second Zagreb of Linear Phenylene is denoted by the

P4 [ LP (G (a, k , n))] =
5.

 i  j 

  ij 



e E ( G )

The Multiplicative invariants of Atom bond connectivity of Linear Phenylene is denoted by the

P9 [ LP (G (a, k , n))] =



e E ( G )

i j2
ij

10. The Multiplicative invariants of Geometric – Arithmetic of Linear Phenylene is denoted by the

P10 [ LP (G(a, k , n))] =

 2 ij

eE ( G )  i  j







Theorem:1
Let a graph G consists of a pair (V,E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Multiplicative invariants of first Zagreb is given by.
P1[ Lp (G ( a, k , n))] = 2 22an  9a  1





Proof:

For n, a  1 , the Multiplicative invariants of first Zagreb is denoted by P1[ L p (G (a, k , n))] =

 i  j 

e E (G )

Now, this theorem have to derived by the results of the Multiplicative invariants of first Zagreb of topological
invariants is given below :
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P1[ L p (G (a, k , n))] = 6i  j   4an  4i  j   4an  3a  1i  j 

P1[ L p (G (a, k , n))] = 62  2  4an  42  3  4an  3a  13  3
P1[ L p (G (a, k , n))] = 24  20an  20  24an 18a  6
P1[ L p (G (a, k , n))] = 44an  18a  2
Hence, the final result of the Multiplicative degree based topological invariants of first Zagreb of Linear
Phenylene is equal to
P1[ L p (G (a, k , n))] = 2 22an  9a  1





INFERENCE:
a

2

0
1
2

114n  4  24
68n  7  58n  4  24
612n  10  512n  4  24

3

Theorem:2
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G ,then the Multiplicative invariants of second Zagreb is given by
P2 [ LP (G (a, k , n))] = 3a 20n  9  9





Proof:

For n, a  1 , the Multiplicative invariants of second Zagreb is denoted by

P2 [ LP (G (a, k , n))] =

  ij 

e E ( G )

Now, this theorem have to derived by the results of the Multiplicative invariants of second Zagreb of topological
invariants is given below:
P2 [ LP (G (a, k , n))] = 6 ij  4an  4 ij  4an  3a  1 ij

  
  

 
P2 [ LP (G (a, k , n))] = 62  2  4an  42  3  4an  3a  13  3
P2 [ LP (G (a, k , n))] = 6 4  4an  4 6  4an  3a  1 9
P2 [ LP (G (a, k , n))] = 24  24an  24  36an  27a  9
P2 [ LP (G (a, k , n))] = 60an  27a  9

P2 [ LP (G (a, k , n))] = 320an  9a  3
P2 [ LP (G (a, k , n))] = a60n  27  9

Hence, the final result of the Multiplicative degree based topological invariants of second Zagreb of Linear
Phenylene is equal to
P2 [ LP (G (a, k , n))] = 3a 20n  9  9





INFERENCE:
a

0

9

1

154n  4  24

2

3

98n  7  68n  4  24

912n  10  612n  4  24

Theorem:3
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Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G , then the Multiplicative invariants of square of first Zagreb is given by
the P3 [ L p (G ( a, k , n))] = 4a 61n  27  40





Proof:

For n, a  1 , the Multiplicative invariants of square of first Zagreb is denoted by P3 [ L p (G (a, k , n))] =

 i  j 

2

e E ( G )

Now, this theorem have to derived by the results of the Multiplicative invariants of square of first Zagreb of
topological invariants is given below :

P3 [ L p (G (a, k , n))] = 6i  j   4an  4i  j   4an  3a  1i  j 
2

2

2

P3 [ L p (G (a, k , n))] = 62  2  4an  42  3  4an  3a  13  3
2

2

2

P3 [ L p (G (a, k , n))] = 64  4an  45  4an  3a  16
2

2

2

P3 [ L p (G (a, k , n))] = 616  4an  425  4an  3a  136
P3 [ L p (G (a, k , n))] = 254an  4  364an  3a  1  96

P3 [ L p (G (a, k , n))] = 100an  100  144an  108a  36  96
P3 [ L p (G (a, k , n))] = a244n  108  40
P3 [ L p (G (a, k , n))] = 244an  108a  40

P3 [ L p (G (a, k , n))] = 461an  27a  10
Hence, the final result of the Multiplicative degree based topological invariants of square of first Zagreb of
Linear Phenylene is equal to
P3 [ L p (G (a, k , n))] = 4a 61n  27  40





INFERENCE:
a

 40
614n  4  96
368n  7  258n  4  96
3612n  10  2512n  4  96

0
1
2

3

Theorem:4
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment , ’n’
represents the number of segment in G, then the Multiplicative invariants of square of second Zagreb is given
by P4 [ LP (G (a, k , n))] = 9a 52n  27  129





Proof:

For n, a  1 , the Multiplicative invariants of square of second Zagreb is denoted

P4 [ LP (G (a, k , n))] =

 ij 

by

2

e E ( G )

Now, this theorem have to derived by the results of the Multiplicative invariants of square of second Zagreb of
topological invariants is given below :

P4 [ LP (G (a, k , n))] = 6ij   4an  4ij   4an  3a  1ij 
2

2
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P4 [ LP (G (a, k , n))] = 62  2  4an  42  3  4an  3a  13  3
2

2

2

P4 [ LP (G (a, k , n))] = 64  4an  46  4an  3a  19
2

2

2

P4 [ LP (G (a, k , n))] = 616  4an  436  4an  3a  181
P4 [ LP (G (a, k , n))] = 364an  4  814an  3a  1  96

P4 [ LP (G (a, k , n))] = 144an  144  324an  243a  81 96
P4 [ LP (G (a, k , n))] = 468an  243a  129

P4 [ LP (G (a, k , n))] = 3156an  81a  43

P4 [ LP (G (a, k , n))] = a468n  243  129
Hence, the final result of the Multiplicative degree based topological invariants of square of second Zagreb of
Linear Phenylene is equal to
P4 [ LP (G (a, k , n))] = 9a 52n  27  129





INFERENCE:
a

0

 129

1

1174n  4  96

818n  7  368n  4  96

2

8112n  10  3612n  4  96

3

Theorem:5
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Multiplicative invariants of sum connectivity index is given by



a 4

P5 [ LP (G (a, k , n))] =









6  5 n  3 5  5 3 6 1  4 6
30

Proof:

For n, a  1 , the Multiplicative invariants of sum connectivity index is denoted by P5 [ LP (G (a, k , n))] =

 1
 
eE ( G )  i 



j 

Now, this theorem have to derived by the results of the Multiplicative invariants of sum-connectivity index of
topological invariants is given below :

 1 




  4an  4 1   4an  3a  1 1 
P5 [ LP (G (a, k , n))] = 6
 i j 
 i j 
 i j 






 1 
 1 
 1 
  4an  3a  1

P5 [ LP (G (a, k , n))] = 6 
  4an  4 
 22 
 23
 33 
 1 
 1 
 1 
  4an  3a  1

P5 [ LP (G (a, k , n))] = 6
  4an  4 
 4
 5
 6
 4an  4   4an  3a  1   6 
  
   
P5 [ LP (G (a, k , n))] = 
5  
6

 2
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 4an  4   4an  3a  1 
  
  3
P5 [ LP (G (a, k , n))] = 
5  
6


 4an  1   a 4n  3  1 
  
  3
P5 [ LP (G (a, k , n))] = 
5  
6


4 6 an  4 6  4 5 an  3 5 a  5  3 30
P5 [ LP (G (a, k , n))] =
5 6

P5 [ LP (G (a, k , n))] =
P5 [ LP (G (a, k , n))] =







30

a 4 6 n  4 5 n  3 5  5  3 5 6  4 6









a 4 6  4 5 n  3 5  5 3 6 1  4 6
30

Hence, the final result of the Multiplicative degree based topological invariants of sum-connectivity of Linear
Phenylene is equal to

P5 [ LP (G (a, k , n))] =











a 4 6  5 n  3 5  5 3 6 1  4 6
30

INFERENCE:
a

0

3

4



1

5
6
4n  4 4n  4

3
6
5
8n  7 8n  4

3
6
5
12n  10 12n  4

3
6
5

1
2

3

Theorem:6
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Multiplicative invariants of Randic index is given by

P6 [ LP (G (a, k , n))] =







1
a 2 2  6 n  3  2 6  8



3

Proof:

For n, a  1 , the Multiplicative invariants of Randic index is denoted by

P6 [ LP (G (a, k , n))] =

 1 
  
e E ( G )  ij 

Now, this theorem have to derived by the results of the Multiplicative invariants of Randic index of topological
invariants is given below :

 1 




  4an  4 1   4an  3a  1 1 
P6 [ LP (G (a, k , n))] = 6
 ij 
 ij 
 ij 






 1 
 1 
 1 
  4an  3a  1

P6 [ LP (G (a, k , n))] = 6 
  4an  4
 2 2 
 23 
 3 3 
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 1 
 1 
 1 
  4an  3a  1

P6 [ LP (G (a, k , n))] = 6 
  4an  4 
 4
 6
 9
 4an  4   4an  3a  1   6 
  
P6 [ LP (G (a, k , n))] = 
 
3
6  
 2

 4an  4   4an  3a  1 
  
P6 [ LP (G (a, k , n))] = 
3
3
6  



P6 [ LP (G (a, k , n))] =
P6 [ LP (G (a, k , n))] =
P6 [ LP (G (a, k , n))] =
P6 [ LP (G (a, k , n))] =
P6 [ LP (G (a, k , n))] =

12an  12  4 6 an  3 6 a  6  9 6
3 6
12an
3 6





12
3 6



4 6 an
3 6





3 6a
3 6



6
3 6



9 6
3 6

a 12n  4 6 n  3 6  8 6  12





3 6



a 12  4 6 n  3 6  4  2  6  12





3 6

 



a 4 12  4 6 n  3 6  4 2 6  3
3 6

1  6  2an  4 6 an  3 6 a  8 6  6  2
P6 [ LP (G (a, k , n))] = 

3
6

1  6 6  2 an  4 6 an  3 6 a  8 6  6 6  2 
P6 [ LP (G (a, k , n))] = 

3
6

1
P6 [ LP (G (a, k , n))] = 4 an  2 6an  3 a  2 6  8
3
1
P6 [ LP (G (a, k , n))] = a 4 n  2 6 n  3  2 6  8
3

















Hence, the final result of the Multiplicative degree based topological invariants of Randic index of Linear
Phenylene is equal to

P6 [ LP (G (a, k , n))] =







1
a 2 2 6 n 3  2 6  8
3



INFERENCE:
a

0
1
2

3
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8
2
2
3
3
4n  4 1
 4n  4  3
3
6
8n  4 1
 8n  7   3
3
6
12n  4 1
 12n  10  3
3
6
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Theorem:7
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment , ’n’
represents the number of segment in G, then the Generalized Multiplicative invariants of first Zagreb is given
by

P7 [ LP (G (a, k , n))] = 2  2  3 an  4  5 an  2  3 1 a  4  5  6  3  22  1
Proof:

For n, a  1 , then the Generalized Multiplicative invariants of first Zagreb is given by

P7 [ LP (G (a, k , n))] =


 i  j 

e E ( G )

Now, this theorem have to derived by the results of the Generalized Multiplicative invariants of First Zagreb of
topological invariants is given below :

P7 [ LP (G (a, k , n))] =

 6  i  j 



  4an  4  i  j    4an   3a  1   i  j 


P7 [ LP (G (a, k , n))] =  6 2  2   4an  4 2  3   4an  3a  1 3  3








P7 [ LP (G (a, k , n))] = 4  6   5  4an  4   6  4an  3a  1
P7 [ LP (G (a, k , n))] = 22   3  2   5  4an  4   6  4an  3a  1
P7 [ LP (G (a, k , n))] = 5  4an  4   6  4an  3a  1  3  22  1
P7 [ LP (G (a, k , n))] = 5  4  an  1  6 a  4n  3  1  3  22  1


P7 [ LP (G (a, k , n))] = 4  5 an  4  5   2  3  22  an  3a  2  3  6   3  22  1
P7 [ LP (G (a, k , n))] = 4  5 an  4  5  2   2  3 an  2   3 1 a  6   3  2 2  1
Hence, the final result of the Multiplicative degree based topological invariants of Generalized first Zagreb of
Linear Phenylene is equal to

P7 [ LP (G (a, k , n))] = 2  2  3 an  4  5 an  2  3 1 a  4  5  6  3  22  1
INFERENCE:
a

1

0
1

114n  4  24
368n  7  258n  4  96
21612n  10  12512n  4  384

2

3

Theorem:8
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Generalized Multiplicative invariants of second Zagreb is
given by





P8 [ LP (G (a, k , n))] = a  2   2  3a  4  32   n  32  1  2  2 3  9  3  22  1

Proof:

For n, a  1 , the Generalized Multiplicative invariants of second Zagreb is denoted by

P8 [ LP (G (a, k , n))] =


  ij 

e E ( G )

Now, this theorem have to derived by the results of the Generalized Multiplicative invariants of second Zagreb
of topological invariants is given below :

P8 [ LP (G (a, k , n))] =  6  ij    4an  4  ij    4an   3a  1   ij 
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P8 [ LP (G (a, k , n))] =  6 2  2   4an  4 2  3   4an  3a  1 3  3






P8 [ LP (G (a, k , n))] = 4  6   6  4an  4   9  4an  3a  1
P8 [ LP (G (a, k , n))] =  22 

 3  2   3  2   4an  4   32   4an  3a  1
P8 [ LP (G (a, k , n))] = 22   3  2   6  4an  4   9  4an  3a  1
P8 [ LP (G (a, k , n))] = 6  4an  4   9  4an  3a  1  3  22  1






P8 [ LP (G (a, k , n))] =  3  2  22 an   3  2  22   32  4an   32  3a   32   3  22  1










P8 [ LP (G (a, k , n))] = 2  2 an  3 an  2  2 3  4  32  an  32  1 a  9  3  22  1
P8 [ LP (G (a, k , n))] = 2  2 an  3 an  4  32  an  32  1 a  2  2 3  9  3  221
P8 [ LP (G (a, k , n))] = a  2 2 n  3 n  4  32  n  32  1   2  2 3  9  3  22  1

Hence, the final result of the Generalized Multiplicative degree based topological invariants of second Zagreb
of Linear Phenylene is equal to





P8 [ LP (G (a, k , n))] = a  2   2  3a  4  32   n  32  1  2  2 3  9  3  22  1

INFERENCE:
a

0

1

1

154n  4  24

2

818n  7  368n  4  96

3

72912n  10  21612n  4  384

Theorem:9
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Multiplicative invariants of Atom bond connectivity is given

 8
 2

a  2 2a n  2    2

 3
 3

by P9 [ LP (G (a, k , n))] = a 
Proof:

For n, a  1 ,the Multiplicative invariants of Atom bond connectivity is denoted by

P9 [ LP (G (a, k , n))] =



e E ( G )

i j2
ij

Now, this theorem have to derived by the results of the Multiplicative invariants of Atom bond connectivity of
topological invariants is given below :

 i j2 
 i j2 
 i j2 
P9 [ LP (G (a, k , n))] =  6  

4
an

4

4
an

3
a

1















ij
ij
ij






 222 
 23 2 
 33 2 
  4a  4
  4an  3a  1

P9 [ LP (G (a, k , n))]
= 6






2

2
2

3
3

3
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2
6  3 4an  4  2 4an  3a  1
2
3
2 3
1
P9 [ LP (G (a, k , n))] = 3 2 
4an  4  2 4an  3a  1
3
2
4an  4  2 4an  3a  1  3 2
P9 [ LP (G (a, k , n))] =
3
2

P9 [ LP (G (a, k , n))] =

P9 [ LP (G (a, k , n))] =

12an  12  8 2an  6 2a  2 2  9  2
3 2

1  6  2an  6  2  8 2an  6 2a  2 2  9  2 
P9 [ LP (G (a, k , n))] = 

3
2

1  6  2 2 an  6  2 2  8 2an  6 2a  2 2  9  2 2 
P9 [ LP (G (a, k , n))] = 

3
2

1
P9 [ LP (G (a, k , n))] = 6 2an  6 2  8an  6a  2  9 2
3
1
P9 [ LP (G (a, k , n))] = 6 2an  8an  6a  3 2  2
3
1
P9 [ LP (G (a, k , n))] = 6 2an  6 2  8an  6a  2  9 2
3
1
P9 [ LP (G (a, k , n))] = 6 2an  4  2an  3  2a  2  3 2
3
1
P9 [ LP (G (a, k , n))] = 6 2an  4  2 2 an  3  2 2 a  2 2  3 2
3
1
P9 [ LP (G (a, k , n))] =
2 6an  4 2an  3 2a  2  3
3
1
P9 [ LP (G (a, k , n))] =
2 a 6n  4 2 n  3 2  2  3
3
1
P9 [ LP (G (a, k , n))] =
2 a 6 4 2 n3 2  2 3
3
8
2
P9 [ LP (G (a, k , n))] = 2 2an  2 2  an  2a   3 2
3
3
8
 2
P9 [ LP (G (a, k , n))] = a n  2 2n  2    2
3
 3











 
 
  






























Hence, the final result of the Multiplicative degree based topological invariants of Atom bond connectivity of
Linear Phenylene is equal to

 8
 2

P9 [ LP (G (a, k , n))] = a  a  2 2a n  2    2

 3
 3
INFERENCE:
a

0
1

2

4n  4
2
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8n  4

2

2
8n  7   3 2
3
2
12n  4 2
 12n  10  3 2
3
2

3



Theorem:10
Let a graph G consists of a pair (V, E) if it is denoted by [ Lp (G(a, k , n))] be the linear phenylene, ‘a’
represents the number of hexagons in a segment and ‘k’ represents the number of Squares in a segment, ’n’
represents the number of segment in G, then the Multiplicative invariants of Geometric – Arithmetic is given
by P10 [ LP (G (a, k , n))] =
Proof:



 



2
a 4 5  3 6 n  15  4 3 6  10
15



For n, a  1 , the Multiplicative invariants of Geometric – Arithmetic is denoted by

P10 [ LP (G(a, k , n))] =

 2 ij

eE ( G )  i  j







Now, this theorem have to derived by the results of the Multiplicative invariants of Geometric – Arithmetic of
topological invariants is given below :

 2 ij 
 2 ij   2 ij 
  4an  4

4an  3a  1
P10 [ LP (G(a, k , n))] = 6
i j
i j i j



 

 2 2 2 
 2 23 
 2 3 3 
  4an  4
  4an  3a  1

P10 [ LP (G(a, k , n))] = 6

 23 
 33 
2

2






2
2
P10 [ LP (G(a, k , n))] = 6 
6 4an  4   4an  3a  1
5
3
2
2
P10 [ LP (G(a, k , n))] =
6 4an  4  4an  3a  1  6
5
3
8
2
2
P10 [ LP (G(a, k , n))] =
6 an  1  a4an  3   6
5
3
3
2
8
16
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5
3
24 6an  24 6  40an  30a  10  90
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Hence, the final result of the Multiplicative degree based topological invariants of Geometric – Arithmetic of
Linear Phenylene is equal to

P10 [ LP (G(a, k , n))] =





 

2
a 4 5  3 6 n  15  4 3 6  10
15

ICOMAC 2019-057; © 2019, AIJRSTEM All Rights Reserved



Page 171

Gayathri and Priyanka, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special
Issue of 5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 157175.

INFERENCE:
a

0
1
2

3

16 8 6

3
5
2
2
6 4n  4   4n  4   6
5
3
2
2
6 8n  4  8n  7   6
5
3
2
2
6 12n  4   12n  10  6
5
3

III. The final results of multiplicative degree based topological invariants

Topological Index
The Multiplicative invariants of first Zagreb

The Multiplicative invariants of second Zagreb
The Multiplicative invariants of square of first
Zagreb

Formulas obtained

P1[ L p (G (a, k , n))] = 222an  9a  1

P2 [ LP (G (a, k , n))] = 3a20n  9  9
P3 [ L p (G (a, k , n))] = 4a61n  27  40

P4 [ LP (G (a, k , n))] =

The Multiplicative invariants of square of second
Zagreb
The Multiplicative invariants of sum connectivity
index



a 4

9a52n  27  129
P5 [ LP (G (a, k , n))] =
6 5

 n  3 5   5 3



6 1  4 6

30

P6 [ LP (G (a, k , n))] =

The Multiplicative invariants of Randic index

The Generalized Multiplicative invariants of first
Zagreb
The Generalized Multiplicative invariants of second
Zagreb
The Multiplicative invariants of Atom bond
connectivity

The Multiplicative invariants of Geometric –
Arithmetic
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IV. Propositions of LP (G (a, k , n))
Invariants of

'a'

n=1

n=2

n=3

n=4

2

50

138

226

314

3

76

208

340

472

4
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278

454
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2
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369

3
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4
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843

2
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1696

3
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2564

4
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1480

2456

3432

2
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2193

3129

3

546

1950

3354

4758

4
2

771

2643

4515

6387

LP (G (a, k , n))
P1[ L p (G (a, k , n))]

P2 [ LP (G (a, k , n))]

P3 [ L p (G (a, k , n))]

P4 [ LP (G (a, k , n))]

P5 [ LP (G (a, k , n))]

3

4

P6 [ LP (G (a, k , n))]

P7 [ LP (G (a, k , n))]

P8 [ LP (G (a, k , n))]
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4
1

5
6

2

3
12
16 

5
3

8
5
1
6

33

3 12

2 5

2
4 5
3
28 1
32 

5
6

3 7

3 4 5 

17
6

3

28 25

5
6

2 32

3
5
44 1
48 

5
6

2 44

3
5
1
64  12 5 
6

3  13

3  19

2

10
2
2
3
3

62 6

26
2
 10
3
3

34
2
 14
3
3

3

11
2
4
3
3

23
2
 10
3
3

35
2
 16
3
3

47
2
 22
3
3

4

42 6

28
2
 14
3
3

44
2
 22
3
3

20  10 6

2
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1696

3

1816

5908
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14092

4
2

12924
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43660
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74396
2436
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4
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3

4
7 2
3

28
 13 2
3

52
 19 2
3

76
 25 2
3

4

29 2

38
 17 2
3

34  33 2

2

20 8 6

3
5

24 6
5

70
 25 2
3
52
8 6
3

68 56 6

3
5

3

22 16 6

3
5

46
8 6
3

70 64 6

3
5

94 88 6

3
5

4

88 24 6

3
5

56 6
5

344 88 6

3
5

472
 24 6
3

P9 [ LP (G (a, k , n))]

P10 [ LP (G(a, k , n))]

12 

72 

V . Conclusion
In this article, we obtained the multiplicative invariants of degree based topological indices likes the
Multiplicative invariants of first Zagreb, the second Zagreb, the square of first Zagreb , the square of second
Zagreb , the sum connectivity index, the Randic index, the Generalized first Zagreb index, the Generalized
second Zagreb index, the Atom bond connectivity index, the Geometric – Arithmetic index of Linear Phenylene
[ Lp (G(a, k , n))] and also we present the molecular structures of Acene named by the cyclohexane,
Naphthalene, Anthracene, Tetracene of mathematical chemistry of Linear Phenylene [ Lp (G(a, k , n))] . The
results obtained in our paper illustrated the promising application prospects in chemical and pharmacy
engineering.
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Abstract: Mathematical model for consumer market in the society is presented as stochastic process of
purchase intention. The model use only the time distribution of digital data of human communication as
input and the words of mouth as posting in the social network system is used as the data to compare with
the calculated results. The WOM distribution in time to be very close to the residue distribution in time.
Keywords: ensemble average; purchase-intention of the single person; co-efficient of direct
I.

Introduction

The population of the social network systems like Twitter, Facebook, Whatsapp, Yahoo search engine or other
similar services in the life, the communications between each accounts can be stocked as digital data. We can use
huge amount of stock of digital data of human interaction as observation data of the society. Using this accounts,
we can apply the method of statistical mechanics to consumer market since the word of mouth has been pointed
out to be very significant for example in consumer market.
II.

Model Equation of Purchase Intension

We define the purchase intention of the single consumer labeled j at time t as Sj (t). We assume that the number
of product adopted till the time t can be written as
t

N

X(t) = P ∫ ∑ Sj (t) dt
t0 j=1

Where N is the maximum number of adopted persons, P is the price of the product and t 0 is the release day of the
product we concern. Equation of purchase intention
We write down the equation of purchase intention in single consumer level
dSj (t)
dt

= −b Sj (t) +



d S (t) +
I d S (t)Sl (t)rj (t) ----- (1)
k jk k
k l jkl kl k

Where djk, Ijkl and rj lt) are the coefficient of the direct interaction, the coefficient of the indirect – interaction
and the random effect for the consumer j. We consider the above equation for every consumer so inat j =
1, 2, … … … … … Nc
Taking the account of direct interaction the indirect interaction and the decline of audience into account. We
obtain the above equation for the mathematical model for human interactions. The advertisement and WOM
effect for each consumer can be described as the random effect rj lt)
The equation (1) is the equation for all single persons, but it is not easy for analysis. Thus we consider here the
ensemble average of the purchase – intention of the single persons as follows.
1
< 𝑆𝑖𝑡) > = ∑ Sj lt)
N
j

Taking the ensemble average of eqn (1) we obtain for LHS.
dSj (t)
d 1
<
>=
( ∑ Sj (t))
dt
dt N
j

For the RHS, the ensemble average of the first, the second and the third as follows :
1
< −𝑏Sj > = − 𝑏 ∑ Sj lt) = −b < 𝑆𝑙𝑡) >
N
j
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< ∑ djk Sk (t) > = < ∑ d Sk (t) >
k

k

1
= ∑ ∑ d Sk (t)
N
j

k

1
= ∑ d ∑ Sk (t) = Nd < 𝑆(t) >
N
j

j

< ∑ ∑ Pjkl Sk (t)Sl (t) > = < 𝑃
k

l

 (t)S (t)
S
>
l
kl k

=

1  
P S (t)Sl (t)
Nj kl k

=

 1 
P
S (t)Sl (t)
j Nkl k
= N 2 P < 𝑆(t) >2

Where we assume here that the co-efficient of the direct and the indirect interactions can be appropriated to be
djk ≅ d,

Ijkl dkl = Pjkl ≅ P

Under the ensemble average
For the fourth term the random effect term
1
< rj (t) > =
r (t) = < 𝑟(t) >
Nj j
So, we find the equation for the ensemble – averaged purchase – intention in the following way,
d<𝑆𝑙𝑡)>
dt

= −b < 𝑆(t) > +𝐷 < 𝑆(t) > +𝑃 < 𝑆(t) >2 + < 𝑟(t) >----------- (2)

Where Nd = D, N 2 P = P
The equation (2) can be applied to the purchase intention in the market. In this paper, we apply the equation to the
motion picture business.
III. Observed data in the Market
Ads placed for the super hero film (Spiderman Home coming) had an estimated media value of $5.71 million
through Sunday for 1374 national ad airing across 40 networks. Estimates may be updated after the chart is
posted as new information becomes available.
Top movie commercials by monthly TV spend

Movie

Impressions

National
Airings

Est. Lifetime
TV spend

i.

Spiderman Homecoming

333, 859, 559

1374

$22.98m

Ii

War for the planet of the Apes

309, 937, 552

1660

$20.02m

iii

Despicable me 3

337, 813, 790

1744

$33.67m

iv

Valerian and the city of a thousand planets

198, 156, 109

974

$9.96m

V

The house

258, 224, 048

1220

$17.89m
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TV impressions – Total TV ad impressions delivered for the brand.
IV. Calculation
Take Direct communication between adopter to Non adopter = impressions
Indirect communication = National Airring
Daily advertisement cost as input data = Est lifetime TV spend
Purchase intention of the people decrease almost in the natural calamity days.
The equation (2) is the nonlinear integro – differential equation. However, since the handling data is monthly
the time difference is one month. We can solve the equation numerically as a difference quotation.
V. Result
If there is any natural calamity after the opening day, then the revenues decrease almost exponentially but there
is no natural calamity. Therefore −b < Sj (t) > = 0
We obtain the ensemble – averaged purchase – intention
d < 𝑆(t) >
= 16,353,000,000 + 83,140 + 2947.14
dt
= 16,353,086,088
VI. Reliable factor
We introduce here reliable factor in the field of Digital screens Theatrical Markets. In canada the Digital
Screens Theatrical Market Report observed digital screen movies VS revenue is compared using the R-factor.
We define the R-factor
2
∑j(x(j) − y(j))
R=
∑j(x(j)2 − y(j)2 )
Where the function x(j) is the number of digital cinema screens in Canada and y(j) is the Canada earned
revenue from tickets sold. In 2016, the digital cinema screens for all films released, Canada reached $11.4
Digital
screens

2012

2013

2014

2015

2016

35 975

39 757

41 518

42 552

42 659

$ 10.8

$10.9

$10.4

$11.1

$11.4

Earned
Revenue
billions. Apply the data values in the above R-factor equation, we get R = 0.9622
VII. Conclusion
We present the mathematical model of purchase intention where the consumer – consumer communication is
taking into account. In the communication effect, we include both the direct communication and the indirect
communication. The results calculated with the model can predict the revenue of movies of the corresponding
year. We found that the number of digital screens in the movie market is proportional to the revenue of the
movie market. The conclusion presented in this paper will be applicable to any consumer market.
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Abstract: In predestinate circumstances, fuzzy queuing models are an incredible weapon to forecast
imprecise, innumerable and incoherent data loaded with complexity. The notion of this paper is to extract
fuzzy Erlang queuing model performance measures making use of ranking methods. The prime work is to
convert the fuzzy inter-arrival rates and service rates into crisp values by applying ranking techniques.
Ranking fuzzy quantities puts forth an indispensable mechanism in linguistic decision making and cultivates
simple, comparative, satisfactory solution to every situation in fuzzy environment. Each strategy is inscribed
with numerical illustration to review its validity.
Keywords: Queueing theory, Performance measures, alpha-cut, Membership function, Ranking methods,
Trapezoidal fuzzy numbers.
I. Introduction
Waiting line models throw substantial landmark and impactful prediction in the behavior of systems, renowned
documentation in the literature of Operation Research, Probability, Management, Communication and
Engineering. Fuzzy systems are universal approximators embedded with the characterization and quantification
of uncertainty outstretched progressively in predestinate realm of the world. The crisp queues extended to fuzzy
queues have wide – ranging practicability in all corners and much more pragmatic.
In all probability queuing models, we have presumed Poisson input and exponential service times. The Erlangian
probability distribution, supports higher modeling flexibility and more enhanced to fit observed data in real world
situations than the exponential. It has feasibility in stochastic processes, Mathematical biology, Scientific and Engineering,
business organizations to model continuous variables that are always positive and have skewed distributions.
Ranking of fuzzy numbers is an indispensable element of the decision-making process. Fuzzy numbers was first
ranked by Jain [12] for decision-making in fuzzy environment. Various ranking techniques have been discussed
by researchers like Yager [19], Liou and Wang [13], Cheng [8], Chang [7], Abbasbandy and Hajjari [1], [2], [3],
Chen and Li [9], Amit kumar, Singh and Kaur [4], Palpandi and Geetharamani [15] investigated performance measures
of bulk arrival queue with fuzzy parameters using Robust Ranking Technique, Ramesh and Kumaraghuru [17]
using ranking function method. Phani Bushan Rao and Ravishankar [16], introduced ranking fuzzy numbers
with a Distance method using circumcenter of centroids and an Index of Modality. Ashok Kumar. V [5] has
proposed a membership function solution approach to fuzzy queue with Erlang service model and Bhuvaneswari,
Rameshkumar [6] has presented optimality Analysis in k-policy-Generalized Erlang service queuing model.
In this study, we focus that different ranking method can provoke similar and different rankings using trapezoidal
shaped fuzzy numbers to the performance measures of Erlang family of probability distributions which has
greater adaptability to picturize the existence of reality. Few ranking methods like Robust Ranking, RM
approach, Centroid of centroids, defuzzification methods are investigated with numerical results and conclusion.
II. Preliminaries
Trapezoidal Fuzzy Number
A Trapezoidal fuzzy number TFN ( Z ) denoted by TFN (t1, t2, t3, t4; 1) with membership function as

z  t1

 L( z )  t  t , t1  z  t2
2
1

1, t2  z  t3
TFN ( z )  
 R ( z )  z  t4 , t  z  t
3
4

t3  t4

0, otherwise
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Generalized Fuzzy Number
A Fuzzy set Fs defined on R, with its membership function must satisfy the characteristics as follows:
(i) F : R  [o, w] is continuous
s

(ii)  F ( z ) = 0 for all z  [-, t1]  [t4, ]
s
(iii)  F ( z ) strictly increasing on [t1, t2] and strictly decreasing on [t3, t4]
s
(iv)  F ( z ) w, for all z [t2, t3] and 0 < w  1
s
L-R type Generalized Fuzzy Number
A fuzzy number FN  (t1 , t2 , t3 , t4 ; w) LR is said to be L-R type generalized fuzzy number if its membership
function is
  t2  z 
 wL 
 , t1  z  t2
  t2  t1 
 w, t  z  t

3
 FN ( z )   2


z  t3

 wR  t  t  , t3  z  t4
  4 3
0, otherwise
where L and R are reference functions
Generalized Trapezoidal Fuzzy number
A generalized trapezoidal fuzzy number GTFN ( z ) denoted as GTFN (t1 , t2 , t3 , t4 ;1) with membership function
M G T ( z ) is
FN

G

TFN

 ( z  t1 )
 w t  t , t1  z  t2
 2 1
 w, t2  z  t3
( z)  
 w ( z  t4 ) , t  z  t
4
 t3  t 4 3

0, otherwise

Robust Ranking Technique
An appropriate method for comparison of fuzzy numbers is by the use of ranking functions. The Robust’s
ranking function satisfies compensation, linearity and additive properties and sustains conclusions which are
compatible with human insights.
Given a convex fuzzy number C , the Robust Ranking Index is represented as RRT( C ) =

1

 0.5(C , C )d
L

u

0

is

the -level cut of the fuzzy number C , RRT( C ) indicates the representative value of the fuzzy number C .
Rank and Mode Functions (RM approach)
RM approach is an effective and well-organized productive approach for comparison of fuzzy numbers.
R: F(R)  R, where F(R) is a fuzzy set of numbers on R, which maps each fuzzy number into the real line. We
defuzzify the fuzzy numbers into ordinary crisp number by a fuzzy number ranking function.
(i) Let B( z)  ( p, q, r, s; w) be a generalized trapezoidal fuzzy number.
Then the ranking index is defined as:
w
L  1( z )  R 1 ( z )
R( B)  
2
o

q p
)z
w
sr
R 1 ( z )  r  (
)z
w

where L1 ( z )  p  (
and
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R( B( z ))  w

( p  q  r  s)
4

w

(ii) Mode ( B ( z )) 

w
(q  r )dz
2 o

= w

(q  r )
2

Centroid of Centroids Ranking Method
The centroid CB ( x0 , y0 ) of the triangle with centroids C1, C2 and C3 of the generalized Trapezoidal Fuzzy
number B  ( p, q, r, s; w) is
 2 p  7q  7r  2s 7 w 
,
CB ( x0 , y0 ) = 

18
18 


The ranking function of the generalized trapezoidal fuzzy number B  ( p, q, r, s; w) which maps the set of all
fuzzy numbers to a set of real numbers is given as R( B) = x0  y0
 2 P  7q  7r  2s   7 w 
R( B)  


18

  18 
Fuzzy numbers can also be ranked using the defuzzification methods:

(1) Yager’s Ranking Method

R(C ) 

c1  c2  c3  c4
4

(2) Graded Mean Integration Method
It is based on the integral value of graded mean h-level of generalized fuzzy number for defuzzifying
generalized fuzzy number.
C  (c1 , c2 , c3 , c4 )
1

p(C ) 

h

c

1

 c4   c2  c1  c4  c3  h 
2

0

dh

1

 hdh
0

=

c1  2c2  2c3  c4
6

III. Queuing Model and Analysis
Fuzzy M/EK/1 Queuing Model
Consider a queuing model M/Ek/1 with FCFS discipline and infinite population. The inter-arrival time Ia and the
service time St are fuzzy sets represented as:
I a  {(s, M Ia ( x)) / x  X ( I a )}

St  {( y, M st ( y)) / y  y(St )} where X(Ia) and Y(St) are the supports of Ia and St which indicates the
universal sets of arrival and service rates.
The -cuts of Ia and St are:
Ia() = {x  X(Ia) / MIa(x)  }
St() = {y  y(St) / M st ( y)  }
where arrival and service rates are expressed by various levels of confidence intervals. Using -cuts, the
trapezoidal arrival size can be represented by different levels of interval of confidences.
In this model, a unit is served in k = 3 phases. A new arrival creates 3 phases of services and departure of one
unit reduces 3 phases of service. The fuzzy inter-arrival time  and fuzzy service rate  follows poisson and
Erlang distributions.
By traditional queuing theory, under the steady –state condition  = 


< 1, the performance measures are as


follows:
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(i)

The average number of customers in the system
4
2

Ls ' 

6  (   ) 
(ii) The average number of customers in the queue of an ordinary queuing system
4
2
Lq ' 
6  (   )
By little’s formula,
(iii) The average waiting time of a customer in the queue
4

Wq ' 
6  (   )
(iv) The average waiting time of a customer in the system
4

1
Ws ' 

6  (   ) 
IV. Numerical Examples
Robust Ranking Technique
In a self-service restaurant, the customer has to traverse through 3 counters. The customer pay for coupon at the
first counter, get snack at the second and collect tea from the third counter. Both arrival and service rate are
trapezoidal fuzzy numbers given by   [1, 2,3, 4] with confidence interval as [1 + , 4  ] and   [2,3,4,5]
with interval of confidence as [2 + , 5]. The manager needs to evaluate the performance measures.
Now we construct R(1,2,3,4) by implementing Robust’s ranking method. The membership function of the
Trapezoidal fuzzy number (1, 2, 3, 4) is
 x  1, 1  x  2
1,
2 x3

 ( x)  
4

x
,
3 x4

0, otherwise
The -cut of the fuzzy number (1, 2, 3, 4) is (CL , CU , )  (  1, 4   ) for which RRT ( )  RRT (1, 2,3, 4) = 2.5
The Robust’s ranking indices for the fuzzy number  is RRT(  ) = 3.5
The performance measures are
L'q = 1.1905; Wq' = 0.476 minutes; L's = 0.8, Ws' = 0.76 minutes
RM Approach
Suppose the arrival and service rate are trapezoidal fuzzy numbers represented by   [1, 2,3, 4;1];   [2,3, 4,5;1]
Then the ranking index of  is

R( )  2.5
and R (  ) = 3.5
The performance measures are
L'q = 1.1905; Wq' = 0.476 minutes; L's = 0.8, Ws' = 0.76 minutes
Centroid of Centroids
Consider the arrival rate   [1, 2,3, 4;1] and service rate   [2,3,4,5;1] we apply centroid of centroids ranking
method:
R( )  R(1, 2,3, 4,;1) = 0.972
and R( )  R(2,3, 4,5;1) = 1.36
The performance measures are:
L'q = 1.1907; Wq' = 1.22 minutes; L's = 1.8; Ws' = 1.96 minutes
Yager’s Ranking Method

R( )  2.5 ; R (  ) = 3.5
The performance measures are:
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L'q = 1.1905; Wq' = 0.476 minutes; L's = 0.8; Ws' = 0.76 minutes

Graded Mean Integration Method

R( )  2.5 ; R (  ) = 3.5
The performance measures are:
L'q = 1.1905; Wq' = 0.476 minutes; L's = 0.8; Ws' = 0.76 minutes
V. Conclusion
In this paper, Fuzzy ranking has been enforced to Erlang service model M/Ek/1 Erlangian models provide much
more modeling flexibility when compared with the exponential and it is non-Markovian. It enhances ranking
methods which is a paramount to deal with mathematical models to find the crisp values of the performance
measures of Erlang type-3 distribution for decision making. Ranking fuzzy numbers furnishes richness with
wide variety and have a common scope of establishing an ordering relation, realistic, dominant and takes
optimum decision, transcendent, sophisticated method to perform tasks in a coherent way. The selection of
defuzzification method is computational modesty, distinctive and gives peculiar outcomes. Few other ranking
methods can be used for further discussion. The proposed approaches are highly challenging for future research
work.
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Fuzzy TOPSIS Method in the Selection of Highly Affected Patient by Swine
Flu
P. Selvi1 and W. Ritha2
Department of Mathematics,
Holy Cross College (Autonomous),
Tiruchirappalli, Tamilnadu,
INDIA.
Abstract: In today, the people facing many diseases one of them is swine flu, also referred as theH1N1 virus,
is a relatively new strain of an influenza type A virus that was found in pigs. In 2009, swine flu was first
detected from pigs to humans. H1N1 virus was first discovered in Mexico where the strain of the particular
virus was a mixture from three types of strains. Swine flu is highly contagious, allowing it to spread quickly
from person to person. The purpose of this paper is to use the fuzzy TOPSIS method based on fuzzy sets in the
selection of highly of affected patients by swine flu. After elementary test, the four patients are taken to
assigned ranks using Fuzzy TOPSIS method by taking opinion from decision makers and averaged for further
analysis. According to this rank, the doctor will diagnose the patients.
Keywords: Fuzzy TOPSIS, Multi-Criteria decision making, Fuzzy number, Linguistic Variable, Swine flu
(H1N1 virus).
1 Introduction
In general, Multi-criteria Group Decision Making problems are frequently calculated. To determine
problems related to decision making several expansion methods are used in practice. But, in case where
decision activity is based on similar choices it becomes analytical to analyse various factors, alternatives with
similar category [11]. Fuzzy TOPSIS is a method that can help in objective and complete evaluation of
alternatives on multiple criteria. In this paper Fuzzy TOPSIS Method is applied to rank the patients who are
highly affected by swine flu. Swine flu is highly contagious respiratory disease affecting people throughout the
world. In 2009, Swine flu was first discovered in humans and became a pandemic. The world health
organization (WHO) declared the H1N1 virus has been considered as a regular human flu virus and continues to
spread during flu season. The flu shot forward each year by the centers for disease control and prevention
(CDC) includes a vaccination against H1N1 virus. Swine flu has a major impact on the day-to-day life of the
patient. Symptoms of swine flu include chills, fever, cough, headache, sore throat, body aches, fatigue, diarrhea,
nausea and vomiting which are similar to seasonal flu. The fatigue and accompanying symptoms affects our
daily activities. The most common way for a human to catch swine flu is through contact with a pig and
transmitted by lice or ticks occurs from person to person. Swine flu was most common in children under 5 years,
adults over 65 years and young adults. Swine flu can also occur in people with chronic illnesses such as asthma,
heart disease, diabetes mellitus or neuromuscular disease. According to the CDC, people younger than 25 are at
greater risks. Swine farmers and veterinarians have the highest risk of true swine flu because of their exposure
of pigs. The centers for disease control and prevention (CDC) determines that swine flu infected nearly 61
million people in the united states and caused 12,469 deaths. World wide, till 575,400 people died from
pandemic swine flu. There is a quick test called the rapid influenza diagnostic test that can help and identify
swine flu. More accurate tests are available in specialized laboratories. Two antiviral drugs include
oseltamivir(Tamiflu) and Zanamivir(Relenza) are recommended for treating swine flu. The viruses can develop
resistance to these drug, they are often reserved for people who are at high risk for complications from the flu.
II Fuzzy TOPSIS theory
TOPSIS (Technique for Order of Preference by Similarity to Ideal Solution) is a multi-criteria decision
analysis method, which was developed by Hwang and Yoon in 1981. In this method, the main concept is that
the most preferred alternative should have the shortest geometric distance from the positive ideal solution (PIS)
and the longest geometric distance from the negative ideal solution (NIS). This method of compensatory
aggregation that compares a set of alternatives by identifying weights for each criterion. As the parameters or
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criteria are often unsuitable in multi-criteria problems it may create problems in calculation. So, to avoid this
problem a need of fuzzy system is necessary. Hence, Fuzzy TOPSIS is one of the best method to get ideal
solution.
(i) Definitions
Definition 1:
A fuzzy set 𝑎̃ in a universe of discourse X is characterized by a membership function 𝜇𝑎̃ (𝑥) that maps
each element x in X to a real number in the interval [0,1]. The function value 𝜇𝑎̃ (𝑥) is termed the grade of
membership of x in 𝑎̃. The nearer the value of 𝜇𝑎̃ (𝑥) to unity, the higher the grade of membership of x in 𝑎̃.[11]
Definition 2:
A trapezoidal fuzzy number is represented as a quadruple 𝑎̃ = (𝑎1 , 𝑎2 , 𝑎3 ,𝑎4 ). The membership
function 𝜇𝑎̃ (𝑥) of trapezoidal fuzzy number 𝑎̃.
A fuzzy set 𝑎̃, membership function 𝜇𝑎̃ that maps each element in X to a real number in the interval
[0,1]. A trapezoidal fuzzy number is represented by 𝑎̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ).

Figure-1





𝑎2 and 𝑎3 gives the maximal grade of 𝜇𝑎̃ that 𝜇𝑎̃ = 1.
𝑎1 gives the minimal grade of 𝜇𝑎̃ that 𝜇𝑎̃ = 0.
𝑎1 and 𝑎3 are the lower and upper bounds of the available area for the evaluation data.

0

for

𝑥−𝑎1
𝑎2 −𝑎1

𝜇𝑎̃ (𝑥) =

1
𝑎4 −𝑥
𝑎4 −𝑎3

0

𝑥 < 𝑎1

for 𝑎1 ≤ 𝑥 ≤ 𝑎2
for

𝑎2 ≤ 𝑥 ≤ 𝑎3

for 𝑎3 ≤ 𝑥 ≤ 𝑎4
for

𝑥 > 𝑎4

(ii) The Distance between Fuzzy Trapezoidal Numbers
Let 𝑎̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ) and 𝑏̃ = (𝑏1 , 𝑏2 , 𝑏3 , 𝑏4 ) be two trapezoidal Fuzzy numbers. The distance
between them is given using the vertex method by:
1
𝑑(𝑎̃, 𝑏̃) = √ [(𝑎1 − 𝑏1 )2 + (𝑎2 − 𝑏2 )2 + (𝑎3 − 𝑏3 )2 + (𝑎4 − 𝑏4 )2 ]
4

(iii) Fuzzy Set theory
Conversion scales are applied to transform the linguistic terms into fuzzy numbers. Usually apply a
scale of 1 to 10 for rating the criteria and the alternatives. The intervals are chosen so as to have a uniform
representation from 1 to 10 for the fuzzy trapezoidal numbers used for the five linguistic ratings.
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Table – 1

Fuzzy rating for linguistic variables
Fuzzy Number

Alternative assessment

Weight criteria

(1,1,2,3)

Highly Affected (HA)

Terrible (T)

(2,3,4,5)

Slightly Affected (SA)

Poor (P)

(4,5,6,7)

Moderately affected (MA)

Average (A)

(6,7,8,9)

Slightly Good (SG)

Good (G)

(8,9,10,10)

Perfect (P)

Excellent (E)

III Fuzzy TOPSIS Method
Fuzzy TOPSIS (Techniques for order of preference by similarity to ideal solution) is a multi-criteria
decision analysis method, it can be used to evaluate multiple alternatives against the selected criteria. In the
fuzzy TOPSIS method approach an alternative should have the shortest distance to the Fuzzy Positive Ideal
Solution (FPIS) and the farthest distance from the Fuzzy Negative Ideal Solution (FNIS) is optimal. FPIS and
FNIS are the best and worst performance values for each alternative respectively.

Form a committee of decision makers and then identity the evaluation criteria

Choose the appropriate linguistic variables for the importance weight of the criteria and the linguistic ratings for
alternatives with respect to criteria

For the criterion 𝐶𝑗 , aggregate the weight of criteria to get the aggregated fuzzy weight 𝑊𝑗 and pool the decision
makers opinions to get the aggregated fuzzy rating 𝑥̃𝑖𝑗 of the alternative 𝐴𝑖 under criterion 𝐶𝑗 .

Construct the fuzzy decision matrix and the normalized fuzzy decision matrix

Construct the weighted normalized fuzzy decision matrix

Construct the FPIS and FNIS

Calculate the distance of each alternatives from FPIS and FNIS respectively

Compute the closeness coefficient, the ranking order of all alternatives can be determined
FLOW CHART FOR ALGORITHMIC OF FUZZY TOPSIS METHOD
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Application of Fuzzy TOPSIS Method:
Our aim is to determine the patient who highly affected by chronic fatigue syndrome. After
preliminary screening, four patients (𝑃1 , 𝑃2 , 𝑃3 , 𝑃4 ) remain for further evaluation. A committee of two decision
makers DM1, DM2 has been formed to select the highly affected patiet. The criteria are the most important
things to focus: 𝐶1 - Fever, 𝐶2 - Fatigue, 𝐶3 – Body aches, 𝐶4 - Cough, 𝐶5 - diarrhea and 𝐶6 – Sore throat.
The linguistic rating variables to the decision makers with respect to each criterion.
Step 1: Alternatives rating by decision makers
Table – 2
Alternative Rating
𝑃1

𝑃2

𝑃3

𝑃4

Criteria
DM1

DM2

DM1

DM2

DM1

DM2

DM1

DM2

𝐶1

SG

SA

HA

SG

MA

P

SG

HA

𝐶2

P

SG

SA

HA

MA

MA

SG

MA

𝐶3

SG

MA

HA

P

SA

MA

MA

SG

𝐶4

SG

HA

MA

SA

MA

HA

SA

P

𝐶5

HA

MA

SA

SG

SG

MA

MA

SA

𝐶6

MA

SG

SG

MA

SA

HA

P

SA

Step 2: Criteria Weightage by decision makers
Table – 3
Criteria Weightage
Criteria

DM1

DM2

𝐶1

A

P

𝐶2

T

G

𝐶3

T

P

𝐶4

A

T

𝐶5

P

A

𝐶6

G

P

Step 3: Apply fuzzy numbers (Refer table No.1)
Table – 4
Fuzzy Numbers for Alternative Rating
𝑃1

𝑃2

𝑃3

𝑃4

Criteria
DM1
𝐶1

(6,7,8,9)

DM2
(2,3,4,5)

DM1
(1,1,2,3)
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DM2
(6,7,8,9)

DM1
(4,5,6,7)

DM2
(8,9,10,10)

DM1
(6,7,8,9)

DM2
(1,1,2,3)
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𝐶2

(8,9,10,10) (6,7,8,9)

(2,3,4,5)

𝐶3

(6,7,8,9)

(4,5,6,7)

𝐶4

(6,7,8,9)

(1,1,2,3)

(1,1,2,3)
(8,9,10,10)

𝐶5
𝐶6

(1,1,2,3)
(4,5,6,7)

(4,5,6,7)
(6,7,8,9)

(1,1,2,3)

(4,5,6,7)

(2,3,4,5)

(2,3,4,5)

(6,7,8,9)

(6,7,8,9)

(4,5,6,7)

(4,5,6,7)

(4,5,6,7)

(6,7,8,9)

(4,5,6,7)

(2,3,4,5)

(4,5,6,7)

(4,5,6,7)

(6,7,8,9)

(4,5,6,7)

(1,1,2,3)

(2,3,4,5) (8,9,10,10)

(6,7,8,9)

(4,5,6,7)

(4,5,6,7)

(2,3,4,5)

(1,1,2,3)

(8,9,10,10) (2,3,4,5)

(2,3,4,5)

Table–5
Fuzzy Numbers for Criteria Weightage
Criteria

DM1

DM2

𝐶1

(4,5,6,7)

(2,3,4,5)

𝐶2

(1,1,2,3)

(6,7,8,9)

𝐶3

(1,1,2,3)

(2,3,4,5)

𝐶4

(4,5,6,7)

(1,1,2,3)

𝐶5

(2,3,4,5)

(4,5,6,7)

𝐶6

(6,7,8,9)

(2,3,4,5)

Step 4: Aggregated alternative and criteria weightage fuzzy decision matrix
𝑘
𝑋̃𝑖𝑗 = (𝑎𝑖𝑗 𝑘 , 𝑏𝑖𝑗 𝑘 , 𝑐𝑖𝑗 𝑘 , 𝑑𝑖𝑗 𝑘 )

̃𝑖𝑗 𝑘 = (𝑤𝑗1 𝑘 , 𝑤𝑗2 𝑘 , 𝑤𝑗3 𝑘 , 𝑤𝑗4 𝑘 )
𝑊
𝑎𝑖𝑗 = min{𝑎𝑖𝑗 𝑘 }
𝑘

𝑘

1
𝑏𝑖𝑗 = ∑ 𝑏𝑖𝑗 𝑘
𝑘
𝑛=1
𝑘

1
𝑐𝑖𝑗 = ∑ 𝑐𝑖𝑗 𝑘
𝑘
𝑛=1

𝑑𝑖𝑗 = min{𝑑𝑖𝑗 𝑘 }
𝑘

𝑤𝑗1 = min{𝑤𝑗 𝑘1 }
𝑘

𝑘

1
𝑤𝑗2 = ∑ 𝑤𝑗 𝑘2
𝑘
𝑛=1
𝑘

1
𝑤𝑗3 = ∑ 𝑤𝑗 𝑘3
𝑘
𝑛=1

𝑑𝑖𝑗 = min{𝑤𝑗 𝑘4 }
𝑘
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Table – 6
Aggregated fuzzy decision matrix for alternative
𝑃1

𝑃2

𝑃3

𝑃4

𝐶1

(2,5,6,9)

(1,4,5,9)

(4,7,8,10)

(1,4,5,9)

𝐶2

(6,8,9,10)

(1,2,3,5)

(4,5,6,7)

(4,6,7,9)

𝐶3

(4,6,7,9)

(1,5,6,10)

(2,4,5,7)

(4,6,7,9)

𝐶4

(1,4,5,9)

(2,4,5,7)

(1,3,4,7)

(2,6,7,10)

𝐶5

(1,3,4,7)

(2,5,6,9)

(4,6,7,9)

(2,4,5,7)

𝐶6

(4,6,7,9)

(4,6,7,9)

(1,2,3,5)

(2,6,7,10)

Alternative

Criteria

Table–7
Aggregated Fuzzy Decision Matrix for Criteria Weightage
Criteria

Aggregated Weightage

𝐶1

(2,4,5,7)

𝐶2

(1,4,5,9)

𝐶3

(1,2,3,5)

𝐶4

(1,3,4,7)

𝐶5

(2,4,5,7)

𝐶6

(2,5,6,9)

Step 5: Fuzzy multi-criteria Group Decision Making (GDM) and process of normalizing
A fuzzy multi criteria Group Decision Making (GDM) problem which can be concisely expressed in
matrix format as:

̃=
𝐷

𝐶1

𝐶2

.

.

𝐴1

𝑥̃
11

𝑥̃
12 .

.

𝐴2

𝑥̃
21

𝑥̃
22

.

.

.

.

.

.

.

.

.

𝐴𝑚

𝑥̃
𝑚1

𝑥̃
𝑚2 .

𝐶𝑛

.
.

𝑥̃
1𝑛
𝑥̃
2𝑛

.

. 𝑥̃
𝑚𝑛

̃ = (𝑤
𝑊
̃,
̃2 , . . . 𝑤
̃𝑛 )
1 𝑤
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Normalizing
𝑅̃ = [𝑟̃𝑖𝑗 ]𝑚×𝑛 ,

𝑖 = 1,2, … 𝑚; 𝑗 = 1,2, … 𝑛

𝑟̃𝑖𝑗 = (𝑎𝑖𝑗 /𝑐𝑗 ∗ ,𝑏𝑖𝑗 /𝑐𝑗 ∗ ,𝑐𝑖𝑗 /𝑐𝑗 ∗,𝑑𝑖𝑗 /𝑐𝑗 ∗ ) and
𝑟̃𝑖𝑗 = (𝑎̃𝑗 /𝑑𝑖𝑗 , 𝑎̃𝑗 /𝑐𝑖𝑗 , 𝑎̃𝑗 /𝑏𝑖𝑗 , 𝑎̃𝑗 /𝑎𝑖𝑗 ) and

𝑐𝑗 ∗ = max 𝑐𝑖𝑗 (Benefit Criteria)
𝑖

𝑎̃𝑗 = min 𝑎𝑖𝑗
𝑖

(Cost Criteria)

Table–8

Normalized aggregated fuzzy decision matrix for alternative
𝑃1

𝑃2

𝑃3

𝑃4

(0.2,0.5,0.6,0.9)

(0.1,0.4,0.5,0.9)

(0.4,0.7,0.8,1.0)

(0.1,0.4,0.5,0.9)

Alternative

Criteria
𝐶1
𝐶2

(0.6,0.8,0.9,1.0)

(0.1,0.2,0.3,0.5)

(0.4,0.5,0.6,0.7)

(0.4,0.6,0.7,0.9)

𝐶3

(0.4,0.6,0.7,0.9)

(0.1,0.5,0.6,1.0)

(0.2,0.4,0.5,0.7)

(0.4,0.6,0.7,0.9)

𝐶4

(0.1,0.4,0.5,0.9)

(0.2,0.4,0.5,0.7)

(0.1,0.3,0.4,0.7)

(0.2,0.6,0.7,1.0)

𝐶5

(0.1,0.3,0.4,0.7)

(0.2,0.5,0.6,1.0)

(0.4,0.6,0.7,1.0)

(0.2,0.4,0.5,0.7)

𝐶6

(0.4,0.6,0.7,0.9)

(0.4,0.6,0.7,0.9)

(0.1,0.2,0.3,0.5)

(0.2,0.6,0.7,1.0)

Weighted Normalized fuzzy Decision Matrix
𝑃̃ = [𝑝̃𝑖𝑗 ], where 𝑃̃𝑖𝑗 = 𝑟̃𝑖𝑗 × 𝑤
̃𝑗
Table–9
Weighted normalized fuzzy decision matrix alternative
𝑃1

𝑃2

𝑃3

𝑃4

(0.4,2.0,3.0,6.3)

(0.2,1.6,2.5,6.3)

(0.8,2.8,4.0,7.0)

(0.2,1.6,2.5,6.3)

Alternative

Criteria
𝐶1
𝐶2

(0.6,3.2,4.5,9.0)

(0.1,0.8,1.5,4.5)

(0.4,2.0,3.0,6.3)

(0.4,2.4,3.5,8.1)

𝐶3

(0.4,1.2,2.1,4.5)

(0.1,1.0,1.8,5.0)

(0.2,0.8,1.5,3.5)

(0.4,1.2,2.1,4.5)

𝐶4

(0.1,1.2,2.0,6.3)

(0.2,1.2,2.0,7.0)

(0.1,0.9,1.6,4.9)

(0.2,1.8,2.8,7.0)

𝐶5

(0.2,1.2,2.0,4.9)

(0.4,2.0,3.0,7.0)

(0.8,2.4,3.5,7.0)

(0.4,1.6,2.5,4.9)

𝐶6

(0.8,3.0,4.2,8.1)

(0.8,3.0,4.2,8.1)

(0.2,1.0,1.8,4.5)

(0.4,3.0,4.2,9.0)

Step 6: FPIS and FNIS
𝐴+ = (𝑃1 + , 𝑃2 + , … 𝑃𝑛 + ) where 𝑃𝑗 + = max{𝑃𝑖𝑗3 } , 𝑖 = 1,2, … 𝑚; 𝑗 = 1,2, … 𝑛
𝐴− = (𝑃1 − , 𝑃2 − , … 𝑃𝑛 − ) where 𝑃𝑗 − = min{𝑃𝑖𝑗1 } , 𝑖 = 1,2, … 𝑚; 𝑗 = 1,2, … 𝑛
Select the maximum value from each row as 𝑃 + and select the minimum value from each row as 𝑃 − .
𝐴+ = [𝑃1 + (7,7,7,7), 𝑃2 + (9,9,9,9), 𝑃3 + (5,5,5,5), 𝑃4 + (7,7,7,7), 𝑃5 + (7,7,7,7), 𝑃6 + (9,9,9,9)] 𝐴− =
[𝑃1 − (0.2,0.2,0.2,0.2)𝑃2 − (0.1,0.1,0.1,0.1), 𝑃3 − (0.1,0.1,0.1,0.1),
𝑃4 − (0.1,0.1,0.1,0.1), 𝑃5 − (0.2,0.2,0.2,0.2), 𝑃6 − (0.2,0.2,0.2,0.2)]
Step 7: FPIS and FNIS for each criteria
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FPIS (𝐴1 ) = 𝑑(𝑝𝑖𝑗 , 𝑝1 + ) and FNIS (𝐴1 ) = 𝑑(𝑝𝑖𝑗 , 𝑝1 − )
To find distance of each criteria from FPIS and FNIS for both alternatives.
Table–10
Distance of criteria of each alternative from FPIS and FNIS
FPIS

FPIS

FPIS

FPIS

FNIS

FNIS

FNIS

FNIS

A1

A2

A3

A4

A1

A2

A3

A4

C1

4.6111

4.9026

4.0336

4.9026

3.4759

3.3339

4.1170

3.3339

C2

5.5779

7.4658

6.3137

6.0947

5.2065

2.3351

3.5549

4.4983

C3

3.3264

2.9368

3.7142

3.3264

2.4829

2.6320

1.8722

2.4829

C4

5.1658

5.1205

5.4404

4.7676

3.2886

3.6208

2.5461

3.8013

C5

5.2271

4.5978

4.2382

4.9341

2.5655

3.7868

3.9475

2.7102

C6

5.6367

5.6367

7.3063

5.7663

4.6532

4.6532

2.3286

5.0329

Criteria

Step 8: The distance of each weighted alternative
𝑛
+

𝑑𝑖 = ∑ 𝑑(𝑝𝑖𝑗 , 𝑝𝑗 + )
𝑗=1
𝑛
−

𝑑𝑖 = ∑ 𝑑(𝑝𝑖𝑗 , 𝑝𝑗 − )
𝑗=1
+

+

+

𝑑1 = 29.545

𝑑2 = 30.6602

𝑑3 = 31.0500

𝑑4 + = 29.7917

𝑑1 − = 21.6726

𝑑2 − = 20.3618

𝑑3 − = 18.3663

𝑑4 + = 21.8595

Step 9: Closeness coefficient of each alternative
𝐶𝐶𝑖 =

𝑑𝑖 −

−

(𝑑𝑖 + 𝑑𝑖 + )

, 𝑖 = 1,2, … 𝑚

Alternative

Closeness coefficient

Rank

𝑃1

0.4231

2

𝑃2

0.3991

3

𝑃3

0.3717

4

𝑃4

0.4232

1

Hence, the ranking order of 𝑃4 > 𝑃1 > 𝑃2 > 𝑃3 .
From the given criteria, Patient (𝑃4 ) is extremely troubled by Swine flu.
IV Conclusion
Fuzzy TOPSIS is an ideal method. Fuzzy TOPSIS method can be used in the form of numerical and
linguistic variables. Fuzzy TOPSIS method helps in reducing human efforts and modeling human thinking,
perception and judgement. This method is one of the best grading methods of multi criteria a decision making.
Decision making is a dynamic method to the selection of a course of action among alternatives. After data
collection and converting it into fuzzy system mode it reduces chances of errors caused by units of parameters.
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Finally, observing all these results, Fuzzy TOPSIS approach propose alternative (𝑃4 ) has extremely troubled and
𝑃1 , 𝑃2 , 𝑃3 are the second, third and fourth respectively.
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Abstract: A graph is said to be a complete fuzzy labeling graph if it has every pair of adjacent vertices of
the fuzzy graph. A matching is a set of non-adjacent edges. If every vertex of fuzzy graph is M-saturated
then the matching is said to be complete or perfect. In this paper, we introduced the new concept of fuzzy
coloring and fuzzy chromatic number for some special fuzzy graphs. We discussed some properties using
these concepts.
Keywords: Matching, perfect matching, Fuzzy labeling graph, Fuzzy coloring, Fuzzy chromatic number.
AMS Mathematics Subject Classification (2010): 05C72, 54E50, 03F55
I. Introduction
A fuzzy set was defined by L. A. Zadeh in 1965.Every element in the universal set is assigned a grade of
membership ,a value in [0,1].The elements in the universal set along with their grades of membership form a
fuzzy set. In 1965 Fuzzy relations on a set was first defined by Zadeh. Among many branches of modern
mathematics, the theory of sets (which was founded by G.Cantor ) occupies a unique place. The mathematical
concept of a set can be used as foundation for many branches of modern mathematics. The origin of graph
theory started with Konigsberg bridge problem in 1735.Graphs are simple model of relation. A graph is a
convenient way of representing information involving relationship between objects. The object is represented
by vertices and relations by edges. When there is vagueness in the description of the objects or in its relationship
or in both we need to design fuzzy graph model. One of the most important properties of fuzzy graph model is
fuzzy graph coloring which is used to solve problems of combinatorial optimization like traffic light control,
exam-scheduling, register number allocation, etc. Two types of coloring namely vertex coloring, edge coloring
are usually associated with any graph. A graph is said to be a complete fuzzy labeling graph if it has every pair
of adjacent vertices of the fuzzy graph. A matching is a set of non-adjacent edges. If every vertex of fuzzy graph
is M-saturated then the matching is said to be complete or perfect. In this paper, we introduced the new concept
of fuzzy coloring and M- fuzzy chromatic number for some special fuzzy graphs through matching and perfect
matching and we discussed some properties using these concepts.
II. Preliminaries
Definition: 2.1
A graph with n vertices in which every pair of distinct vertices is joined by a line is called complete
graph on n vertices. It is denoted by K n.
Definition 2.2
Let U and V be two sets. Then ρ is said to be a fuzzy relation from U into V if ρ is a fuzzy set of
U × V. A fuzzy graph G = ( α, β) is a pair of functions α : V → [ 0, 1 ] and β: V ×V → [0,1] where for all
u,v ∈ V, we have β (u ,v) ≤ min {α(u) , α (v)}.
Definition 2.3
A graph G = (α, β) is said to be a fuzzy labeling graph if α: V → [0, 1] and β: V ×V → [0, 1] is a
bijective such that the membership value of edges and vertices are distinct and β (u, v) < min {α (u), α (v)} for
all u, v ∈ V.
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Example: 2.4

Definition: 2.5.
A fuzzy graph G = (α, β) is said to be complete if β (u, v) = min {α (u), α (v)} for all u, v ∈ V and
every pair of vertices are adjacent. It is denoted by K n[FLG].
Example 2.6

Definition:
2.7
A subset M of β (vi, v i+1), 1 ≤i≤ n is called a matching in fuzzy graph if its elements are links and no
two are adjacent in G. The two ends of an edge in M are said to be matched under M.
Example: 2.8

Definition 2.9
If every vertex of fuzzy graph is M-saturated then the matching is said tobe complete or perfect . It is
denoted by CM.
Example: 2.10

Definition 2.11
The degree of the vertex in a graph G is defined to be the number of vertices adjacent to that vertex .Here
the maximum degree is denoted by ∆ and minimum degree is denoted by 𝛿.
III. Main Results
Definition: 3.1
A family λ = { M1, M2,M3……….Mk} of fuzzy sets on a set E is called a M- fuzzy coloring of
G = (V, α, β) if
(i)
∨ λ = β. It means no edge belongs to two different color classes.
(ii)
λ i Λ λj = 0.
(iii)
For every effective edge (x ,y) of G min{ λ i (x), λ j ( y)} =0 (1≤i≤k).(This means any one of the
edges does not receive different color).
The minimum number k for which there exists a M-fuzzy coloring is called fuzzy matching chromatic
number. It is denoted by 𝜒fm(G).
Note:
Fuzzy coloring partitioned the edge set into different color classes (distinct matching or perfect
matching).
Example: 3.2

(i)

0.4

0.
8

0.
7
0.14

0.6

0.12
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Here matching M1 = {0.8}, M2 = {0.7} and M3 = {0.12}.
Color Class λ = { M1, M2 M3} .
(ii)
0.19

0.8

0.5

0.5
0.7

0.6
0.12
0.10

0.15

0.14

Here the perfect matching M1= { 0.8, 0.15}, M2= { 0.7,0.6 }, M3 = { 0.5,0.12}.
Color Class λ = { M1, M2 M3}.
Theorem: 3.3
For a fuzzy graph G = (V, α, β) , 𝜒fm(G) = 𝜒′ (G).
Proof:
Let G be a fuzzy labeling graph on e edges {e1,e2,e3…….en} and
let 𝜒fm(G) = k ⇔ λ = { M1, M2,M3……….Mk} is a M- fuzzy coloring and let ℂ𝑗 be the colors
assigned to the edges in Mi , i = 1,2,3……k.
⇔ λ = { M1, M2,M3……….Mk} is a family of a fuzzy sets. Here
(𝑖) ∨ λ = β. It means no edge belongs to two different color classes.
(ii) λ i Λ λj = 0.
(iii) For every effective edge (x ,y) of G min{ λ i (x), λ j ( y)} =0 (1≤i≤k).
(This means any one of the edges does not receive different color).
⇔ Mi is an independent of edges for i =1, 2, 3…..k
⟹ 𝜒fm (G) = 𝜒′ (G).
Example: 3.4
0.1

0.8

0.5
0.1

0.7

0.3

0.9

0.11

0.1
0.7

0.12

0.13

0.85
5

0.15

0.63

0.13

0.15
0.25

The number of perfect matching in K2n = (2n)! ∕ 2n n!. Hence there are 15 perfect matching exists. But only
three are distinct and perfect matching have three edges in it . Hence 𝜒fm(G) = 3 = 𝜒′ (G).
Definition: 3.5
1 𝑖𝑓 𝑀𝑖 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑐𝑜𝑙𝑜𝑟 𝐶𝑗
The matching –coloring matrix is defined to be MC (G) = {
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Here the row corresponds to distinct perfect matching and column corresponds to the colors.
Example: 3.6
0.19

0.8

0.5

0.5
0.7

0.6
0.12
0.10

0.15

0.14

Here the perfect matching M1= { 0.8, 0.15}, M2= { 0.7,0.6 }, M3 = { 0.5,0.12}.
Color Class λ = { M1, M2 M3}.
The matching coloring matrix is

MC =

R
1
0
0

M1
M2
M3

G
0
1
0

B
0
0
1

For any fuzzy labeling graph with distinct perfect matching, the matching coloring matrix is a unit matrix.
Definition: 3.7
The fuzzy labeling graph is said to be bipartite if its vertex set partitioned into two subsets V1 and V2 in
which each edge has one end in V1 and other inV2. It is said to be complete bipartite if each vertex is adjacent
to every other vertex in fuzzy labeling graph.
Example: 3. 8
0.6
0.2

0.12

0.1

0.9
0.3

0.9

0.17

0.1
0.14

0.13
0.17

Theorem: 3.9
For any complete bipartite fuzzy graph, 𝜒fm(G) =∆ (G).
Proof:

0.19

Let G be a complete bipartite fuzzy graph with n vertices and e edges.
Since G is complete, each vertex is adjacent to every other vertex in fuzzy labeling graph. Hence the
maximum degree of the graph is (n/2).
We know that the number of perfect matching in a complete graph is K2n = (2n)! ∕ 2n n!. . But
only
n/2 are distinct perfect matching.
Each perfect matching has n/2 edges and each receives the same color because they are independent. Hence
𝜒fm(G) = ∆ (G).
Example : 3.10
0.6
0.12
0.1

0.2

0.9
0.3

0.9

0.17
0.1
0.14

0.13

0.17
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Here the maximum degree of the graph ∆ (G) =3.
The M-fuzzy chromatic number is equal to the number of distinct perfect matching. In this graph only three
perfect matchings are distinct and each perfect matching received distinct colors. Hence 𝜒fm(G) =3.
Definition: 3.11
A star in a fuzzy graph consists of two node sets V and U with│V │= 1 and │U│≥ 1 such that
β (v, u i ) > 0 and β (ui ,u i+1 ) = 0, 1 ≤ i ≤ n . It is denoted by S 1 , n.
Example: 3.12

The M-fuzzy chromatic number is equal to the number of distinct vertices in a set U because a vertex in V
is adjacent to every vertices in U. Hence every edges received different colors .
IV. Conclusion
In this paper, we introduced the new concept of fuzzy coloring and M- fuzzy chromatic number for
some special fuzzy graphs through matching and complete matching and we discussed some properties using
these concepts. In future we extend this concept to Time table problem, Personal Assignment problem etc.
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Abstract: The primary objective of this paper is to present a novel approach to solve fully fuzzy
transportation problems by assuming that the decision maker is uncertain about the precise values of the
supply, demand and unit transportation cost. In this method, all parameters are represented as generalized
quadrilateral fuzzy numbers. To justify this method, a relevant numerical example is added.
Mathematics Subject Classification: 90C08, 90C90
Keywords: Ranking function, Fully Fuzzy Transportation Problem, Trapezoidal fuzzy number, Generalized
Quadrilateral Fuzzy Number (GQFN).
I. Introduction
In transportation problems the decision parameters such as supply, demand and unit transportation cost
are presented as crisp values. But in real life situations supply, demand and unit transportation cost may not be
precise values due to several factors. To deal the imprecise data, fuzzy numbers were introduced. We proposed
a new
approach
to solve
fully fuzzy
transportation
in which
all parameters
arewords)
represented in the form
Keywords:
WWW;
component;
formatting;
style;problems,
styling; insert
(Minimum
5 to 8 key
of generalized quadrilateral fuzzy numbers. To illustrate the new approach, a numerical example is solved.
Since the proposed approach is easy to understand, decision makers may easily apply on real life situations.
Fuzzy sets and fuzzy theory were introduced by Zadeh [11]. Bellman and Zadeh [2] proposed these
concepts of decision making in Fuzzy environment. Chanas et al [3] presented a fuzzy approach to solve the
transportation problem with crisp transportation cost and fuzzy supply and demand values. Chanas and Kuchta
[4] proposed a concept of finding optimal solution of the transportation problem with fuzzy coefficients.
Venkatachalapathy and Edward Samuel [5] proposed a method namely an Alternative Method (AM) for solving
Fuzzy transportation problem by assuming that a decision maker is uncertain about the precise values of the
transportation cost only but there is uncertainty about the supply and demand of the product where the
transportation costs are represented as generalized trapezoidal fuzzy numbers. Amarpreet Kaur and Amit Kumar
[1] proposed a new method for solving fuzzy transportation problem by assuming that a decision maker is
uncertain about the precise values of the transportation cost, availability and demand of the product. S. Dinagar
and Palanivel [8] investigated FTP using trapezoidal fuzzy numbers. Stephen Dinagar and Abirami [9]
introduced new arithmetic operations for interval valued fuzzy numbers. I have extended this idea to
generalized quadrilateral fuzzy numbers. The proposed method of this paper is to solve fully fuzzy
transportation problem by assuming supply, demand and unit transportation cost are presented as generalized
quadrilateral fuzzy numbers. A ranking method is used to convert the fuzzy number into crisp form.
The rest of this paper is organized as follows. In section 2, some basic definitions are reviewed. In
section 3, the new fuzzy number namely Generalized Quadrilateral Fuzzy Number is proposed and its arithmetic
operations are given. An algorithm is presented to solve the fully fuzzy transportation problems in section 4. To
illustrate the new approach a relevant example is solved in section 5. Finally, a conclusion is presented in
section 6.
II. Preliminaries
In this section, some basic notions and arithmetic operations are reviewed.
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Fuzzy Set
A fuzzy set 𝐴̃ is defined by 𝐴̃ = {(𝑥, 𝜇𝐴 (𝑥)): 𝑥𝜖𝐴, 𝜇𝐴 (𝑥) 𝜖[0, 1]}. In this pair (𝑥, 𝜇𝐴 (𝑥)), the first
element x belongs to the classical set A and the second element 𝜇𝐴 (𝑥) belongs to the interval [ 0, 1] called
membership function.
A. Convex fuzzy set
A fuzzy set 𝐴̃ is convex if 𝜇𝐴̃ (𝜆𝑥1 + (1 − 𝜆𝑥2 ) ≥ min(𝜇𝐴̃ (𝑥1 ), 𝜇𝐴̃ (𝑥2 )) , 𝑥1 , 𝑥2 ∈ 𝑋 and 𝜆 ∈ [0, 1].
Alternatively, a fuzzy set is convex, if all ∝ - level sets are convex.
B. Fuzzy number
A fuzzy set 𝐴̃ on R must possess at least the following three properties to qualify a fuzzy number:
(i)
(ii)
(iii)

𝐴̃ must be a normal fuzzy set;
𝐴̃ must be a convex fuzzy set;
𝐴̃ must be closed and bounded.

C. Trapezoidal fuzzy number
A fuzzy number 𝐴̃ = (𝑎, 𝑏, 𝑐, 𝑑) is said to be trapezoidal fuzzy number if its membership function is
given by
(𝑥 − 𝑎)
, 𝑎≤𝑥<𝑏
(𝑏 − 𝑎)
1,
𝑏≤𝑥<𝑐
𝜇𝐴̃ (𝑥) =
(𝑥 − 𝑑)
, 𝑐≤𝑥<𝑑
(𝑐 − 𝑑)
{
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
III. Generalized Quadrilateral Fuzzy Number (GQFN)
A new fuzzy number 𝐴̃ = (𝑎, 𝑏, 𝑐, 𝑑; 𝜔1 , 𝜔2 ) defined as generalized quadrilateral fuzzy number if its
membership function is given by
(𝑥 − 𝑎)
,
𝑎≤𝑥<𝑏
(𝑏 − 𝑎)
(𝑥 − 𝑏)𝜔2 + (𝑐 − 𝑥)𝜔1
, 𝑏≤𝑥<𝑐
𝜇𝐴̃ (𝑥) =
(𝑐 − 𝑏)
(𝑥 − 𝑑)
𝜔2
,
𝑐≤𝑥<𝑑
(𝑐 − 𝑑)
{
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝜔1

𝜇𝐴̃ (𝑥)
𝜔2
𝜔1

0

a

b

c

d

Figure 1 Generalised Quadrilateral Fuzzy Number
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Trapezoidal fuzzy number is a particular case of quadrilateral fuzzy number. Trapezoidal fuzzy number
is quadrilateral fuzzy number in which horizontal lines need not be parallel.

A. Arithmetic Operations on GQFN
In this section, the arithmetic operations between two generalized quadrilateral fuzzy numbers are
defined on the universal set of real numbers ℜ
Let 𝐴̃1 = (𝑎1 , 𝑏1 , 𝑐1 , 𝑑1 ; 𝜔𝐴11 , 𝜔𝐴21 ) and 𝐴2 = (𝑎2 , 𝑏2 , 𝑐2 , 𝑑2 ; 𝜔𝐴12 , 𝜔𝐴22 )
(i) Addition for GQFN:
𝐴1 ⨁𝐴2 = (𝑎1 + 𝑎2 , 𝑏1 + 𝑏2 , 𝑐1 + 𝑐2 , 𝑑1 + 𝑑2 ; min( 𝜔𝐴11 , 𝜔𝐴12 ), min( 𝜔𝐴21 , 𝜔𝐴22 ))
(ii) Subtraction for GQFN :
𝐴1 ⊖ 𝐴2 = (𝑎1 − 𝑑2 , 𝑏1 − 𝑐2 , 𝑐1 − 𝑏2 , 𝑑1 − 𝑎2 ; min( 𝜔𝐴11 , 𝜔𝐴12 ), min( 𝜔𝐴21 , 𝜔𝐴22 ))
(iii) Multiplication for GQFN:
𝐴1 ⨂𝐴2 = (𝑎1 . ℜ(A2 ), 𝑏1 ℜ(A2 ), 𝑐1 . ℜ(A2 ), 𝑑1 . ℜ(A2 ); min( 𝜔𝐴11 , 𝜔𝐴12 ), min( 𝜔𝐴21 , 𝜔𝐴22 )) when ℜ(A2 ) ≥ 0
𝐴1 ⨂𝐴2 = (𝑑1 . ℜ(A2 ), 𝑐1 ℜ(A2 ), 𝑏1 . ℜ(A2 ), 𝑎1 . ℜ(A2 ); min( 𝜔𝐴11 , 𝜔𝐴12 ), min( 𝜔𝐴21 , 𝜔𝐴22 )) when ℜ(A2 ) < 0
(iv) Scalar Multiplication for GQFN:
𝜆𝐴1 = {

(𝜆𝑎1 , 𝜆𝑏1 , 𝜆𝑐1 , 𝜆𝑑1 ; (𝜔𝐴11 , 𝜔𝐴21 ))

𝜆≥0

(𝜔𝐴11 , 𝜔𝐴21 ))

𝜆<0

(𝜆𝑑1 , 𝜆𝑐1 , 𝜆𝑏1 , 𝜆𝑎1 ;

B. Ranking function for GQFN
We propose a new ranking function ℜ: 𝐹(ℜ) → ℜ, which maps each fuzzy number into the real
number. Let 𝐴̃ = (𝑎, 𝑏, 𝑐, 𝑑; 𝜔1 , 𝜔2 ), then
𝑎1 + 𝑏1 + 𝑐1 + 𝑑1 𝜔1 + 𝜔2
ℜ(𝐴) = (
)(
)
4
2
IV. Fully Fuzzy Transportation Problem
More numbers of decision makers are interested to solve fuzzy transportation problems. In this contest
the fuzzy transportation problem have been solved, where all parameters are represented as generalized
quadrilateral fuzzy numbers

Let us formulate the fully fuzzy transportation problem as:
𝑚

𝑛

𝑀𝑖𝑛 𝑧 = ∑ ∑ 𝑐̃⨂𝑥
𝑖𝑗 ̃
𝑖𝑗
𝑖=1 𝑗=1

Subject to

∑𝑛𝑗=1 𝑥̃
𝑖𝑗

≤ 𝑎̃𝑖 , 𝑖 = 1,2,3, … 𝑚

̃
∑𝑚
̃
𝑖𝑗 ≤ 𝑏𝑗 , 𝑗 = 1, 2, 3, … 𝑛,
𝑖=1 𝑥
̃
𝑥𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗.
Algorithm for solving fully fuzzy Transportation problem
In this section, we proposed a method to solve fully fuzzy transportation problem with generalized
quadrilateral fuzzy numbers.
Step 1: Check whether the given problem is balanced transportation problem
𝑛
i.e ∑𝑚
𝑖=1 𝑎𝑖 = ∑𝑗=1 𝑏𝑗 , if not, convert it into balanced one by adding dummy row or

dummy column.
Step 2: Identify the maximum cost in the demand and find minimum transportation cost in
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the corresponding column using ranking function.
Step 3: Find minimum of (𝑎𝑖 , 𝑏𝑗 ), Allocate 𝑥𝑖𝑗 = 𝑚𝑖𝑛(𝑎𝑖 , 𝑏𝑗 )
Case (i) If minimum of (𝑎𝑖 , 𝑏𝑗 ) = 𝑎𝑖 then allocate 𝑥𝑖𝑗 = 𝑎𝑖 in (i, j)th cell.
Ignore ith row replace 𝑏𝑗 by 𝑏𝑗 – 𝑎𝑖
Case (ii) If minimum of (𝑎𝑖 , 𝑏𝑗 ) = 𝑏𝑗 then allocate 𝑥𝑖𝑗 = 𝑏𝑗 in (i, j)th cell. Ignore jth
row replace 𝑎𝑖 by 𝑎𝑖 – 𝑏𝑗 .
Case (iii) If there is a tie in minimum of (𝑎𝑖 , 𝑏𝑗 ), find the next minimum in the same
column.
Step 4: Identify the next maximum cost in the demand and find the minimum transportation
cost in the corresponding column.
Step 4: Repeat steps 3 and 4 until 𝑎𝑖 and 𝑏𝑗 are zero.

V. Numerical Illustration
Consider the following fully fuzzy transportation problem.
Here the supply, demand and transportation costs are generalized quadrilateral fuzzy numbers.

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝒂𝒊]

𝑺𝟏

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(1,6,7,12; 0.6,0.8)

𝑺𝟐

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

𝑺𝟑

(3,5,6,8; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

(5,10,12,15;0.6,0.8)

Fuzzy
Demand
[bj]

(5,7,8,10; 0.6,0.8)

(-1,5,6,10; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

(6,17,21,30;0.6,0.8)

𝑛
Since ∑𝑚
𝑖=1 𝑎𝑖 = ∑𝑗=1 𝑏𝑗 , the problem is balanced fuzzy transportation problem

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

𝑺𝟏

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(1,6,7,12; 0.6,0.8)

𝑺𝟐

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,10,12,15;0.6,0.8)

(0,1,2,3; 0.6,0.8)
𝑺𝟑

(3,5,6,8; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

Fuzzy
Demand
[bj]

(2,5,7,10; 0.6,0.8)

(-1,5,6,10;
0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

𝑺𝟏

(2,5,7,10; 0.6,0.8)
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𝑺𝟐

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,10,12,15;0.6,0.8)

(0,1,2,3; 0.6,0.8)
𝑺𝟑

(3,5,6,8; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

Fuzzy
Demand
[bj]

(2,5,7,10; 0.6,0.8)

(-1,5,6,10; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

𝑺𝟏

𝑺𝟐

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(2,5,7,10; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,10,12,15;0.6,0.8)

(0,1,2,3; 0.6,0.8)
𝑺𝟑

(3,5,6,8; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

Fuzzy
Demand
[bj]

(2,5,7,10; 0.6,0.8)

(-11,3,7,19;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

(2,5,7,10; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

(-14,3,9,26;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

𝑺𝟏

𝑺𝟐

(0,1,2,3; 0.6,0.8)
𝑺𝟑

(3,5,6,8; 0.6,0.8)

(-11,3,7,19;0.6,0.8)
Fuzzy
Demand
[bj]

𝑺𝟏

𝑺𝟐

(2,5,7,10; 0.6,0.8)

(-11,3,7,19;0.6,0.8)

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(3,11,14,22; 0.6,0.8)

(2,5,7,10; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

(-20,-1,6,25;0.6,0.8)

(-11,3,7,19;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(2,5,7,10; 0.6,0.8)

(-11,3,7,19;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

𝑫𝟏

𝑫𝟐

𝑫𝟑

𝑫𝟒

Fuzzy
Supply [𝐚𝐢 ]

(1, 2, 3,4; 0.6,0.8)

(1,3,4,6; 0.6,0.8)

(9, 11, 12, 14; 0.6,0.8)

(5,7,8,11; 0.6,0.8)

(3,11,14,22; 0.6,0.8)

(0,1,2,3; 0.6,0.8)
𝑺𝟑

Fuzzy
Demand
[bj]

𝑺𝟏

(3,5,6,8; 0.6,0.8)
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𝑺𝟐

(2,5,7,10; 0.6,0.8)

(-9,-1,2,10; 0.6,0.8)

(0,1,2,4; 0.6,0.8)

(-1,0,1,2; 0.6,0.8)

(5,6,7,8; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(0,1,2,3; 0.6,0.8)

(5,8,9,12; 0.6,0.8)

(12,15,16,19; 0.6,0.8)

(7,9,10,12;0.6,0.8)

(-14,3,9,26;0.6,0.8)

(-11,3,7,19;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

(-11,3,7,19;0.6,0.8)

(1,3,4,6; 0.6,0.8)

(1,2,3,4; 0.6,0.8)

(0,1,2,3; 0.6,0.8)
𝑺𝟑

Fuzzy
Demand
[bj]

(3,5,6,8; 0.6,0.8)

(2,5,7,10; 0.6,0.8)

(-24,-4,4,24;0.6,0.8)

Therefore the initial basic feasible solution is
Minimum z = [(2,5,7,10; 0.6,0.8) (1, 2, 3,4; 0.6,0.8) + (0,1,2,3; 0.6,0.8) (0,1,2,4; 0.6,0.8)
+ (-9,-1,2,10; 0.6,0.8 ) (1,3,4,6; 0.6,0.8)+ (-11,3,7,19; 0.6,0.8) (5,8,9,12;0.6,0.8)
+ (1,3,4,6; 0.6,0.8) (12,15,16,19; 0.6,0.8) +(1,2,3,4; 0.6,0.8) (7, 9, 10, 12; 0.6, 0.8)]
= (- 66.5, 71.225, 124.6, 250.425; 0.6, 0.8).
The ranking function ℜ(𝑀𝑖𝑛 𝑧) = 66.45.
VI. Conclusion
In this work, a new approach has been introduced to solve the fully fuzzy transportation problems with
generalized quadrilateral fuzzy number. As the quadrilateral fuzzy number is a generalization of trapezoidal
fuzzy number, this technique can be extended to solve all type of transportation problems, which can be solved
with the aid of trapezoidal fuzzy numbers. This would be helped to achieve the goal those who are interested to
maximize their profit and minimize the transportation cost.
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Abstract: In this paper, the order and size of a picture fuzzy graph are defined. The concepts of domination
in picture fuzzy graphs are introduced. The domination number 𝛾(𝐺)for some standard picture fuzzy graphs
was determined. The bounds for various picture fuzzy graphs are obtained. Theorems related to domination
in picture fuzzy graph are stated and proved.
Keywords: Graph, Fuzzy graph, Intuitionistic Fuzzy Graph, Picture Fuzzy Graph, Complement of Picture
Fuzzy Graph, Domination number.
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I. Introduction
The concept of graph theory was introduced by Euler in the year 1736. The theory of graph is an extremely
useful tool for the solving combinatorial problems in different areas such as geometry, algebra, number theory,
topology, operations research, optimization and computer science. The seminal paper on “Fuzzy sets” which
described fuzzy set theory and fuzzy logic was published by Zadeh[11]. In 1975, Rosenfeld [7] introduced the
notion of fuzzy graph and several fuzzy analogs of graph theoretic concepts such as path, cycles, connectedness
and etc. the concept of domination in fuzzy graphs was investigated by Somasundaram [8] in the year 1998.
In 1986, theory of Intuitionistic Fuzzy Set(IFS) was introduced by Atanassov [1,2] ascribing a membership
degree and a non-membership degree separately in such a way that sum of the two degrees must not exceed one.
In 1999, Atanassov [1] introduced the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. In
2010, Parvathi and Thamizhendhi [6] introduced the concept of domination number in intuitionistic fuzzy
graphs. Cuong [3,4] introduced Picture Fuzzy Set (PFS) which is a direct extension of fuzzy set and
intuitionistic fuzzy set by incorporating the concept of positive, negative and neutral membership degree of an
element. Cuong and co-authors studied some compositions of picture fuzzy relations. Tahiret. al. [9], provided
the new concept of picture fuzzy graph(PFG) where they provided basic definitions like Bridge and cut vertex in
PFGs.
In this paper, we define the order and size of a picture fuzzy graph and introduce the concepts of domination in
picture fuzzy graphs. The bounds for some standards picture fuzzy graphs are investigated. Theorems related to
domination numbers in picture fuzzy graphs are stated and proved.
II. Preliminaries
In this chapter some basic definitions related to domination in picture fuzzy graphs are given. In this paper only
simple picture fuzzy graphs are considered.
Definition: 2.1[5] A fuzzy graph 𝐺 = (µ, 𝜌) is a set with two function µ: 𝑉 → [0,1] and 𝜌: 𝐸 → [0,1]such that
𝜌({𝑥, 𝑦}) ≤ µ(𝑥)˄ µ(𝑦) for all 𝑥, 𝑦𝜖 𝑉. We write 𝜌(𝑥𝑦)for𝜌({𝑥, 𝑦}).
Definition: 2.2[5] The order p and size q of a fuzzy graph 𝐺 = (µ, 𝜌) are defined to be as 𝑝 = ∑𝑥∈𝑉 𝜇(𝑥)and
𝑞 = ∑𝑥𝑦∈𝐸 𝜌(𝑥𝑦).
Example: 2.1 Consider the fuzzy graph given Fig.1 p=3.0 and q=4.0.
Definition: 2.3[6] A pair 𝐺 = (𝑉, 𝐸)is known as intuitionistic fuzzy graph (IFG) if
(i) 𝑉 = {𝑣1 , 𝑣2 , … , 𝑣𝑛 } such that µ1 : 𝑉 → [0,1], 𝜌1 ∶ 𝑉 → [0,1] denote the degree of membership and nonmembership of the element 𝑣𝑖 ∈ 𝑉, respectively and0 ≤ µ1 (𝑣𝑖 ) + 𝜌1 (𝑣𝑖 ) ≤ 1, for every 𝑣𝑖 𝜖 𝑉, 𝑖 = 1,2, … , 𝑛.
(ii) 𝐸 ⊆ 𝑉 × 𝑉where µ2 ∶ 𝑉 × 𝑉 → [0,1] and 𝜌2 ∶ 𝑉 × 𝑉 → [0,1] are such that µ2 (𝑣𝑖 , 𝑣𝑗 ) ≤ µ1 (𝑣𝑖 )˄ µ1 (𝑣𝑗 ),
𝜌2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 𝜌1 (𝑣𝑖 )˅ 𝜌1 (𝑣𝑗 )and0 ≤ µ2 (𝑣𝑖 , 𝑣𝑗 ) + 𝜌2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 1 for every (𝑣𝑖 , 𝑣𝑗 ) ∈ 𝐸 (𝑖, 𝑗 = 1,2, … , 𝑛).
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Here the triple (𝑣𝑖 , µ1𝑖 , 𝜌1𝑖 ) denotes the degree of membership and degree of non-membership of the vertex𝑣𝑖 .
The triple (𝑒𝑖𝑗 , µ2𝑖𝑗 , 𝜌2𝑖𝑗 ) denotes the degree of membership and degree of non-membership of the edge relation
𝑒𝑖𝑗 = (𝑣𝑖 , 𝑣𝑗 ) on 𝑉.
In an intuitionistic fuzzy graph G, when µ2𝑖𝑗 = 𝜌2𝑖𝑗 = 0 for some i and j, then there is no edge between viand
vj.Otherwise there exists an edge between viand vj.
0.7
a (0.7)
b(0.8)
0.6
0.6

0.8
0.7

d (0.6)

c(0.9)

0.6
Fig.1: Fuzzy Graph

Definition: 2.4 LetG=(V,E)be an IFG. Then the vertex cardinality of Gis defined by
1+𝜇1 (𝑣𝑖 )− 𝜌1 (𝑣𝑖 )
|𝑉| = ∑𝑣𝑖∈𝑉
is called the order of an IFG G=(V,E) and is denoted byO(G).
2

1+𝜇 (𝑣 ,𝑣 )− 𝜌 (𝑣 ,𝑣 )

2 𝑖 𝑗
2 𝑖 𝑗
The edge cardinality of G is defined by |𝐸| = ∑(𝑣𝑖,𝑣𝑗 )𝜖 𝐸
is called the size of an IFG
2
G=(V,E)and is denoted by S(G).
Example: 2.2 Consider the Intuitionistic fuzzy graph given Fig.2, p=2.75 and q=2.75.

v1(0.7,0.1)

(0.6,0.1)

v2(0.8,0.0)

(0.5, 0.2)

(0.2,0.3)

v4(0.6,0.3)

v3(0.3,0.5)

(0.2,0.4)

Fig.2:Intuitionistic Fuzzy Graph
Definition:2.5[10] A pair G = (V,E) is known as picture fuzzy graph (PFG) if
(i) V={v1, v2,…,vn}such that µ1 ∶ 𝑉 → [0,1], 𝜎1 ∶ 𝑉 → [0,1], 𝜌1 ∶ 𝑉 → [0,1] denote the degree of truth
membership, abstinence membership and false membership of the element vi ∈V, respectively and 0 ≤
µ1 (𝑣𝑖 ) + 𝜎1 (𝑣𝑖 ) + 𝜌1 (𝑣𝑖 ) ≤ 1, for every vi ϵ V, i=1,2,…,n.
(ii) 𝐸 ⊆ 𝑉 × 𝑉 where µ2 ∶ 𝑉 × 𝑉 → [0,1], 𝜎2 ∶ 𝑉 × 𝑉 → [0,1] 𝑎𝑛𝑑 𝜌2 ∶ 𝑉 × 𝑉 → [0,1] are such
that µ2 (𝑣𝑖 , 𝑣𝑗 ) ≤ µ1 (𝑣𝑖 )˄ µ1 (𝑣𝑗 ), 𝜎2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 𝜎1 (𝑣𝑖 )˄ 𝜎1 (𝑣𝑗 ) 𝑎𝑛𝑑 𝜌2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 𝜌1 (𝑣𝑖 )˅ 𝜌1 (𝑣𝑗 )
where 0 ≤ µ2 (𝑣𝑖 , 𝑣𝑗 ) + 𝜎2 (𝑣𝑖 , 𝑣𝑗 ) + 𝜌2 (𝑣𝑖 , 𝑣𝑗 ) ≤ 1 for every(𝑣𝑖 , 𝑣𝑗 ) ∈ 𝐸 (𝑖, 𝑗 = 1,2, … , 𝑛).
Here the 4-tuple (vi, µ1i, σ1i, ρ1i)denotes the degree of truth membership, abstinence membership and false
membership of the vertex vi. The 4-tuple (eij,µ2ij, σ2ij, ρ2ij) denotes the degree of truth membership, abstinence
membership and false membership of the edge relation 𝑒𝑖𝑗 = (𝑣𝑖 , 𝑣𝑗 ) 𝑜𝑛 𝑉.
In a picture fuzzy graph G, when µ2ij =σ2ij = ρ2ij= 0 for some i and j, then there is no edge between viand vj
otherwise there exists an edge between viandvj.
Example: 2.3 Consider the picture fuzzy graph.
v1(0.1,0.3,0.1)

(0.1,0.2,0.4)
(0.2, 0.1,0.5)
(0.0, 0.2,0.1)

v4(0.2,0.3,0.5)

(0.1, 0.0, 0.4)

v2(0.2,0.1,0.5)

(0.0, 0.1 ,0.5)

(0.0, 0.1 ,0.5)

v3(0.0,0.2,0.1)

Fig.3:Picture fuzzy graph
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Remark: 2.1
1. If (i) 𝜎1 (𝑢) = 𝜌1 (𝑢) = 0 or (ii) 𝜎1 (𝑢) = 0 and 𝜌1 (𝑢) = 1 − 𝜇1 (𝑢)for all 𝑢 ∈ 𝑉then the PFG is a
fuzzy graph.
2. If 𝜎1 (𝑢) ≠ 0 and 𝜌1 (𝑢) ≠ 1 − 𝜇1 (𝑢) for all 𝑢 ∈ 𝑉 then the PFG is an IFG.
III. Domination in picture fuzzy graphs
In this chapter, the order and the size of a picture fuzzy graph are defined. Domination in picture fuzzy graph
and its number are also defined. Some theorems related to picture fuzzy graphs are stated and proved.
Definition: 3.1 Let G=(V,E) be a picture fuzzy graph. Then the vertex cardinality of G is defined by|𝑉| =
1+𝜇1 (𝑣𝑖 )− 𝜎1 (𝑣𝑖 )− 𝜌1 (𝑣𝑖 )
∑𝑣𝑖∈𝑉
. It is called the order of a PFG G and is denoted by p.
2
Definition: 3.2 Let 𝐺 = (𝑉, 𝐸) be an PFG. Then the edge cardinality of G is defined by
1+𝜇 (𝑣 ,𝑣 )− 𝜎 (𝑣 ,𝑣 )− 𝜌 (𝑣 ,𝑣 )

2 𝑖 𝑗
2 𝑖 𝑗
2 𝑖 𝑗
|𝐸| = ∑(𝑣𝑖,𝑣𝑗 )𝜖 𝐸
for all𝑣𝑖 , 𝑣𝑗 ∈ 𝐸 is called the size of a PFGG= (V,E) and is denoted
2
byq.
Definition: 3.3 An edge (𝑢, 𝑣) is said to be effective edge in a PFG if µ2 (𝑢, 𝑣) = µ1 (𝑢)˄µ1 (𝑣), 𝜎2 (𝑢, 𝑣) =
𝜎1 (𝑢)˄ 𝜎1 (𝑣) and 𝜌2 (𝑢, 𝑣) = 𝜌1 (𝑢) ˅𝜌1 (𝑣). If an edge (𝑢, 𝑣) is an effective edge then u and v are adjacent.
Definition: 3.4 An arc (𝑢, 𝑣) in a PFG, 𝐺 = (𝑉, 𝐸) is said to be strong arc, ifµ2 (𝑢, 𝑣) ≥ µ∞
2 (𝑢, 𝑣), 𝜎2 (𝑢, 𝑣) ≥
𝜎2∞ (𝑢, 𝑣) and 𝜌2 (𝑢, 𝑣) ≥ 𝜌2∞ (𝑢, 𝑣)
Example: 3.1Consider the PFG given Fig.3p=1.20 and q=1.65 . (𝑣2 , 𝑣3 ) is one of the effective
edgeand(𝑣2 , 𝑣3 ), (𝑣3 , 𝑣4 ) are some strong arcs.
Remark:3.1Every effective edge is a strong arc but converse not true. For example, In Fig.3(𝑣2 , 𝑣3 ) is an
effective edge and also strong arc. (𝑣4 , 𝑣1 )is a strong arc but not an effective edge.
Definition: 3.5 A PFG 𝐺 = (𝑉, 𝐸) is said to be strong PFG if µ2𝑖𝑗 = µ1 (𝑣𝑖 ) ˄ µ1 (𝑣𝑗 ),𝜎2𝑖𝑗 = 𝜎1 (𝑣𝑖 ) ˄ 𝜎1 (𝑣𝑗 ),
and 𝜌2𝑖𝑗 = 𝜌1 (𝑣𝑖 )˅ 𝜌1 (𝑣𝑗 ) for every (𝑣𝑖 , 𝑣𝑗 ) ∈ 𝐸.
Definition: 3.6 A PFG 𝐺 = (𝑉, 𝐸) is said to be complete PFG if µ2𝑖𝑗 = µ1 (𝑣𝑖 )˄ µ1 (𝑣𝑗 ), 𝜎2𝑖𝑗 =
𝜎1 (𝑣𝑖 ) ˄ 𝜎1 (𝑣𝑗 )and 𝜌2𝑖𝑗 = 𝜌1 (𝑣𝑖 ) ˅ 𝜌1 (𝑣𝑗 ) for allvi ,vj∈ V.
Definition: 3.7 Theeffective degree of a vertex v in a PFG 𝐺 = (𝑉, 𝐸) is defined to be sum of the weights of the
effective edges incident at 𝑣 and it is denoted by 𝑑𝐸 (𝑣). The minimum effective degree of G is 𝛿𝐸 (𝐺) =
𝑚𝑖𝑛{𝑑𝐸 (𝑣) | 𝑣 ∈ 𝑉 }. The maximum effective degree of Gis𝛥𝐸 (𝐺) = 𝑚𝑎𝑥{𝑑𝐸 (𝑣) | 𝑣 ∈ 𝑉 }.
Definition: 3.8 Two vertices u and v are said to be neighbors in PFG 𝐺 = (𝑉, 𝐸)if either one of the following
conditions hold
(i)
µ2 (𝑢, 𝑣) > 0, 𝜎2 (𝑢, 𝑣) > 0, 𝜌2 (𝑢, 𝑣) > 0
(ii)
µ2 (𝑢, 𝑣) = 0, 𝜎2 (𝑢, 𝑣) ≥ 0, 𝜌2 (𝑢, 𝑣) > 0
(iii)
µ2 (𝑢, 𝑣) > 0, 𝜎2 (𝑢, 𝑣) = 0, 𝜌2 (𝑢, 𝑣) ≥ 0
(iv)
µ2 (𝑢, 𝑣) ≥ 0, 𝜎2 (𝑢, 𝑣) > 0, 𝜌2 (𝑢, 𝑣) = 0, 𝑢, 𝑣 ∈ 𝑉.
Definition: 3.9 Let u be a vertex in a PFG 𝐺 = (𝑉, 𝐸) then 𝑁𝐸 (𝑢) = {𝑣 ∈ 𝑉 ∶ (𝑢, 𝑣) is an effective edge} is
called effective neighborhood of u. 𝑁𝐸 [𝑢] = 𝑁𝐸 (𝑢) ∪ {𝑢}is called the closed effective neighborhood of u.
Definition: 3.10 Thecomplement of a PFG 𝐺 = (𝑉, 𝐸) is a PFG𝐺̅ = (𝑉̅ , 𝐸̅ ) where
(i)
𝑉̅ = 𝑉
(𝜇
(ii)
̅̅̅̅)
̅̅̅̅)
̅̅̅̅)
1𝑖 = µ1𝑖 ; (𝜎
1𝑖 = 𝜎1𝑖 ; (𝜌
1𝑖 = 𝜌1𝑖 for all 𝑖 = 1,2, … , 𝑛.
𝜇2𝑖𝑗 = 𝜇1𝑖 ˄𝜇1𝑗 − 𝜇2𝑖𝑗 , ̅̅̅̅̅
̅̅̅̅̅
𝜎2𝑖𝑗 = 𝜎1𝑖 ˄ 𝜎1𝑗 − 𝜎2𝑖𝑗 and𝜌
̅̅̅̅̅
2𝑖𝑗 = 𝜌1𝑖 ˅𝜌1𝑗 − 𝜌2𝑖𝑗 for all 𝑖, 𝑗 = 1,2, … , 𝑛.
Definition: 3.11 A vertex 𝑢 ∈ 𝑉 of a PFG 𝐺 = (𝑉, 𝐸) is said to be an isolated vertexif µ2 (𝑢, 𝑣) = 0, 𝜎2 (𝑢, 𝑣) =
0 and𝜌2 (𝑢, 𝑣) = 0 for all 𝑣 ∈ 𝑉.i.e., 𝑁𝐸 (𝑢) = ∅. Thus, an isolated vertex does not dominate any other vertex in
G.
Definition: 3.12 If (𝑢, 𝑣) is an effective edge then udominatesvandv dominates u.
Remark 3.2 Let u be a vertex of a PFG G=(V,E). If𝑁𝐸 (𝑢) = ∅ , then every dominating set of G contains u.
Definition: 3.13 A subset D of V is called a dominating set in a PFGG if for every vertex 𝑣 ∈ 𝑉 – 𝐷, there exists
a vertex 𝑢 ∈ 𝐷 dominates v. A dominating set D of a PFGG=(V,E) is said to be minimal dominating set if for
each vertex 𝑣 ∈ 𝐷, 𝐷– {𝑣} is not a dominating set of G. The minimum cardinality among all dominating sets in
G is called the domination number of G and is denoted by 𝛾(𝐺) or simply 𝛾. The maximum cardinality among
all minimal dominating sets in G is called the upper domination number of G and is denoted by 𝛤(𝐺) or simply
𝛤.
Remark: 3.3:
1. Note that for any 𝑢, 𝑣 ∈ 𝑉. If u dominates v then v dominates u and hence domination is a
symmetric relation on V.
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2. For any 𝑢 ∈ 𝑉, 𝑁(𝑢)is precisely the set of all vertices in V which are dominated by u.
3. If µ2 (𝑢, 𝑣) < µ1 (𝑢)˄µ1 (𝑣), 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢) ˄ 𝜎1 (𝑣) 𝑎𝑛𝑑 𝜌2 (𝑢, 𝑣) < 𝜌1 (𝑢)˅𝜌1 (𝑣)
for all 𝑢, 𝑣 ∈ 𝑉 then the only dominating set of G is V.
Example: 3.1 Consider the PFG given in Fig.3. 𝐷1 = {𝑣1 , 𝑣2 }, 𝐷2 = {𝑣2 , 𝑣3 }, 𝐷3 = {𝑣3 , 𝑣4 }, 𝐷4 = {𝑣1 , 𝑣4 }are
minimal dominating sets in a PFG G=(V,E). Further a domination number of a PFG G is 𝛾(𝐺) =
𝑚𝑖𝑛{ |𝐷1 |, |𝐷2 |, |𝐷3 |, |𝐷4 |} = |𝐷3 | = |𝐷4 | = 0.5.
Remark: 3.4
1. Since {v} is a dominating set of a complete PFG Knfor all v ∈V we have
1+µ (𝑣)−σ (𝑣)−ρ (𝑣)

1
1
1
𝛾(𝐺) = 𝑚𝑖𝑛v ∈V {
}.
2
2. 𝛾(𝐺) = 𝑝if and only if µ2 (𝑢, 𝑣) < µ1 (𝑢)˄µ1 (𝑣), 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢)˄𝜎1 (𝑣) and
𝜌2 (𝑢, 𝑣) < 𝜌1 (𝑢)˅𝜌1 (𝑣) ∀ 𝑢, 𝑣 ∈ 𝑉. In particular 𝛾(𝐺̅ ) = 𝑝.
Definition: 3.14 Two vertices𝑢, 𝑣 ∈ 𝑉 in a PFG, G=(V,E) are said to be independent if
µ2 (𝑢, 𝑣) < µ1 (𝑢)˄µ1 (𝑣), 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢)˄𝜎1 (𝑣)𝑎𝑛𝑑 𝜌2 (𝑢, 𝑣) < 𝜌1 (𝑢)˅𝜌1 (𝑣).
Definition: 3.15 A subset S of V in a PFG, 𝐺 = (𝑉, 𝐸) is said to be independent set of G if
µ2 (𝑢, 𝑣) < µ1 (𝑢)˄ µ1 (𝑣) or 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢) ˄𝜎1 (𝑣)or𝜌2 (𝑢, 𝑣) < 𝜌1 (𝑢)˅ 𝜌1 (𝑣) for all 𝑢, 𝑣 ∈ 𝑆.
Remark: 3.5The set S is an independent set if and only if no two vertices of S are adjacent.
Definition: 3.16 An independent set S of a PFG G=(V,E) is said to be maximal independent set, if for every 𝑣 ∈
𝑉– 𝑆, the set 𝑆 ∪ {𝑣} is not independent.
Definition:3.17The maximum cardinality among all maximal independent set in G is called the upper
independence number of G and is denoted by 𝛽(𝐺).
The minimum cardinality among all maximal independent set in G is called the lower independence number of
G and is denoted by 𝑖(G).
Definition: 3.18Let 𝑒 = (𝑢, 𝑣) be an effective edge then u and e also v and e are incident with each other.
Definition: 3.19 A vertex v and an effective edge (𝑢, 𝑣) in a PFG G=(V,E) are said to be cover each other if
they are incident.
Definition: 3.20 A subset S of V in a PFG G=(V,E) which covers all edges in G is called a vertex covering set of
G. The minimum cardinality among all vertex covering set in G is called the vertex covering number of G and
is denoted by 𝛼(G).
Theorem: 3.1If a subset D ⊆V in a PFG G=(V,E) is an independent set of G then V – D is a vertex covering set
of G.
Proof: By the remark 3.5, If D is an independent set of G then no two vertices of D are adjacent and every
vertex of D is incident with at least one vertex of V – D. HenceV – D is a vertex covering set of G.
Theorem: 3.2 For any PFG G=(V,E) without isolated vertices, 𝛼(𝐺) + 𝛽(𝐺) = 𝑝.
Proof: Let S be an independent set of G and K is a vertex covering set of G such that |𝑆| = 𝛽(𝐺) and |𝐾| =
𝛼(𝐺). Then by theorem 3.1, if S is an independent set then V – S is a vertex covering set of G. Hence |𝐾| ≤
|𝑉 − 𝑆|. It implies 𝛼(𝐺) ≤ 𝑝 − 𝛽(𝐺)and 𝛼(𝐺) + 𝛽(𝐺) ≤ 𝑝--------------------------------(1).
Also by theorem 3.1, If V – Kis an independent set of Gthen V-(V-K) =K is a vertex cover set. Hence |𝑆| ≥
|𝑉 − 𝐾| ⇒ 𝛽(𝐺) ≥ 𝑝 − 𝛼(𝐺) ⇒ 𝛼(𝐺) + 𝛽(𝐺) ≥ 𝑝
--------------------------------(2).
From (1) and (2) we obtain 𝛼(𝐺) + 𝛽(𝐺) = 𝑝.
Theorem: 3.3 For any PFGG=(V,E), 𝛾(𝐺) + 𝛾(𝐺̅ ) ≤ 2𝑝 and equality holds if and only if
0 < µ2 (𝑢, 𝑣) < µ1 (𝑢)ᴧ µ1 (𝑣) , 0 < 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢) ᴧ 𝜎1 (𝑣)and0 < 𝜌2 (𝑢, 𝑣) < 𝜌1 (𝑢) ˅𝜌1 (𝑣)for all 𝑢, 𝑣 ∈ 𝑉.
Proof:Theinequality is trivial. Further 𝛾(𝐺) = 𝑝 if and only if𝜇2 (𝑢, 𝑣) < µ1 (𝑢)ᴧ 𝜇1 (𝑣),
𝜎2 (𝑢, 𝑣) <
̅̅̅̅̅̅̅̅̅̅
̅
(𝑢)ᴧ
(𝑣)
(𝑢,
𝜎1
𝜎1
and 𝜌2 𝑣) < 𝜌1 (𝑢) ᴠ 𝜌1 (𝑣) for all 𝑢, 𝑣 ∈ 𝑉, 𝛾(𝐺 ) = 𝑝 if and only if 𝜇2 (𝑢, 𝑣) =
̅̅̅̅̅̅̅̅̅̅
µ1 (𝑢)˄ µ1 (𝑣) − µ2 (𝑢, 𝑣), ̅̅̅̅̅̅̅̅̅̅
𝜎2 (𝑢, 𝑣) = 𝜎1 (𝑢) ˄ 𝜎1 (𝑣) − 𝜎2 (𝑢, 𝑣)
and
𝜌2 (𝑢, 𝑣) = 𝜌1 (𝑢)˅ 𝜌1 (𝑣) −
𝜌2 (𝑢, 𝑣)for all u, v ∈ V which is equivalent to µ2 (𝑢, 𝑣) > 0; 𝜎2 (𝑢, 𝑣) > 0 ; 𝜌2 (𝑢, 𝑣) > 0.
Hence𝛾(𝐺) + 𝛾(𝐺̅ ) = 2𝑝 if andonlyif 0 < µ2 (𝑢, 𝑣) < µ1 (𝑢)˄ µ1 (𝑣), 0 < 𝜎2 (𝑢, 𝑣) < 𝜎1 (𝑢)˄ 𝜎1 (𝑣).
Theorem: 3.4A dominating set D of a PFG, G=(V,E) is a minimal dominating set if and only if for each 𝑢 ∈ 𝐷
one of the following conditions holds
(i)
u is not a effective neighbor of any vertex in D.
(ii)
There is a vertex 𝑣 ∈ 𝑉 – 𝐷 such that𝑁𝐸 (𝑣) ∩ 𝐷 = {𝑢}.
Proof: Let D be minimal dominating set of G. Then for every 𝑢 ∈ 𝐷, 𝐷– {𝑢} is not a dominating set of G and
hence there exists a vertex 𝑣 ∈ 𝑉– (𝐷 – {𝑢}) which is not dominated by any vertex in 𝐷– {𝑢}.
Case(i) If 𝑣 = 𝑢, we get, u is not an effective neighbor of any vertex in D.
Case (ii)If 𝑣 ≠ 𝑢, v is not dominated by 𝐷– {𝑣}, but is dominated by D, then the vertex v is effective neighbour
only to u in D. That is,𝑁𝐸 (𝑣) ∩ 𝐷 = {𝑢}.
Conversely, assume that D is dominating set and for each vertex 𝑢 ∈ 𝐷, one of the two conditions holds.
Suppose D is not a minimal dominating set, then there exists a vertex 𝑢 ∈ 𝐷, 𝐷 − {𝑢} is a dominating set.
Hence u is a effective neighbor to at least one vertex in 𝐷– {𝑢}, then condition (i) does not hold. If 𝐷– {𝑢} is a
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dominating set then every vertex in 𝑉– 𝐷 is a effective neighbour to at least one vertex in 𝐷– {𝑢}, then second
condition does not hold which contradicts to our assumption that at least one of this conditions holds. Hence D
is a minimal dominating set.
Theorem: 3.5 Let G=(V,E) be a PFG without isolated vertices. Let D be a minimal dominating set of G. Then
𝑉 – 𝐷 is a dominating set of G.
Proof: Let u be any vertex in D. Since G has no isolated vertices, then there is a vertex 𝑣 ∈ 𝑁(𝑢). It follows
from Theorem 3, that 𝑣 ∈ 𝑉 − 𝐷. Thus every element of D is dominated by some element of 𝑉 – 𝐷, and 𝑉 – 𝐷
is a dominating set of G.
Theorem: 3.6 An independent set D of a PFG G=(V,E) is a maximal independent set of G if and only if it is
independent and dominating set.
Proof: Let D be a maximal independent set in PFG, G=(V,E) and hence for every vertex 𝑣 ∈ 𝑉– 𝐷, the set 𝐷 ∪
{𝑣} is not independent. For every vertex 𝑣 ∈ 𝑉 − 𝐷 , there is a vertex 𝑢 ∈ 𝐷 such that µ2 (𝑢, 𝑣) =
µ1 (𝑢)˄µ1 (𝑣), 𝜎2 (𝑢, 𝑣) = 𝜎1 (𝑢)˄𝜎1 (𝑣), 𝜌2 (𝑢, 𝑣) 𝜌1 (𝑢) ˅ 𝜌1 (𝑣).Thus D is a dominating set. Hence D is both
dominating and independent set.
Conversely, assume D is both independent and dominating. Suppose D is not maximal independent, then there
exists a vertex𝑣 ∈ 𝑉 – 𝐷, the set 𝐷 ∪ {𝑣} is independent. If 𝐷 ∪ {𝑣} is independent then no vertex in D is
effective neighbor to v. Hence D can’t be a dominating set, which is a contradiction to our assumption. Hence D
is a maximalindependent set.
Theorem: 3.7 Every maximal independent set D in a PFG, G = (V,E) is a minimal dominating set.
Proof:Let D be a maximal independent set in a PFG, G=(V,E). By theorem 5, D is a dominating set. Suppose D
is a minimal dominating set, then there exists at least one vertex 𝑣 ∈ 𝐷for whichD – {v} is a dominating set.
But if 𝐷– {𝑣}dominates 𝑉– {𝐷– {𝑣}}, then at least one vertex in D – {v} must be strong neighbor to v. This
contradicts the fact that Dis an independent set of G. Therefore, D must be a minimal dominating set.
IV. Bounds on domination number in picture fuzzy graphs
In this chapter, the bounds on domination numbers are determined for some standards picture fuzzy graphs.
Theorem: 4.1If 𝐾𝑛 is a complete graph PFG with n vertices with order p, then 𝛾(𝐾𝑛 ) = 1.
Proof: Every vertexof𝐾𝑛 dominates all other vertices, since every vertex in 𝐾𝑛 is an effective edge. Hence
𝛾(𝐾𝑛 ) = 1.
Theorem: 4.2 For any effective picture fuzzy graph G of order p, 𝛾(𝐺) ≤ 𝑝/2.
Proof: By theorem 3.5,if G is a minimum dominating set then V-D is also a dominating set. Hence 𝛾(𝐺) =
min{|𝑉|, |𝑉 − 𝐷|} ≤ 𝑝/2.
Theorem: 4.3 For any PFG G=(V,E), 𝛾(𝐺) ≤ 𝑝 − ∆𝐸 (𝐺).
Proof: Let v be a vertex in a PFG, G=(V,E) such that 𝑑𝐸 (𝑣) = ∆𝑁 (𝐺). Then 𝑉 – 𝑁𝐸 (𝑣) is a dominating set of
G, so that 𝛾(𝐺) ≤ | 𝑉 – 𝑁(𝑣) | = 𝑝 − ∆𝐸 (𝐺).
Remark: 4.1 In a PFG G=(V,E) every vertex covering set of G is a dominating set of G but a dominating set
need not be a vertex covering set.
Theorem: 4.4For any PFG 𝐺 = (𝑉, 𝐸), 𝛾(𝐺) ≤ 𝑝 – 𝛽(𝐺) where 𝛽(G) is an independence number of G.
Proof: Let D be a maximal independent set in G. Then by theorem1, 𝑉 – 𝐷 is a vertex covering set of G and
hence a dominating set of G. Then 𝛾(𝐺) ≤ | 𝑉 – 𝐷 | = 𝑝 − 𝛽(𝐺).
Corollary: 4.1 For any PFG G=(V,E) ), 𝛾(𝐺) ≤ 𝛼(𝐺).
Theorem: 4.5For any PFG G=(V,E) without isolated vertices, 𝛾(𝐺) = 𝛼(𝐺) if and only if there exists a
minimum dominating set D of G such that V – D is an independent.
Proof: Let 𝑉 – 𝐷 be an independent set, then D is a vertex cover of Gand 𝛼(𝐺) ≤ |𝐷| = 𝛾(𝐺). Now by the
above corollary 𝛾(𝐺) ≤ 𝛼(𝐺). Hence 𝛾(𝐺) = 𝛼(𝐺).
Conversely, let ,𝛾(𝐺) = 𝛼(𝐺) and let S be any vertex covering set of G such that |𝑆| = 𝛼(𝐺). Then 𝑉 – 𝑆 is an
independent set and this implies that S is a dominating set of G. Also |𝑆| = 𝛼(𝐺) = 𝛾(𝐺), then S is a minimum
dominating set of G.
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Abstract: In the past 50 years, knot theory, a branch of three dimensional geometry has become an
extremely well-developed subject. In knot theory, the most important connection results are derived from a
construction that assigns to the fundamental group of the knot. In this article knot groups are developed
using combinatorial methods. The aim is to highlight and provide a brief survey of what is known as well as
to discuss what we still do not understand. This paper is intend to understand knot theory through a
discussion of research problems.Each section deals with a speciﬁc problem, or with an area in which
problems exist, In fact, one of the attractions of knot theory is its extensive interactions with many diﬀerent
branches of mathematics: 3-manifold topology, hyperbolic geometry, gauge theory, mathematical physics,
geometric group theory, graph theory and many other ﬁelds. The results reﬂect few problems in graph
theory (such as the tricolour , four color problem) that are really problems in the theory of knots. As a
result we analyze the possible symmetry groups of two component links and its properties.
Keywords: Symmetric Groups, Knot Groups, Linking Number

I. Introduction
Knot theory is an appealing subject because the objects studied are familiar in everyday physical space.
Although the subject matter of knot theory is familiar to everyone and its problems are easily stated, arising not
only in many branches of mathematics, but also in such diverse ﬁelds as biology, chemistry, and physics, it is
often unclear how to apply mathematical techniques even to the most basic problems. It therefore seems
reasonable to explore the subject initially by applying the most humble methods to few examples.
II. Preliminaries
We provide some definitions in this section to help us
operations.

in understanding the language of knots, and its

A. Knot
The intuitive notion of a knot is that of a knotted loop of rope. A knot is a closed, one dimensional, and nonintersecting curve in three dimensional space. From a more set-theoretic standpoint, a knot is a homeomorphism
that maps a circle into three dimensional space. Such a curve consists of a continuous function f : [0,1]→R 3 with
f(0) = f(1) and with f(x) = f(y) implying one of three possibilities:
1. x = y
2. x = 0 and y = 1
3. x = 1 and y = 0
This definition of Knot indulges some error into our studies. So we intend to introduce the concept of
diﬀerentiability or to use polygonal curves instead of diﬀerentiable ones in the deﬁnition.
.Mathematically, A knot is a simple closed polygonal curve in R 3. The ordered set (p1,p2,...,pn) deﬁnes a knot;
the knot being the union of the line segments [p1,p2], [p2,p3], ..., [pn−1,pn], and [pn,p1].
B. Knot Projection
A knot projection is called a regular projection if no three points on the knot project to the same point, and no
vertex projects to the same point as any other point on the knot.
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C.

Homeomorphism

A homeomorphism is generally considered to be an additive and continuous function. Additive refers to the
following property: g(A + B)=g(A) + g(B)
D. Isotopy
An isotopy, is a continuous deformation of a knot or link. This represents the rubber-sheet geometry aspect of
topology, where the knot or link may bebent, twisted, stretched, or pulled. Under no circumstances, however,
may the curve be allowed to intersect itself or be cut.
E. Isotopic Class
Any group knots or links are considered ambiently isotopic or isotopic if there exists an ambient isotopy
between them. Such a group is called an isotopic class. All members of an isotopic class, called projections,
areconsidered to be the same knot or link.
F. Unknot
The unknot, also known as the trivial knot, is simply a circle embedded in thr ee-dimensional space with no
crossings and all other projections of the same isotopic class. The circle and the figure-eight are both considered
unknots.
G. Symmetries of Links
The symmetry group of a link L is a well-studied construction in knot theory. It is deﬁned to be the mapping
class group(MCG) of the pair (S3,L) and is frequently denoted Sym(L).
The image of the group homomorphism π :Sym(L) = MCG(S 3,L) → MCG(S3)×MCG(L) intrinsic link
symmetries, where we focus upon the action on L itself and only record the orientation of the ambient S 3.
II.

Methodology

A. Proposition :
Permuting the Components in the symmetries of Links.
Proof:
Given a link L consistingof µ oriented knots in S3, we may order the knots so that
L = K1 ∪ K2 ∪···∪ Kµ. Consider the following operations on L:
i)
Permuting the Ki
ii)
Reversing the orientation of any set of Ki’s
iii)
Reversing the orientation on S3 (mirroring L)
Let ϒ be a combination of any of the moves (1), (2), or (3).
𝜇+1
Consider ϒ = (Є0, Є1, .... Єµ,p) as an element of the set 𝑍2 𝑥 𝑆𝜇 in the following way.
−1,
𝑖𝑓 𝛾 𝑚𝑖𝑟𝑟𝑜𝑟𝑠 𝐿
Let ∈0 = {
+1, 𝑖𝑓 𝛾 𝑑𝑜𝑠 𝑛𝑜𝑡 𝑚𝑖𝑟𝑟𝑜𝑟𝑠 𝐿
and
−1,
𝑖𝑓 𝛾 𝑟𝑒𝑣𝑒𝑟𝑠𝑒𝑠 𝑡ℎ𝑒 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐾𝑝(𝑖)
+1, 𝑖𝑓 𝛾 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡𝑟𝑒𝑣𝑒𝑟𝑠𝑒𝑠 𝑡ℎ𝑒 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝐾𝑝(𝑖)
Lastly, let p Є Sµ be the permutation of the Ki associated to ϒ.
Obviously permuation p permutes the labels of the components
The components originally labelled i will be labelled p(i) after the action of ϒ
𝜇+1
For each element, 𝛾 𝑖𝑛 𝑍2 𝑥 𝑆𝜇 , we define
∈𝑖 = {

𝜇

𝛾

𝐿 = 𝛾(𝐿) =

(∗)
𝜖1 𝐾𝑝(1)

∪

(∗)
𝜖2 𝐾𝑝(2) … …

(∗)
𝜖𝜇 𝐾𝑝(𝜇)

(∗)

= ⋃ 𝜖𝑖 𝐾𝑝(𝑖)
𝑖=1

where - Ki is Ki with orientation reversed, Ki* is the mirror image of Ki and the (*) appears above if and only if
(∗)
Є0 = -1. Note that the i-th component of 𝛾(𝐿) is 𝜖𝑖 𝐾𝑝(𝑖) , posibily the reversed or mirrored p(i)-th component of
L. Since we are applying Єi instead of Єp(i) to Kp(i), we are taking the convention of first permuting and then
reversing the appropriate components.
B. Proposition :
Let ϒ Є Sn and p, q Є [ 1, n]. Then ϒ can be expressed as αβ where α is a p-cycle and β is a q-cycle in Sn, if
and only if 𝜗(𝛾) ≥ 2𝑛 − 𝑝 − 𝑞 𝑎𝑛𝑑 𝜗(𝛾) ≡ (2𝑛 − 𝑝 − 𝑞)𝑚𝑜𝑑 2 >2n -p -q , where 𝜗(𝛾) = 𝑛 − 𝑟, r is the
total number of cycles in the cycle decomposition of ϒ
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Proof:
Let α, β Є Sn be commuting permutations.
Then one forms α0 by grouping together the cycles of α which move elements of supp(α) -supp(β). Similarly
one forms β0 by grouping together the cycles of β which move elements of supp(β) -supp(α).
The remainder of the decomposition is achieved by grouping the remaining cycles of α and of β, according to
the partition of supp( α) ꓵ supp(β) into domains of transitivity under (α, β).
𝑚
Then one can decompose α and β as products 𝛼 = 𝛼0 ∏𝑚
𝑖=1 𝛼𝑖 𝑎𝑛𝑑 𝛽 = 𝛽0 ∏𝑖=1 𝛽𝑖 such that
i)
Supp(αi) ꓵ Supp (αj) = ø , and Supp(βi) ꓵ Supp (βj) = ø, for i ≠ j
ii)
Supp(αi) = Supp (βi), i ≥ j
This result is used only in the case when ϒ is a product of two disjoint cycles.
III. Numerical Illustration
A. A trefoil knot is invertible
Solution:
Let L = 31 be a trefoil knot.
It is well known that L ∼−L and L∗ ∼−L∗, but L ≈ L∗.
So we have Σ(31) = {(1,1,e),(1,−1,e)}.
This means that the two cosets of Σ(31) are {(1,1,e), (1,−1,e)} and {(−1,−1,e), (−1,1,e)}, and there are two
isotopy classes of 31 knots.
A trefoil knot is thus invertible.
B. Prove 𝑳 = 𝟖𝟐𝟏𝟐 has order four or less
Solution:
2
Let 𝐿 = 812
, whose components are an unknot K1 and a trefoil K2.
We know that Γ2 = Z2 ×(Z2 ×Z2 xS2) is a non abelian 16 element group.
2 )
Since the components K1 and K2 are of different knot types, we conclude that no symmetry in ∑(812
can
contain the permutation(12).
2
Here certain symmetries are impossible for alternating links with non zero self-writhe, such as 812
. In
particular, such a link never admits a symmetry that reverses the ambient orientation, i.e., one with Є0 = −1.
Together with these two obstructions, it ruled out 12 of the 16 elements in Γ 2 .
2 )
So we may conclude that ∑(812
has order four or less.
IV. Conclusion
In this article an attempt has been made to provide the prime, nontrivial examples for symmetry groups of two
component links. In future, it is proposed to complete the set of examples for alternating, non split twocomponent links.
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Abstract: Quadratic programming has been extensively applied to solve real world problems. The
conservative quadratic programming model requires the parameters to be known constants. In the real
world, however, the parameters are seldom known precisely and have to be expected. This paper presents a
new method to solve intuitionistic fuzzy quadratic programming problems (IFQPP) where the cost
coefficients, constraint coefficients, and the right hand side coefficients are represented by hexagonal
intuitionistic fuzzy numbers. Here the approach is on the basis of 𝛼 and 𝛽-cutsets of intuitionistic fuzzy
numbers and the intuitionistic fuzzy number quadratic programming problems are reduced to interval
valued intuitionistic fuzzy quadratic programming problems at different levels of 𝛼 and 𝛽 and hence
transformed to interval valued intuitionistic fuzzy linear complementarity problems(IFLCP). Furthermore,
modified arithmetic operations on interval valued intuitionistic fuzzy numbers with proposed division
operation and interval arithmetic operations are used and an algorithm is proposed to solve the formulated
model. Finally, a numerical example is given to illustrate the efficiency of the proposed method.
Keywords: Intuitionistic Fuzzy Quadratic programming problem, Intuitionistic Fuzzy Linear
Complementarity problem, hexagonal intuitionistic fuzzy numbers, Interval Valued Intuitionistic
Fuzzy numbers, Lemke’s method.
I. Introduction
Many practical problems cannot be characterised by linear programming model. Therefore, The first major
development was the fundamental paper by Kuhn-Tucker in 1951 [5] which laid the foundations for a good deal
of later work in nonlinear programming. The linear complementarity problem (LCP) is a well known problem in
mathematical programming and it has been studied by many researchers. Lemke [5] suggested a
complementarity pivoting algorithm for solving linear complementarity problems. Since, the KKT conditions
for quadratic programming problems can be written as a LCP, Lemke’s algorithm can be used to solve quadratic
programs. In 1974, K. G. Murty [6] proposed a complementarity pivoting algorithm for solving linear
complementarity problems. Tong Shaocheng [10] focused on the fuzzy linear programming problems with
interval numbers.
This paper provides a new technique for solving intuitionistic fuzzy quadratic programming problem(IFQPP)
by converting it into an intuitionistic fuzzy linear complementarity problem(IFLCP). Here the approach is on
the basis of α and β cut sets of hexagonal intuitionistic fuzzy numbers(HIFNS) and the hexagonal intuitionistic
fuzzy number linear complementarity problems are reduced into interval valued intuitionistic fuzzy number
linear complementarity problems. The hexagonal intuitionistic fuzzy Number is represented by the six
parameters such as a, b, c, d, e and f, where a and b are denoted by the smallest possible values (decreasing
order), c, d the most promising value and d, e the largest possible value (increasing order) respectively. Each
number in the pair wise comparison represented the vague judgments. Then, the diﬀerent levels of α and β are
calculated for verifying the optimal solution. This paper is also focused to use the extension of the existing
interval valued fuzzy arithmetic operations(Timothy[9]) and the modified interval valued intuitionistic fuzzy
arithmetic operations based on Ganesan et al.[4] with the proposed division operation in a comparative
approach.
The paper is organized as follows: Section 2 introduces hexagonal intuitionistic fuzzy numbers, interval valued
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intuitionistic fuzzy numbers, extension of interval arithmetic, extension of modified arithmetical operations for
interval valued intuitionistic numbers (IVIFNS) with proposed division operation and proposed ratio ranking
between interval valued intuitionistic numbers (IVIFNS). Intuitionistic fuzzy linear complementarity problem
is described in Section 3 and Section 4 deals with an algorithm for solving a intuitionistic fuzzy linear
complementarity problem. In section 5, the conversion of IFQPP to IFLCP is discussed. In Section 6, the
effectiveness of the proposed method is illustrated by means of an example. Finally, section 7 contains some
concluding remarks.
II. Preliminaries
This section introduces the preliminary notations of the area of intuitionistic fuzzy set theory .
2.1.Definition[1]:
Given a fixed set X={x1,x2,……,xn} , an intuitionistic fuzzy set(IFS) is defined as 𝐴̃𝐼 = {〈𝑥𝑖 , µ𝐴̃𝐼 (𝑥𝑖 ), 𝜗𝐴̃𝐼 (𝑥𝑖 )〉/
𝑥𝑖 𝜖𝑋} which assigns to each element 𝑥𝑖 , a membership
degree µ𝐴̃𝐼 (𝑥𝑖 ) and a non-membership degree
𝜗𝐴̃𝐼 (𝑥𝑖 ) under the condition 0 ≤ µ𝐴̃𝐼 (𝑥𝑖 ) + 𝜗𝐴̃𝐼 (𝑥𝑖 ) ≤ 1 , for all 𝑥𝑖 ∈ X .
2.2. Definition[1]:
Let D[0, 1] be the set of all closed subintervals of the interval [0, 1] and X(= Ø) be a given set. An interval valued
intuitionistic fuzzy set[IVIFS] 𝐴̃𝐼 in X is defined as 𝐴̃𝐼 = {〈𝑥𝑖 , µ𝐴̃𝐼 (𝑥𝑖 ), 𝜗𝐴̃𝐼 (𝑥𝑖 )〉/𝑥𝑖 𝜖𝑋}, where µ𝐴̃𝐼 (𝑥𝑖 ) : X →
D[0, 1], 𝜗𝐴̃𝐼 (𝑥𝑖 ) : X → D[0, 1] with the condition 0 ≤ sup(µ𝐴̃𝐼 (𝑥𝑖 ) + sup 𝜗𝐴̃𝐼 (𝑥𝑖 ) ≤ 1 for any x ∈ X.

2.3. Definition:
A hexagonal intuitionistic fuzzy number(HITN) 𝐴̃𝐼 is an intuitionistic fuzzy set in R with the following
membership function 𝜇𝐴̃𝐼 [𝑥] and non-membership function 𝓋𝐴̃𝐼 [𝑥]
1
,𝑥 < 𝑎
0
,𝑥 < 𝑎
𝑥−𝑎
2𝑏−𝑎−𝑥
,𝑎 ≤ 𝑥 ≤ 𝑏
,𝑎 ≤ 𝑥 ≤ 𝑏
2𝑏−2𝑎
1
2

+(

𝑥−𝑏
2𝑐−2𝑏

)

1

𝜇𝐴̃𝐼 [𝑥] =

, 𝑐≤𝑥≤𝑑

1−(

𝑥−𝑑
2𝑒−2𝑑

𝑓−𝑥
2𝑓−2𝑒

1

,𝑏 ≤ 𝑥 ≤ 𝑐
), 𝑑 ≤ 𝑥 ≤ 𝑒
,𝑒 ≤ 𝑥 ≤ 𝑓

2

and 𝓋𝐴̃𝐼 [𝑥] =

2𝑏−2𝑎
𝑥−𝑏

−(

2𝑐−2𝑏

0
𝑥−𝑑
2𝑒−2𝑑
𝑥−2𝑒+𝑓
2𝑓−2𝑒

) ,𝑏 ≤ 𝑥 ≤ 𝑐
,𝑐 ≤ 𝑥 ≤ 𝑑
,𝑑 ≤ 𝑥 ≤ 𝑒
, 𝑒≤𝑥≤𝑓

{
0
,𝑥 > 𝑓
{
1
,𝑥 > 𝑓
where 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑 ≤ 𝑒 ≤ 𝑓 and 𝜇𝐴̃𝐼 (𝑥) + 𝓋𝐴̃𝐼 (𝑥) ≤1 or 𝜇𝐴̃𝐼 (𝑥) = 𝓋𝐴̃𝐼 (𝑥), for all 𝑥 R . This HITN is
denoted by 𝐴̃𝐼 ={( 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓),𝜇𝐴̃𝐼 (𝑥), 𝓋𝐴̃𝐼 (𝑥)} . Throughout this paper, HITN is denoted by
𝐴̃𝐼 = {(𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓),1,0}.
Figure 1 Hexagonal intuitionistic fuzzy number(HITN)

2.4. Definition:
An (𝛼, 𝛽)- cut set of a intuitionistic fuzzy number is defined as 𝐴̃𝐼𝛼,𝛽 = {x/𝜇𝐴̃𝐼 (𝑥) ≥ 𝛼, 𝓋𝐴̃𝐼 (𝑥) ≤ 𝛽}, where 0 ≤
𝛼 ≤ 1; 0 ≤ 𝛽 ≤ 1 and 0 ≤ 𝛼 + 𝛽 ≤ 1.
2.5. Definition:
If 𝐴̃𝐼 ={( 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓),𝜇𝐴̃𝐼 (𝑥), 𝓋𝐴̃𝐼 (𝑥)} is a hexagonal intuitionistic fuzzy number, we will let 𝐴̃𝐼 [α,β] = {[𝐴−𝛼
, 𝐴+𝛼 ];[ 𝐴𝛽− , 𝐴𝛽+ ]} where [𝐴−𝛼 , 𝐴+𝛼 ]=[𝑎 + 2𝛼(𝑏 − 𝑎), 𝑓 − 2𝛼(𝑓 − 𝑒)] be the closed interval which is a 𝛼-cut for
1
𝐴̃𝐼 in 0≤ 𝛼 ≤ and where [ 𝐴𝛽− , 𝐴𝛽+ ]=[(2𝑏 − 𝑎 )-2𝛽(𝑏 − 𝑎),(2𝑒 − 𝑓) + 2𝛽(𝑓 − 𝑒)] be the closed interval
2

which is a 𝛽 -cut for 𝐴̃𝐼 in

1
2

≤ 𝛽 ≤ 1 and also we will let 𝐴̃𝐼 [α,β] = { [𝐴−𝛼 , 𝐴+𝛼 ] ; [ 𝐴𝛽− , 𝐴𝛽+ ]} where [𝐴−𝛼
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1
, 𝐴+𝛼 ]=[(2𝑏 − 𝑐) + 2𝛼(𝑐 − 𝑏), (2𝑒 − 𝑑) − 2𝛼(𝑒 − 𝑑)] be the closed interval which is a 𝛼-cut for 𝐴̃𝐼 in ≤ 𝛼 ≤
2
1 and where [ 𝐴𝛽− , 𝐴𝛽+ ]=[𝑐 − 2𝛽(𝑐 − 𝑏), 𝑑 + 2𝛽(𝑒 − 𝑑)] be the closed interval which is a 𝛽-cut for 𝐴̃𝐼 in 0 ≤
1
𝛽 ≤ . A positive interval valued intuitionistic fuzzy number is denoted as ̃{[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]} where all ai’s
2
̃ 1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]}
and𝑎𝑖′ ’s > 0 for all i=1, 2. A negative interval valued intuitionistic fuzzy number is denoted as {[𝑎
′
where all ai’s and 𝑎𝑖 ’s < 0 for all i=1, 2.

2.6. Interval arithmetic operations on Intuitionistic fuzzy number:
The existing interval arithmetic operations on fuzzy numbers[9] are extended to intuitionistic fuzzy numbers
and are given below:
Let 𝐴̃𝐼 = {[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]} and 𝐵̃ 𝐼 = {[𝑏1 , 𝑏2 ]; [ 𝑏1′ , 𝑏2 ′]} be two interval valued intuitionistic fuzzy
numbers. Then the various arithmetic operations are
(i)
Addition:𝐴̃𝐼 + 𝐵̃ 𝐼 = {[𝑎1 + 𝑏1 , 𝑎2 + 𝑏2 ]; (𝑎1′ + 𝑏1′ , 𝑎2′ + 𝑏2′ )}
(ii)

Subtraction:𝐴̃𝐼 − 𝐵̃ 𝐼 = {[𝑎1 − 𝑏2 , 𝑎2 − 𝑏1 ]; [𝑎1′ − 𝑏2′ , 𝑎2′ − 𝑏1′ ]}
[or]
{[𝑎1 − 𝑏1 , 𝑎2 − 𝑏2 ]; [𝑎1′ − 𝑏1′ , 𝑎2′ − 𝑏2′ ]},
′

′

provided that, D[𝐴̃𝐼 ] ≥ D[𝐵̃ 𝐼 ] and D[𝐴̃𝐼 ] ≥ D[𝐵̃ 𝐼 ], where D[𝐴̃𝐼 ] =
′

𝑎2 −𝑎1

, D[𝐵̃ 𝐼 ] =

2

′

𝑏2 −𝑏1
2

′

, D[𝐴̃𝐼 ] =

𝑎2′ −𝑎1′
2

′
𝑏 −𝑏
and D[𝐵̃𝐼 ] = 2 1 . Here D denotes difference point of an interval valued intuitionistic fuzzy number.
2
(iii)
Multiplication: 𝐴̃𝐼 X𝐵̃ 𝐼 = {[min[𝑎1 𝑏1 , 𝑎1 𝑏2 , 𝑎2 𝑏1 , 𝑎2 𝑏2 ], max[𝑎1 𝑏1 , 𝑎1 𝑏2 , 𝑎2 𝑏1 , 𝑎2 𝑏2 ]];
[min [𝑎1′ 𝑏1′ , 𝑎1′ 𝑏2′ , 𝑎2 ′𝑏1′ , 𝑎2 ′𝑏2 ′],
max[𝑎1′ 𝑏1′ , 𝑎1′ 𝑏2′ , 𝑎2 ′𝑏1′ , 𝑎2 ′𝑏2 ′]]}
𝑎
𝑎
𝑎
𝑎
𝑎
𝑎
𝑎
𝑎
𝑎′ 𝑎′ 𝑎′ 𝑎′
𝑎′ 𝑎′ 𝑎′ 𝑎′
(iv)
Division: ̃𝐴𝐼 /𝐵̃ 𝐼 = {[min[ 1 , 1 , 2 , 2 ],max [ 1 , 1 , 2 , 2 ]]; [min [ 1′ , 1′ , 2′ , 2′ ], max[ 1′ , 1′ , 2′ , 2′ ]]}

𝑏1 𝑏2 𝑏1 𝑏2

𝑏1 𝑏2 𝑏1 𝑏2

𝑏1 𝑏2 𝑏1 𝑏2

𝑏1 𝑏2 𝑏1 𝑏2

[or]
𝑎

𝑎

{[ 1 , 2 ];[
𝑏1 𝑏2

𝑎1′ 𝑎2′
𝑏1′

, ′ ]}, provided that,│
𝑏2

′

D[𝐴̃𝐼 ]
│≥
M[𝐴̃𝐼 ]

′

D[𝐵̃𝐼 ]
│;
M[𝐵̃𝐼 ]

│
′

′

│

D[𝐴̃𝐼 ]

′

│≥ │

′
M[𝐴̃𝐼 ]

D[𝐵̃𝐼 ]

│,

′
M[𝐵̃𝐼 ]

′

′
′
𝑎 +𝑎
𝑏 +𝑏
𝑎 +𝑎
𝑏 +𝑏
where M[𝐴̃𝐼 ] = 2 1 ,M[𝐵̃ 𝐼 ] = 2 1 , M[𝐴̃𝐼 ] = 2 1 and M[𝐵̃ 𝐼 ] = 2 1 . Here M denotes mid value of an
2
2
2
2
interval valued intuitionistic fuzzy number.
{[𝜆𝑎1 , 𝜆𝑎2 ]; [λ𝑎1′ , λ𝑎2′ ]}, for λ ≥ 0
(v)
Scalar multiplication: Let 𝜆 ∈ R. Then 𝜆𝐴̃𝐼 ={
{[λ𝑎2 , λ𝑎1 ]; [ 𝜆𝑎2′ , 𝜆𝑎1′ ]}, for λ < 0

2.7. Modified interval arithmetic operations on interval valued intuitionistic fuzzy numbers:
K.Ganesan et al.[4] developed the modified arithmetic operations on interval fuzzy numbers. These operations
are extended here for interval valued intuitionistic fuzzy numbers.
Any interval valued intuitionistic fuzzy number 𝐴̃𝐼 = {[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]} is alternatively represented as
𝐼
̃
𝐴 ={[𝑚1 (𝐴̃𝐼 ), 𝑤1 (𝐴̃𝐼 )]; [𝑚1, (𝐴̃𝐼 ), 𝑤1, (𝐴̃𝐼 )]}, where 𝑚1 (𝐴̃𝐼 ), 𝑚1, (𝐴̃𝐼 ) are the mid-points and 𝑤1 (𝐴̃𝐼 ), 𝑤1, (𝐴̃𝐼 ) are
𝑎 +𝑎
𝑎 −𝑎
the half-widths of an interval valued intuitionistic fuzzy number 𝐴̃𝐼 . i.e., 𝑚1 (𝐴̃𝐼 ) = 1 2 , 𝑤1 (𝐴̃𝐼 ) = 2 1 ,
′

′

′

2

′

2

𝑎 +𝑎
𝑎 −𝑎
𝑚1, (𝐴̃𝐼 ) = 1 2 and 𝑤1, (𝐴̃𝐼 ) = 2 1 .
2
2
Let 𝐴̃𝐼 = {[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]} and 𝐵̃ 𝐼 = {[𝑏1 , 𝑏2 ]; [ 𝑏1′ , 𝑏2 ′]} be two interval valued intuitionistic fuzzy
𝑎 +𝑎

𝑎′ +𝑎′

𝑏 +𝑏

𝑏 ′ +𝑏 ′

numbers. Then 𝑚1 = 1 2 , 𝑚2 = 1 2 , 𝑚1′ = 1 2 and 𝑚2′ = 1 2 .
2
2
2
2
(i)
Addition: 𝐴̃𝐼 + 𝐵̃ 𝐼 = {[(𝑚1 + 𝑚2 − 𝑘); (𝑚1 + 𝑚2 + 𝑘)]; [(𝑚1′ + 𝑚2′ − 𝑘 ′ ), (𝑚1′ + 𝑚2′ + 𝑘 ′ )]},
(ii)

[𝑏 ′ +𝑎′ ]−[𝑏 ′ +𝑎′ ]

[𝑏2 +𝑎2 ]−[𝑏1 +𝑎1 ]

, 𝑘′ = 2 2 1 1 .
2
2
Subtraction: 𝐴̃𝐼 − 𝐵̃ 𝐼 = {[(𝑚1 − 𝑚2 − 𝑘); (𝑚1 − 𝑚2 + 𝑘)]; [(𝑚1′ − 𝑚2′ − 𝑘 ′ ), (𝑚1′ − 𝑚2′ + 𝑘 ′ )]},

where 𝑘 =

[𝑏 ′ +𝑎′ ]−[𝑏 ′ +𝑎′ ]

[𝑏 +𝑎 ]−[𝑏 +𝑎 ]

where 𝑘 = 2 2 1 1 , 𝑘 ′ = 2 2 1 1 .
2
2
(iii)
Multiplication: 𝐴̃𝐼 𝑋 𝐵̃𝐼 = {[(𝑚1 𝑚2 − 𝑘); (𝑚1 𝑚2 + 𝑘)]; [(𝑚1′ 𝑚2′ − 𝑘 ′ ), (𝑚1′ 𝑚2′ + 𝑘 ′ )]},
where 𝑘 = min{[𝑚1 𝑚2 − 𝛼, 𝛽 − 𝑚1 𝑚2 ]}, 𝛼 = min[𝑎1 𝑏1 , 𝑎1 𝑏2 , 𝑎2 𝑏1 , 𝑎2 𝑏2 ], 𝛽 = max[𝑎1 𝑏1 , 𝑎1 𝑏2 , 𝑎2 𝑏1 , 𝑎2 𝑏2 ],
𝑘 ′ = min{[𝑚1, 𝑚2′ − 𝛼, 𝛽 − 𝑚1, 𝑚2′ ]}, 𝛼 ′ = min[𝑎1′ 𝑏1′ , 𝑎1′ 𝑏2′ , 𝑎2′ 𝑏1′ , 𝑎2′ 𝑏2′ ], 𝛽 ′ = max[𝑎1′ 𝑏1′ , 𝑎1′ 𝑏2′ , 𝑎2′ 𝑏1′ , 𝑎2′ 𝑏2′ ]
1
1
1
1
(iv)
Inverse:1/𝐴̃𝐼 ={[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]}−1 ={[ − 𝑘, + 𝑘]; [ ′ − 𝑘 ′ , ′ + 𝑘 ′ ]},
𝑚1

Where 𝑘 = min{
𝑎1 , 𝑎2 , 𝑎1′ , 𝑎2′

1

(

𝑎2 −𝑎1

𝑎2 𝑎1 +𝑎2

and 0 ∉

),

1
𝑎1

(

𝑎2 −𝑎1

′

)} , 𝑘 = min{

𝑎1 +𝑎2
{[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]}.
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1 𝑎2′ −𝑎1′

(

𝑎2′ 𝑎1′ +𝑎2′

𝑚1
𝑚1
1 𝑎2′ −𝑎1′

),

𝑎1′

(

𝑎1′ +𝑎2′

)}

for all positive real numbers
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If 𝑎1 , 𝑎1′ < 0, 𝑎1 = 𝑎1′ , ⎸ 𝑎1 ⎸ < ⎸𝑎2 ⎸and ⎸ 𝑎1′ ⎸ < ⎸𝑎2′ ⎸ the above operation is not working. So in that case, the
quantities k and k' are proposed as k = min{
min{

1

(

⎸𝑎2′ ⎸−⎸𝑎1′ ⎸

⎸𝑎2′ ⎸ ⎸𝑎1′ ⎸+⎸𝑎2′ ⎸

),

1

(

⎸𝑎2′ ⎸−⎸𝑎1′ ⎸

⎸𝑎1′ ⎸ ⎸𝑎1′ ⎸+⎸𝑎2′ ⎸

1

(

⎸𝑎2 ⎸−⎸𝑎1 ⎸

),

⎸𝑎2 ⎸ ⎸𝑎1 ⎸+⎸𝑎2 ⎸

1

(

⎸𝑎2 ⎸−⎸𝑎1 ⎸

)}, 𝑘 ′ =

⎸𝑎1 ⎸ ⎸𝑎1 ⎸+⎸𝑎2 ⎸

)}

Scalar multiplication: Let 𝜆 ∈ R.
{[𝜆𝑎1 , 𝜆𝑎2 ]; [λ𝑎1′ , λ𝑎2′ ]}, for λ ≥ 0
Then 𝜆𝐴̃𝐼 ={
{[λ𝑎2 , λ𝑎1 ]; [ 𝜆𝑎2′ , 𝜆𝑎1′ ]}, for λ < 0
2.8. Ranking algorithm for interval valued intuitionistic fuzzy numbers.
Deng-Feng Li[3] developed a ratio ranking method on triangular intuitionistic fuzzy numbers to compare them.
Here, an algorithm was developed to rank the interval valued intuitionistic fuzzy numbers(IVIFNS).
Step.1 Enter the interval numbers, which are to be ranked.
i.e., 𝐴̃𝐼 = {[𝑎1 , 𝑎2 ]; [𝑎1′ , 𝑎2′ ]} and 𝐵̃ 𝐼 = [{𝑏1 , 𝑏2 ]; [ 𝑏1′ , 𝑏2 ′]}
𝑎 +𝑎
Step.2 For 𝐴̃𝐼 and ̃
𝐵 𝐼 , compute 𝑣𝜇 (𝐴̃𝐼 ) = 1 2 ;
(v)

′

2

′

𝑎 +𝑎
𝑎 −𝑎
𝑣𝛾 (𝐴̃𝐼 ) = 1 2 ; 𝒜𝜇 (𝐴̃𝐼 ) = 2 1 , 𝒜𝛾 (𝐴̃𝐼 ) =
2

𝑏2′ −𝑏1′

and 𝒜𝛾 ( ̃
𝐵𝐼 ) =

3

3

𝑎2′ −𝑎1′
3

, 𝑣𝜇 ( ̃𝐵 𝐼 ) =

𝑏1 +𝑏2
2

; 𝑣𝛾 ( ̃𝐵 𝐼 ) =

𝑏1′ +𝑏2′
2

; 𝒜𝜇 ( ̃𝐵 𝐼 ) =

𝑏2 −𝑏1
3

.

Step.3 Calculate the value index 𝜈(𝐴̃𝐼 , 𝜆) = 𝑣𝜇 (𝐴̃𝐼 ) + 𝜆(𝑣𝛾 (𝐴̃𝐼 ) - 𝑣𝜇 (𝐴̃𝐼 )) and the ambiguity index
1
𝒜(𝐴̃𝐼 , 𝜆)= 𝒜𝛾 (𝐴̃𝐼 ) - 𝜆(𝒜𝛾 (𝐴̃𝐼 )- 𝒜𝜇 (𝐴̃𝐼 )) for 𝐴̃𝐼 and calculate the same for ̃
𝐵 𝐼 , where 𝜆 ∈ [ , 1] shows that the
2

1

decision maker prefers certainty or positive feeling; 𝜆 = shows that the decision maker is indifferent between
2
positive feeling and negative feeling.
𝜈(𝐴̃𝐼 ,𝜆)
𝜈(𝐵̃𝐼 ,𝜆)
Step.4 Calculate the ratios ℛ[𝐴̃𝐼 , 𝜆) =
and ℛ(𝐵̃ 𝐼 , 𝜆) =
.
𝐼
𝐼
1+𝒜(𝐴̃ ,𝜆)

1+𝒜(𝐵̃ ,𝜆)

Step.5 Compare the ratios ℛ(𝐴̃𝐼 , 𝜆) and ℛ(𝐵̃ 𝐼 , 𝜆)
(i)
If ℛ(𝐴̃𝐼 , 𝜆) < 𝑅(𝐵̃ 𝐼 , 𝜆), then 𝐴̃𝐼 < 𝐵̃ 𝐼 .
(ii)
If ℛ(𝐴̃𝐼 , 𝜆) > 𝑅(𝐵̃ 𝐼 , 𝜆), then 𝐴̃𝐼 > 𝐵̃ 𝐼 .
(iii)
If ℛ(𝐴̃𝐼 , 𝜆) = ℛ(𝐵̃ 𝐼 , 𝜆), then 𝐴̃𝐼 = 𝐵̃ 𝐼 .
III. Formulation of the problem
In this section, it is intended to solve the conventional linear complementarity problem with intuitionistic fuzzy
attributes according to the appearance of the vagueness in the real world situation.
3.1. Linear Complementarity Problem (LCP):
For a given vector 𝑞 ∈ 𝑅𝑛 and a given matrix 𝑀 ∈ 𝑅𝑛𝑋𝑛 , the linear complementarity problem (LCP) consists in
finding vectors 𝑊 and 𝑍 in 𝑅𝑛 such that
𝑊 − 𝑀𝑍 = 𝑞
(1)
𝑊𝑗 ≥ 0, 𝑍𝑗 ≥ 0 , 𝑓𝑜𝑟 𝑗 = 1,2,3, … , 𝑛
(2)
𝑊𝑗𝑍𝑗 = 0 , 𝑓𝑜𝑟 𝑗 = 1,2,3, … , 𝑛
(3)
Here the pair (𝑊𝑗, 𝑍𝑗) is said to be a pair of complementary variables.
A solution (𝑊, 𝑍) to the above system is called a complementary feasible solution, if (𝑊, 𝑍) is a basic feasible
solution to (1) and (2) with one of the pair (𝑊𝑗, 𝑍𝑗) is basic for 𝑗 = 1, 2, 3, … , 𝑛.
3.2. Intuitionistic fuzzy Linear Complementarity Problem (IFLCP):
Assume that all parameters in (1) - (3) are intuitionistic fuzzy and are described by intuitionistic fuzzy numbers.
Then, the following intuitionistic fuzzy linear complementarity problem can be obtained by replacing crisp
parameters with intuitionistic fuzzy numbers.
̃𝐼 − 𝑀
̃ 𝐼 𝑍̃ 𝐼 = 𝑞̃ 𝐼
𝑊
(4)
𝐼
𝐼
̃
̃
𝑊𝑗 ≥ 0 , 𝑍𝑗 ≥ 0 , 𝑗 = 1,2,3, … , 𝑛
(5)
̃𝑗 𝐼 𝑍̃𝑗 𝐼 ≥ 0 , 𝑗 = 1,2,3, … , 𝑛
𝑊
𝐼

(6)

𝐼

̃𝑗 , 𝑍̃𝑗 ) is said to be a pair of intuitionistic fuzzy complementary variables.
The pair (𝑊
3.3. Definition [6]:
̃ 𝐼 , 𝑍̃ 𝐼 ) to the above system (4) - (6) is called an intuitionistic fuzzy complementary feasible
A solution (𝑊
̃ 𝐼 , 𝑍̃ 𝐼 ) is an intuitionistic fuzzy basic feasible solution to (4) and (5) with one of the pair (𝑊
̃𝑗 𝐼 , 𝑍̃𝑗 𝐼 )
solution, if (𝑊
basic for each 𝑗 =1, 2, 3, … . . 𝑛.
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3.4. Intuitionistic fuzzy complementary pivot Algorithm for IFLCP without introducing any artificial
variables, under certain conditions
Lemke[5] recommended an algorithm for solving linear complementarity problems. Based on this idea, an
algorithm for solving intuitionistic fuzzy linear complementarity problem is developed here.
̃ 𝐼 ). Then a variant of the complementary pivot algorithm which uses no
Consider the IFLCP (𝑞̃ 𝐼 , 𝑀
̃ 𝐼 ).The original tableau for this version of the
artificial variable at all can be applied on the IFLCP (𝑞̃ 𝐼 , 𝑀
algorithm is:
̃𝐼
𝑊

𝑍̃ 𝐼

𝐼̃𝐼

̃𝐼
-𝑀

(7)

𝑞̃ 𝐼

assume that 𝑞̃ 𝐼 ≥ 0.
̃𝑠 > 0. So, the column vector associated with 𝑍̃𝑠 𝐼 is strictly negative in (7). Hence
Let s be such that 𝑀
𝐼
𝐼
the variable 𝑍̃𝑠 can be made to play the same role as that of the artificial variable 𝑍̃0 .
We

𝐼

IV. Algorithm
4.1. Algorithm for solving intuitionistic fuzzy quadratic programming problem(IFQPP) as intuitionistic
fuzzy linear complementarity problem(IFLCP):
Step: 1
Determine t to satisfy (

𝑞̃𝑡 𝐼

̃ 𝑡𝑠 𝐼
𝑚

) = minimum {

𝑞̃𝑖 𝐼

/𝑖 = 1 𝑡𝑜 𝑛} and update the table by pivoting at row t and the

̃ 𝑖𝑠 𝐼
𝑚

𝐼

table by pivoting at row t and 𝑍̃𝑠 column. Thus, the right hand side constants vector becomes nonnegative after
this pivot step.
𝐼
Hence, (𝑤
̃1 𝐼 , 𝑤
̃2 𝐼 , 𝑤
̃3 𝐼 , … , 𝑤
̃𝑡−1 𝐼 , 𝑍̃𝑠 , 𝑤
̃𝑡+1 𝐼 , … 𝑤
̃𝑛 𝐼 ) is a feasible basic vector for (7), and if s = t, it is
intuitionistic fuzzy complementary feasible basic vector and the solution corresponding to it is an
̃ 𝐼 ), terminate.
IFLCP(𝑞̃ 𝐼 , 𝑀
If s  t, the feasible basic vector

 w , w ,..., w
1

2

t 1



, Z s , wt 1 ,...wn for (7) satisfies the following properties.

̃𝑖 𝐼 , 𝑍̃𝑖 𝐼 ) for n-2 values of 𝑖
(i)
It contains exactly one basic variable from the complementary pair (𝑊
(namely i  s, t here).
̃𝑠 𝐼 , 𝑍̃𝑠 𝐼 ) here), as
(ii)
It contains both the variables from a fixed complementary pair (namely (𝑊
intuitionistic fuzzy basic variables.
(iii)
There exists exactly one intuitionistic fuzzy complementary pair in which both the variables are
̃𝑡 𝐼 , 𝑍̃𝑡 𝐼 ) here).
contained in this basic vector (namely (𝑊
For carrying out this version of the intuitionistic fuzzy complementary pivot algorithm, any feasible
intuitionistic fuzzy basic vector for (7) satisfying (i), (ii), (iii) is known as an almost intuitionistic fuzzy
complementary feasible basic vector.
Step: 2
In the canonical tableau of (7) w.r.t the initial almost intuitionistic fuzzy complementary feasible basic vector,
̃𝑡 𝐼 can be verified to be strictly negative. Hence if 𝑊
̃𝑡 𝐼 is selected as the entering
the updated column vector of 𝑊
variable into the initial basic vector, an almost complementary extreme half-line is generated. Hence the initial
almost complementary BFS of (7) is at the end of an almost complementary ray.
Step: 3
𝐼
Choose 𝑍̃𝑡 as the entering variable into the initial almost complementary feasible basic vector
𝐼
(𝑤
̃1 𝐼 , 𝑤
̃2 𝐼 , 𝑤
̃3 𝐼 , … , 𝑤
̃𝑡−1 𝐼 , 𝑍̃𝑠 , 𝑤
̃𝑡+1 𝐼 , … 𝑤
̃𝑛 𝐼 ) . In all subsequent steps, the entering variable is uniquely
determined by the complementary pivot rule. The algorithm can terminate in two possible ways:
̃𝑠 𝐼 , 𝑍̃𝑠 𝐼 ) drops out of the basic vector or
(i) At some stage one of the variables from the complementary pair (𝑊
̃ 𝐼 ).
becomes equal to zero in the BFS of (7).The BFS of (7) at that stage is a solution of the IFLCP (𝑞̃ 𝐼 , 𝑀
𝐼
𝐼
̃𝑠 , 𝑍̃𝑠 ) may be strictly
(ii) At some stage of the algorithm, both the variables in the complementary pair (𝑊
positive in the BFS and the pivot column in that stage may turn out to be non positive, and in this case the
algorithm stops with almost complementary ray.
ICOMAC 2019-084; © 2019, AIJRSTEM All Rights Reserved

Page 218

Vidhya and Hepzibah, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 214-221.

V. Intuitionistic fuzzy linear complementarity problem (IFLCP)
5.1 Intuitionistic fuzzy quadratic programming problem(IFQPP) as Intuitionistic fuzzy linear
complementarity problem(IFLCP):
Con.sider the following Intuitionistic fuzzy quadratic programming problem(IFQPP):
𝐼
𝐼 𝐼 𝐼
1
̃ 𝑋̃
Minimize 𝑓̃ 𝐼 (𝑋̃ 𝐼 ) = 𝐶̃ 𝑡 𝑋̃ 𝐼 + 𝑋̃ 𝑡 𝐻
2
Subject to 𝐴̃𝐼 𝑋̃ 𝐼 ≤ 𝑏̃ 𝐼 , 𝑋̃ 𝐼 ≥ 0,
where 𝐶̃ 𝐼 an 𝑛-vector of intuitionistic fuzzy numbers is, 𝑏̃ 𝐼 is an 𝑚-vector, 𝐴̃𝐼 is an 𝑚𝑋𝑛 intuitionstic fuzzy
̃ 𝐼 is an nXn intuitionistic fuzzy symmetric matrix. Let 𝑌̃ 𝐼 denote the vector of slack variables and
matrix and 𝐻
𝐼
𝐼
𝑢̃ , 𝑣̃ be the Lagrangian multiplier vectors of the constraints 𝐴̃𝐼 𝑋̃ 𝐼 ≤ 𝑏̃ 𝐼 and 𝑋̃ 𝐼 ≥ 0, respectively. The KuhnTucker conditions can then be written as
𝐴̃𝐼 𝑋̃ 𝐼 + 𝑌̃ 𝐼 = 𝑏̃ 𝐼
̃ 𝐼 𝑋̃ 𝐼 − 𝐴̃𝑡 𝐼 𝑢̃𝐼 + 𝑣̃ 𝐼 = 𝐶̃ 𝐼
−𝐻
𝐼
𝐼
𝑋̃ 𝑡 𝑣̃ 𝐼 = 0, 𝑢̃𝑡 𝑌̃ 𝐼 = 0
𝐼
𝐼
𝐼
𝐼
𝑋̃ , 𝑌̃ , 𝑢̃ , 𝑣̃ ≥ 0.
𝐼
𝐼
𝐼
𝐼
̃
̃
̃
𝑦̃ 𝐼
𝐼
̃ 𝐼 = [ 0 −𝐴 ] , 𝑞̃ 𝐼 = [𝑏 ] , 𝑤
Now, letting 𝑀
̃
=
[
] and 𝑍̃ 𝐼 = [ 𝑢̃ 𝐼 ]
𝐼
𝐼
𝐼
𝐼
̃
̃
̃
𝑋
𝐴
𝐻
𝑐̃
𝑣̃
̃𝐼 − 𝑀
̃ 𝐼 𝑍̃ 𝐼 = 𝑞̃ 𝐼
The Kuhn-Tucker conditions can be expressed as the LCP, 𝑊
̃ 𝑡 𝐼 𝑍̃ 𝐼 = 0
𝑊
̃ 𝐼 , 𝑍̃ 𝐼 ) ≥ 0.
(𝑊
Thus, the intuitionistic fuzzy complementary pivot algorithm discussed in section 4 can be used to find a KKT
point of the IFQPP.
VI. Illustrative example
Consider the following Intuitionistic fuzzy quadratic programming problem(IFQPP):
𝐼
𝐼
Minimize 𝑓̃ 𝐼 = −3̃𝐼 ̃
𝑥1 𝐼 + 1̃𝐼 ̃
𝑥1 2 + 4̃𝐼 ̃
𝑥1 𝐼 𝑥
̃2 𝐼 + 3̃𝐼 𝑥
̃2 2
Subject to the constraints
3̃𝐼 ̃
𝑥1 𝐼 - 1̃𝐼 𝑥
̃2 𝐼 ≤ 6̃𝐼
(8)
𝐼
𝐼 𝐼
𝐼
̃1𝐼 ̃
̃
̃
𝑥1 - 4 𝑥
̃2 ≤ 0
𝑥1 𝐼 , 𝑥
̃
̃2 𝐼 ≤ 0̃𝐼
̃𝐼
̃𝐼
̃𝐼
̃ 𝐼 ̃𝐼 2̃𝐼 4̃𝐼 ̃ 𝐼
Here, 𝐴̃𝐼 = [2𝐼 −1𝐼 ] , 𝐻
=[ 𝐼
] 𝑏 = [6𝐼 ] , 𝑐̃ 𝐼 = [−3𝐼 ]
̃1 −4̃
̃0
̃0
̃4 6̃𝐼
All the coefficients are taken as hexagonal intuitionistic fuzzy numbers. They are given as follows:
2̃𝐼 = {(-0.5,0.5,1.5,2.5,3.5,4.5);1,0}; −1̃𝐼 = {(-1,-1,-1,-1,-1,-1,-1);1,0}; 1̃𝐼 = {(1,1,1,1,1,1);1,0};
−4̃𝐼 = {(-6.5,-5.5,-4.5,-3.5,-2.5,-1.5);1,0}; 4̃𝐼 = {(1.5,2.5,3.5,4.5,5.5,6.5);1,0};
6̃𝐼 = {(-0.5,0.5,1.5,2.5,3.5,4.5);1,0};−3̃𝐼 = {(-5.5,-4.5,-3.5,-2.5,-1.5,-0.5);1,0}; 0̃𝐼 = {(0,0,0,0,0,0);1,0}.
For Solving the above IFQPP, We first reduce it into the following interval number quadratic
programming problem by taking different 𝛼 and 𝛽 cuts.
When 𝛼 = 0 and 𝛽= 1 Model (8) takes the form,
𝐼

𝐼

Minimize f = {[-5.5,-0.5] ;0,1}𝑥
̃1 𝐼 +{[1,1] ;0,1} ̃
𝑥1 2 +{[1.5,6.5]; 0,1} ̃
𝑥1 𝐼 𝑥
̃2 𝐼 +{[0.5,5.5] ;0,1} 𝑥
̃2 2
Subject to the constraints
{[-0.5,4.5];0,1} ̃
𝑥1 𝐼 + {[-1, -1];0,1}𝑥
̃2 𝐼 ≤ {[6, 6];0,1},
{[1, 1];0,1} ̃
𝑥1 𝐼 + {[-6.5,-1.5];0,1} 𝑥
̃2 𝐼 ≤ {[0, 0];0,1} & ̃
𝑥1 𝐼 , 𝑥
̃2 𝐼 ≥ 0.
Now, the interval number quadratic programming problem is converted into a linear complementary
problem and hence solved by the proposed algorithm and the optimal solution of the IFQPP is ̃
𝑥1 𝐼 = {[-0.73,𝐼
0.48];0,1}, 𝑥
̃2 = {[-40.55,40.88];0,1} with
Minimize 𝑓̃ 𝐼 = {[-1105.20,1116.10];0,1}by 2.6 and ̃
𝑥1 𝐼 = {[-1.81,3.17];0,1}, 𝑥
̃2 𝐼 = {[-2.64,3];0,1} with
Minimize 𝑓̃ 𝐼 = {[-117.36,115.58];0,1} by 2.7.
When 𝛼 = 0.5 and 𝛽= 0.5, the optimal solution of the IFQPP is
𝑥1 𝐼 = {[-1.79,112.02];0.5,0.5}, 𝑥
̃
̃2 𝐼 = {[-127.59,63.6];0.5,0.5} with
Minimize 𝑓̃ 𝐼 = {[-1856.4,1250.7];0.5,0.5}by 2.6 and ̃
𝑥1 𝐼 = {[-0.76,2.17];0.5,0.5}, 𝑥
̃2 𝐼 = {[-1.27,1.6];0.5,0.5}
with Minimize 𝑓̃ 𝐼 = {[-33.62,31.48];0.5,0.5} by 2.7.
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When 𝛼 = 1 and 𝛽= 0, the optimal solution of the IFQPP is
𝑥1 𝐼 = {[0.62,0.79];1,0}, 𝑥
̃
̃2 𝐼 = {[-0.34,0.48];1,0} with Minimize 𝑓̃ 𝐼 = {[-4.17,1.59];1,0}by 2.6 and 𝑥
̃1 𝐼 =
{[0.18,1.23];1,0}, 𝑥
̃2 𝐼 = {[-0.41,0.74];1,0} with Minimize 𝑓̃ 𝐼 = {[-7.05,4.95];1,0} by 2.7.
The MATLAB outputs of the optimum solutions by 2.6 and 2.7 are given below respectively.
Figure 2 Optimum - Min f by 2.6

Figure 3 Optimum - Min f by 2.7

VI. Conclusion
In this paper, a new approach for solving an intuitionistic fuzzy quadratic programming problem by converting
it into an intuitionistic fuzzy linear complementarity problem is suggested. A numerical example is given to
clarify the developed theory and the proposed algorithm. Furthermore, according to the MATLAB outputs,
modified arithmetic operations with proposed division operator are better than the interval arithmetic
operations to have the preferred conclusion for the proposed algorithm. The nonlinear constraints are not
concerned in this paper, a study should be carried out to address such kind of problems
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Upper Bound of Line Graph’s Location Domination Number
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Abstract: A dominating set S is a locating dominating set if N  u  S  N  v  S for all u, v V  G   S .
A

subset

S '  E G 

is

a

edge

locating

dominating

set

if

for

all

e1 , e2  E  G   S ' ,

  N  e1  S '  N  e2  S '   . In this paper we have found the bound for location domination number
of line graph and established a relation between location domination number and edge location domination
number.
Keywords: Dominating set, Locating domination set, Edge locating dominating set, Line graph, Component

I. Introduction
Oystein Ore [1] defined that the dominating set of a graph G is a subset 𝑆 of the vertex set V (G) such that all
vertices in the set V  G   S is adjacent to atleast one vertex in S . Minimal cardinality of dominating set is
known as domination number and it is denoted by   G  .
Slater [2], [3] defined the locating dominating set ( LD -set) of the graph G is a dominating set S with
S (v)  S (w), for any v, w V  G   S , where S (v)  NG  v  S . The minimum cardinality of a LD -set in G is
called the location-domination number of G and it is denoted by RD  G  . An LD -set with RD  G  elements
is called as a referencing-dominating set or an RD -set.
Foucaud [4] defined edge-locating-dominating set for graphs without isolated vertex as a edge dominating set
S ' with   N  e1  S '  N  e2  S '   for all e1 , e2  E  G   S ' . The minimum cardinality of edgelocating-dominating set of G is called the edge location-domination number of G and it is denoted by
RD '  G  .
Slater have found location domination number of path, cycle, complete k -partite, star graph [2] and established
n
that RD Tn   for all tree with n vertices [3].
3
II. Bound on Location Domination Number of Line Graph
Lemma 1: Let G be any connected graph without isolated vertices. Let T be any spanning tree of G and
S  E T  . In the graph L  G  , S  e1   S  e2  for some e1 , e2  V  L  G    S where e1  e2 iff G  K 4 or
diamond graph.
Proof: Let G  K 4 , from the Figure 1(a) it is clear that the path . v2 e4 v3e5v4 e6 v1 is a spanning tree. And in the
.
graph L  K4  , S  e1   e4 , e5 , e6   S  e2  .
Similarly, v2 e3v3e4 v4 e5v1 is a spanning tree of diamond graph and S  e1   S  e2   e3 , e4 , e5  for the graph

L  diamond graph  .
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Now let us prove that if S  e1   S  e2  for some e1 , e2  V  L  G    S in the graph L  G  then G must be
either K 4 or diamond graph. Let us assume that G has a spanning tree T such that there exist some vertex
e1 , e2  V  L  G    S such that S  e1   S  e2  where S  E T  .
Figure 1(a) K4

Figure 2(a) Diamond graph

Figure 1(b) L  K4 

Figure 2(b) L  diamond graph

Case 1: Since G is a simple graph e1 and e2 cannot have same end vertices.
Case 2: Both e1 and e2 have only one end vertex in common.
Let e1  vv1 and e2  vv2 . In the spanning tree T , consider the path P1 and P2 between v to v1 and v2
respectively.
If P1 and P2 are distinct then it is obvious that S  e1   S  e2  .
If the path P1 or P2 contains the edge v1v2 . Without loss of generality let us assume that P2 contains v1v2

then S  e2  P2  v1v2  and v1v2   S  e1  P2 . Hence S  e1   S  e2  .

If the path P1 and P2 are not distinct and does not contains the edge v1v2 .
Let u be the last vertex common in the path P1 and P2 . Let the path between u to v be P . Now consider

the path between u to v1 , v2 and it is P1  P , P2  P respectively. Therefore E  P1  P   S  e1  and

E  P2  P   S  e2  , hence S  e1   S  e2  .
Thus e1 and e2 cannot have one end vertex in common. Hence for Case 1 and Case 2 we get that both e1
and e2 doesn’t have any common end vertices.

Let e1  u1u2 and e2  v1v2 . Since S  E T  and S  e1   S  e2  , the possible values of S  e1   S  e2  can

be u1v1 , v1u2 , u2 v2  , v1u2 , u2v2 , v2u1 , u2 v2 , v2u1 , u1v1 or v2u1 , u1v1 , v1u2  . And the given graph G has no
vertex other than u1 , u 2 , v1 and v2 . If not then, as given graph is connected there exist atleast one edge

connecting the induced subgraph of u1 , u2 , v1 , v2  to the rest of the given graph. Thus S  e1   S  e2  , hence G
have only 4 vertices.
Now any graph with edge set as u1u2 , v1v2 and any possible value of S  e1   S  e2  is nothing but diamond
graph.
Also any graph which contains the diamond graph as spanning subgraph also satisfy the hypothesis of the
Lemma. And K 4 is the only graph which contains diamond graph as a spanning subgraph.
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Hence K 4 and diamond graph are the only graphs which contains a spanning tree T such that

S  e1   S  e2  for some e1 , e2  V  L  G    S where S  E T  .

Lemma 2: Both K 4 and diamond graph has a spanning tree T such that S  e1   S  e2  for all
e1 , e2  V  L  G    S where S  E T  .

Proof: Consider the graph K 4 (refer Figure 1(a)) and let S  E T   e1 , e5 , e6  then S  e2   e5 , e6  ,

S  e3   e1 , e6 and S  e4   e1 , e5  . Thus S is a LD -set of L  K4  .
Similarly for the diamond graph if S  E T   e1 , e4 , e5  then S is the LD -set of L  diamond graph 
Lemma 3: Let G be a simple connected graph with n  1 vertices then RD  L G   n 1 .
Proof: Let T be any spanning tree of G . Then by the definition of tree, T has n 1 edges and let it be
e1 , e2 ,..., en2 , en1 . Now let us prove that G has atleast one spanning tree with edge set

E  e1 , e2 ,..., en2 , en1 as LD -set of L  G  .
Claim: E is a dominating set of L  G 
Since T is a spanning tree, every edge in the graph G  T is adjacent to some edge in E . Therefore in the
graph L  G  every vertex in V  L G    E is adjacent to some vertex in E . Hence E is a dominating set of

L G  .
Claim: E is a LD -set of L  G 
Let S  e1 , e2 ,..., en 2 , en 1  E . As E is a dominating set, S  e    for all e V  L G    E . Now let us
prove that E is a LD -set of L  G  . Suppose not, there exist some vertex ev1 , ev2 V  L  G    E such that

   
S e   S e 

S ev1  S ev2 .
v1

v2

 In the graph L  G  , the vertex ev1 and ev2 is adjacent to same vertices in S
 In the graph G , the edge ev1 and ev2 is adjacent to same edges in E
 In the graph G , both ev1 and ev2 have same end points or G is a K 4 or diamond graph by Lemma 1.
Since G is a simple graph, ev1 and ev2 cannot have same end. Thus G must either K 4 or diamond graph.
By Lemma 2, K 4 and diamond graph has a spanning tree T

such that S  e1   S  e2  for all

e1 , e2  V  L  G    S .

Therefore for every simple connected graph there exist atleast one spanning tree T with E T   S satisfying

 

 

the condition that S ev1  S ev2
RD  L  G    E  n  1 .

for all ev1 , ev2 V  L G   S . Hence E is a LD -set of L  G  and

Theorem 1: Let G a connected non trivial graph then RD  L G   V G  1 if and only if G is a star graph
or path of length 3 .
Proof: By Lemma 3, RD  L G   V G  1 . But if G a connected non trivial graph, then RD  G   V G   1
if and only if G is a complete graph or star graph[2]. Hence L  G  must be either a complete graph or star
graph, so that RD  L  G   can be equal to V  G   1 .
We know that L  K1,n   K n , L  P4   P3  K1,2 and none of the line graph can be isomorphic to K1,n , n  2 .
So RD  L G   V G  1 if and only if G is K1,n or P4 .
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Corollary 1: Let G a connected non trivial graph other than K1,n and P4 then RD  L  G    V  G   2 .
Proof: By Lemma 3, RD  L G   V G  1 and as G is not a star graph as well as P4 , by Theorem 1
RD  L G   V G   1 . Hence RD  L  G    V  G   2 .

Theorem 2: Let G be any simple graph without isolated vertices then RD  L  G    V  G     G  , where

  G  denotes the number of components of G .
Proof:
Case 1: G is connected. i.e.   G   1 .
By Lemma 3, RD  L G    V G   1  V G    G 
Case 2: G is disconnected.
Let G1 , G2 ,..., GN be all the connected components of G with n1 , n2 ,..., nN number of vertices respectively.
Then G  G1

G2

... GN and n1  n2  ...  nN  V G  .

By Lemma 3,
RD  L  G1    n1  1
RD  L  G2    n2  1
RD  L  GN    nN  1

As G  G1

G2

... GN ,

L  G   L G1  L G2  ... L GN 

and

RD  L  G   RD  L G1    RD  L G2    ...  RD  L GN 

Hence,
RD  L  G    n1  1  n2  1  ...  nN  1

  n1  n2  ...  nN   1  1  ...  1
 V G    G 
Remark 1: There is no relationship between RD  G  and RD  L  G   .
As we see for these examples
RD W4   2 and RD  L W4    3  RD  G   RD  L  G  

RD  P3   2 and RD  L  P3    1  RD  G   RD  L  G  





RD  K1, n   n  1 and RD L  K1, n   n  1  RD  G   RD  L  G  

there is no correlation between location domination number of any graph and its line graph.
Figure 3 Wheel graph W4 and it’s line graph

Figure 4 P3 and L  P3 
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III. Relation between Location Domination Number and Edge Location Domination Number
Theorem 3: For any simple graph G without isolated vertices, RD  L  G    RD ' G  .
Proof: Let S be an edge locating dominating set of G .
S is an edge locating dominating set of the graph G
 In the graph G , for all edge e1 , e2  E  G   S , N  e1  S  N  e2  S .

 In the graph L  G  , for all vertex e1 , e2  V  L  G    S , N  e1  S  N  e2  S
 S is a locating dominating set of L  G 
Hence the minimal edge locating dominating set of G will be the minimal locating dominating set of L  G  .
Thus RD  L  G    RD ' G  .
Corollary 2: Let G be any simple graph without isolated vertices then

RD '  G   V G    G  , where

  G  is the number of components of G
References
[1]

O. Ore, Theory of Graphs, Amer. Math. Soc. Colloq. Publ., 38 (Amer. Math. Soc., Providence, RI), 1962.

[2]

P. J. Slater, “Dominating and reference sets in a graph”, J. Math. Phys. Sci., vol. 22, 1988, pp. 445-455.

[3]

P. J. Slater, “Dominating and location in acyclic in graphs”, Networks, vol. 17, 1987, pp. 55-64.

[4]

F. Foucaud and M. A. Henning, “Location-domination in line graphs”, Discrete Mathematics, vol. 340, 2017, pp. 3140–3153.

Acknowledgments
This research is supported by UGC scheme RGNF. Award letter F1-17.1/2014-15/RGNF-2014-15-SC-TAM-80373/(SAIII/Website).

ICOMAC 2019-002; © 2019, AIJRSTEM All Rights Reserved

Page 226

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

Fuzzy Decision Based Multilayer Neighbourhood Estimation Technique for
the Restoration of Impulse Degraded Color Images
S. Abdul Saleem
Department of Computer Science
Jamal Mohamed College (Autonomous)
Tiruchirappalli, INDIA
Abstract: Image restoration is the pre-processing technique of any image processing applications. It has
been studied in various methods but made problems with preservation of edges on images which have been
degraded by impulsive noises during acquisition through image sensors and transmission via faulty
communication media. The proposed multilayer neighbourhood estimation approach estimates the probable
value of pixel by using the fuzzy logic decision based neighbouring values. The proposed method splits the
given color image into red, green and blue layers. The fuzzy decision based median filter is applied at the
each layer to remove impulse corrupted noisy pixels by using the neighbouring pixels. The method estimates
the likelihood of the pixel from the blue layer of the pixel. If the red layer pixel has specific feature then
features of the rest of layers could be used to estimate the intensity value to be restored. The multilayer
neighbourhood estimation of pixel value is computed on all the three layers of given image. For each
layered pixel, first the neighbouring pixel of the blue layer is analyzed and if they are similar then the
regional value of other layers to estimate the value to which the pixel has to be set. The proposed method
preserves the fine details on edges and enhances the quality of the image in efficient manner when
compared with other competent methods.
Keywords: Adaptive median filter, Image Parameters, Image Restoration, Impulse Noise, Multilayer
Approach, Region Based Estimation

I. Introduction
Color images play a vital role in various areas such as medical, biometrics, astronomy, surveillance, remotesensing, multimedia, space research etc. for performing various classification and analysis[1]. In general, color
images have noises which spoil the quality of the image and reduce the perception of the processing task. To
improve the image quality and increase the visual perception of the images, various image processing
techniques were introduced during several past decades. The quality improvement of the image is basically of
increasing the contrast and reducing the noise ratio of the image being processed[2]. There are many noise
removal techniques available and each has its own merits and demerits. These noise removal approaches may be
one pass filter or multi layered approach, but the quality of an image depends on the type of the noise being used
and how well the features of the image being retained and so on. A color image has three layers namely red,
green and blue. The blue layer pixels represent the original detail of the image and the green and red layer pixels
decide the contrast or intensity value of the corresponding position. So in order to retain the original quality of
the image, all the three layer pixels have to be used.
The multi layered approach is one which considers all the three layers and estimates the feature of the pixel
according to the neighbouring pixel values of that particular layer using fuzzy based approach. In the
improvement of contrast or intensity value of the pixel, the popular histogram equalization method simply
performs equalization of the pixel based on cumulative values of red , green and blue pixel values. But the
approach is focused on equalization and estimation of distinct layer properties which could provide more
effective restored pixel values for the quality improvement of the color images. Region based estimation is the
technique of computing the approximated pixel values in each region at different layers [3][4]. For example, the
green values of the region may be specific and all the pixels in the region may have similar green values which
decide the intensity also. Since the region based estimation technique could be used to identify and decide the
pixel value of resultant image, it helps to improve the quality of the image.
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This paper is organized in five sections. The second section provides the brief idea of the related works, the third
section deals with proposed work, the fourth section explores the results and discussion and the conclusion is
given in section five.
II. Related Works
There are many approaches introduced to improve the quality of color images in the past several decades. Only
a few of them have been discussed here around this problem. On required accuracy of mixed noise parameter
estimation for image enhancement via denoising, addresses a question of required accuracy of such estimation.
Analysis is carried out for color images processed by a filter based on DCT. The influence of errors in mixed
noise parameters estimation is studied in terms of filtering efficiency and is characterized by the factor of peak
signal-to-noise ratio (PSNR) and two visual quality metrics, PSNR human visual system masking (PSNR-HVSM) and multi-scale structural similarity (MSSIM). If the reduction of filtering efficiency exceeds 0.5 dB (in
terms of PSNR and PSNR-HVS-M) or 0.005 (in terms of MSSIM), mixed noise parameters estimation is
assumed to be unacceptable. Natural Color Image Enhancement based on Modified Multiscale Retinex
Algorithm and Performance Evaluation using Wavelet Energy [7], presents a new color image enhancement
technique based on Modified MultiScale Retinex (MSR) algorithm. Visual quality of the enhanced images are
evaluated using a new metric, namely, Wavelet Energy (WE). This technique replaces dark pixel by the average
pixels of both the lower scale and upper scale, while retaining the bright pixels. The quality of the reconstructed
images in the proposed method is found to be good and far better than the other competent methods.
Scalability Tower Multi-scale DR Image Enhancement Algorithm Based on Human Visual Characteristics [8],
uses an improved Laplace Pyramid structure in image decomposition processing. Secondly, the high frequency
part can be enhanced by the local nonlinear adaptive contrast enhancement method, the low frequency part of
the improved method of histogram equalization combined with human visual characteristics. Lastly, original
image will be reconstructed through the repeated extension of image and the results. Image Enhancement based
on Quotient Space [9], Quotient space is an effective approach that can partitions the original problem in
different granularity spaces. In this method, different quotient spaces are combined and the final granularity
space is generated using granularity synthesis algorithm. The gray levels in each interval are mapped to the
appropriate output gray-level interval.
A Fast Image Enhancement Algorithm using bright channel [10], proposed a new image speedy algorithm with
detailed illumination component information. In this approach, combined illumination imaging model with
target reflection features on RGB color channel, raised a new bright channel concept, and obtained computation
method of illumination components by analysis. Then, illumination components were gained precisely through
image bright channel gray-scale close computation and fast joint bilateral filtering. Consequently, target
reflection components on RGB channel could be solved by illumination/reflection imaging model. The approach
can get excellent edge details through simple and quick computation. After being removed from the illuminative
effects, the images gained are natural-colored, highly visible, and with no halo artifacts. This approach also
resolved color casting problem. Compared with NASA method based on Multi-scale Retinex, the approach
improve the computation speed, received vivid colors and natural enhancement result.
A parallel nonlinear adaptive enhancement algorithm for low or high intensity color images [11][12], addresses
the problem of color image enhancement for images with low or high intensity and poor contrast. A parallel
nonlinear adaptive enhancement (PNAE) algorithm using information from local neighbourhood is presented to
resolve the problem in parallel. The algorithm consists of three phases. First, a red-green-blue (RGB) color
image is converted to an intensity image, then an adaptive intensity adjustment with local contrast enhancement
is parallelly performed, and finally, colors are restored. The algorithm can be adjusted to control the level of
enhancement on the overall lightness and the contrast achieved at the output separately. Most of the parameters
used in PNAE are robust for LIPC and HIPC color image enhancement.
Noise Adaptive Fuzzy Switching Median Filter[13] uses two phases approach for detection and removal of salt
and pepper noises. In the first stage, the noise detection is based on simple thresholding of pixels, where the
fuzzy set adopted by this filtering approach is divided into three degree of memberships namely detail
preservation, partial correction and full restoration. The correction term to restore a detected noisy pixel is
obtained by the linear combination between the processing pixel X(i,j) and median pixel M(i,j). The restoration
term Y(i,j) is defined as Y(i,j)=[1- µF(i , j)].X(i,j)+ µF(i , j).M(i , j). Eventhough this technique is good for
filtering all the range of noise densities, the time taken for processing the entire image is too high and the
median value taken from the first four pixels in the 3×3 window induce the edge distortion at higher noise
densities.
Adaptive Fuzzy Switching Weighted Median Filter [14] proposed a two phases approach for detection and
removal of salt and pepper noises. In the first stage, the noise detection is based on simple thresholding of
pixels, where the image pixels are divided into three classes namely noise free-pixels, suspicious noise-free
pixels and suspicious noisy pixels. In the second stage, the detected noise pixels are restored by an improved
adaptive fuzzy switching weighted median algorithm. Two impulse noise models are implemented for
examining the performance of this proposed AFSWMF. They are Salt and Pepper impulse noise and Random
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valued impulse noise. Though fuzzy initialization of filtering window size and precision of median value give
strength to this filter, it consumes more time and doesn’t preserve the fine details on the images at higher noise
levels.
New fuzzy based decision algorithm (FBDA) for high-density impulse noise removal [15] proposed an approach
which is applied only to the corrupted pixels in the image while the uncorrupted pixels are left unchanged. The
algorithm computes the difference of each neighboring pixel from the central corrupted pixel in a selected
window and then calculate the membership value for each pixel based on the highest difference and then
eliminates those pixels from the window with very high and very low membership values in the fuzzy set
SMALL, which might represent impulse noises. Median filter is then applied to the remaining pixels in the
window to get the restored value for the current pixel position. Though this filter gives good results for all types
of images at different noise ratios, it fails to preserve fine details on edges at higher noise ratios. This is because
of wrong classification of edges in the image as noisy pixels.
All the above discussed approaches have the problem of enhancing the quality of image in efficient manner and
they produce distortion of retaining the features of the image.
III. Proposed Method
The proposed method has three stages namely, Noise filtering, Low level Gray Co-Estimation and Multi-Layer
Neighbour Estimation. The Figure 1, shows the proposed system architecture and the functional components.
The functional components are discussed in detail in this section.
Fuzzy Logic Based Noise
Filter

Input Image

Multi Layer Feature Estimation

Low Level Gray
Co-Estimation

Output Image

Multi-Layer Neighbour
Estimation

Figure 1 Proposed system architecture
1. Noise Filtering
At the noise filtering stage, the input RGB image is split into three different layered pixels of red, green and
blue. The fuzzy logic decision based adaptive filtering technique is applied on each layer [16], which removes
impulse noises and eliminate the streaking effects. The noise filtered image is then applied with the rest of the
process to improve the quality of the image
Algorithm 1a
Input: RGB Image Img
Output: Restored Image with Multi Layer Feature
Step 1: Split rgb image into multi layer feature.
MLF = ∫ 𝑅𝑒𝑑(𝐼𝑚𝑔) + 𝐺𝑟𝑒𝑒𝑛(𝐼𝑚𝑔) + 𝐵𝑙𝑢𝑒(𝐼𝑚𝑔).
Step 2: Compute the number of noise-free pixels in the kernel window. If count c>0 compute the median of nonimpulsive pixels in the array S1
Step 3: Obtain the maximum value in S2. If D(x,y) <=T1 (20)set flag1 to 0. Suppose D(x,y)<=T2(50), compute
flag1 as (D(x,y) - T1) / T2 - T1 , otherwise flag1 is set to 1.
Step 4: If c=0. Compute the average of previously processed pixels b(x-1,y) and b(x,y-1), then taken it as
median value.
Step 5: Compute b(x,y) = (1-flag1)*a(x,y)+ flag1*median of S1 or average of previously processed pixels
depending on the value of c.
Step 6: Repeat the above steps 4 through 6 for all the pixels in the each layer of image
2. Low Level Gray Co-Estimation
The LGET method estimates the gray level co-efficient of each pixel according to the neighbour pixels. The
input RGB image is converted into gray scale image. For each pixel of the image, the method selects the
neighbour pixels and estimate the similarity or closeness of the gray value of neighbour pixels(STh). Then select
the set of neighbour pixels which are more similar with the gray value of the source pixel. According to the
selected pixel, compute the gray co-estimation value and a set of neighbour pixels which can be used to perform
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multilayer neighbour estimation technique. The selected pixels will be given to the next phase of the image
processing technique.
Algorithm 1b
Input: Color image Img.
Output: Gray Co-matrix GCM.
Step 1: generate gray scale image
Gimg = GrayScale(Img).
Step 2: for each pixel Pi from Gimg
Identify set of neighbour pixel.
𝑠𝑖𝑧𝑒(𝐺𝑖𝑚𝑔) 8
∑𝑗=1 𝐺𝑖𝑚𝑔(𝑖)𝜀𝑃 𝑖
Np = ∫𝑖=1
End
Step 3: for each pixel pi
For each pixel ki from Np
Compute similarity of gray scale value.
𝑠𝑖𝑧𝑒(𝑛𝑝)
Gss = ∫𝑗=1
𝐷𝑖𝑠𝑡(𝑃𝑖, 𝑘𝑖)
If Gss<= STh
Add pixel to Equalization Set.
ES = ∑𝑠𝑖𝑧𝑒(𝐸𝑠𝑠)
𝐸𝑠𝑠(𝑖) + 𝐾𝑖
𝑖=1
End
III. Multi Layer Neighbour Estimation
The multi layer neighbour estimation is performed using the original RGB image and with the equalization set
generated at the previous stage. For each pixel from the equalization set, there exist a set of neighbour pixels
mentioned with that. Using these details, at the three layers of the image RGB, collect all the pixels which have
participated in the equalization set of the particular pixel. The collected pixels and the RGB values of the
neighbour pixels will be used to compute the probable RGB value of the current pixel. For each layer, perform
equalization of the pixel value and set the current pixel value at particular layer with that. This will be iterated
for the all three layers and will be done for all the pixels of the image. This method increases the image quality
and enhances the contrast of the image also.
Algorithm 2
Input: Input image Img, Equalization set ES
Output: Enhanced ImageRimg.
Step1: Convert image img into three layers RGB
Step2: for each pixel Pi from Es
ESS = Es(Pi).
For each layer L from RGB
Identify the neighbors of Pi with Ess
Pixel set Ps = ∫ ∑ 𝐾𝑖(𝑅 ||𝐺||𝐵) ∈ 𝐸𝑠𝑠
∑ 𝑅(𝑃𝑠)

Compute Mean of R=
Compute Mean of G=
Compute Mean of B=

𝑠𝑖𝑧𝑒(𝑃𝑠)
∑ 𝐺(𝑃𝑠)

𝑠𝑖𝑧𝑒(𝑃𝑠)
∑ 𝐵(𝑃𝑠)

𝑠𝑖𝑧𝑒(𝑃𝑠)

Restore the pixel Pi with computed RGB values.
𝑠𝑖𝑧𝑒(𝐸𝑠)
Resultant image Rimg = ∫𝑖=1
𝑅, 𝐺, 𝐵
IV. Results and Discussion
The proposed fuzzy decision based multilayer neighbourhood estimation technique for the restoration of
impulse degraded color images has been implemented and tested for its efficiency with various image sets. This
technique is focused on enhancing RGB images but still the approach is more effective one with all types of
color images. The Figure 2 and 3 show the comparison of image quality accuracy produced by different
approaches. It shows clearly that the proposed method has produced efficient accuracy than other methods.
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Figure 2. (a) Noise Free Peppers.png image, (b) Image with 15% Noise, (c) through (e) enhanced image by Bright Channel, Quotient Space
and, Retinex approaches, (f) through (h) restored image by NAFSMF, FBDA and FDBMNER approaches, (i) Image with 95% noise, (j)
through (l) enhanced image by Bright Channel, Quotient Space and, Retinex approaches, (m) through (o) restored image by NAFSMF,
FBDA and FDBMNER approaches.
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Figure 3. (a) Noise Free Parrot.jpg image, (b) Image with 15% Noise, (c) through (e) enhanced image by Bright Channel, Quotient Space
and, Retinex approaches, (f) through (h) restored image by NAFSMF, FBDA and FDBMNER approaches, (i) Image with 95% noise, (j)
through (l) enhanced image by Bright Channel, Quotient Space and, Retinex approaches, (m) through (o) restored image by NAFSMF,
FBDA and FDBMNER approaches.
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The Figure 4 shows the PSNR values of different methods and it shows that the proposed method has produced
high value than other approaches at higher noise ratio, Figure 4 shows the Mean Absolute Error values of
different methods and the less error value of the proposed approach proves its efficiency over the other
approaches, Figure 5, shows the comparison of processing time of proposed approach with other competent
methods and it shows clearly that the proposed method has produced less processing time than other methods
and the higher Image Quality Index(IQI) value of the proposed method in the Figure 7 proves the quality of this
technique over other approaches.
V. Conclusion
The proposed new fuzzy decision based multilayer neighbourhood estimation technique for the restoration of
impulse degraded color images converts the RGB image into three different layers and at each layer it applies
the fuzzy based adaptive median filter to remove the noise. The conversion of RGB image into gray scale to
estimate the gray level co-estimation which identifies similar pixel of concern pixel. With the gray level coestimation technique and input image, this approach computes the multi layer feature estimation using which the
value of the pixel will be restored. The proposed approach has produced efficient restoration results with
improved quality and also reduces the processing time. This technique can be used in all the real-time domains
for improving the quality of the color images.
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Abstract: A fuzzy inventory model subject to constraint is considered. Various costs are taken as triangular
parabolic fuzzy number. Two techniques namely, ranking and nearest interval approximation are
introduced to optimize the fuzzy inventory model. Finally, the model is proposed with a numerical example
and a comparative study is done.
Keywords: triangular parabolic fuzzy number, holding cost, carrying cost, shortage cost, nearest interval
approximation.

I. Introduction
In the past few decades, inventory problems have been widely studied by researchers. Inventory control
management is one of the most important fields in supply chain management. It becomes more and more
important for enterprises in the real-life situations. A proper control and analyzing of inventory systems can
significantly enhance a company’s profit [8]. In traditional mathematical problems, the parameters are always
treated as deterministic in nature. However, in practical problem, uncertainty always exists. In order to deal with
such uncertain situations fuzzy model is used [4],[8] in such cases, fuzzy set theory, introduced by Zadeh [7] is
acceptable. There are several studies on fuzzy EOQ model. Lin et. al. [7] have developed a fuzzy model for
production inventory problem. Katagiri and Ishii [10] have proposed an inventory problem with shortage cost as
fuzzy quantity. This paper discusses a fuzzy EOQ model with shortage subject to space constraint. The
parameters namely set up cost, holding cost and ordering costs are taken as fuzzy parabolic numbers. First the
model is solved by ranking technique where the fuzzy parameters are changed into crisp then using LINDO
software the optimum solutions are found. Secondly, using nearest interval approximation technique the fuzzy
EOQ model is solved then using LINDO software the optimum results are found. Finally, both the results are
compared.
II. Preliminaries
Definition:
A fuzzy set is characterized by a membership function mapping elements of domain, space, or universe
of discourse X to the unit interval [0, 1]. (i.e) A = {x, µ A(x); x∈ X}, here µA:X→[0, 1] is a mapping called the
degree of membership function of the fuzzy set A and µA is called the membership value of x∈X in the fuzzy set
A.
Definition:
Let R be the set of all real numbers. An interval, may be expressed as
𝑢̅ = [𝑢𝐿 ,𝑢𝑅 ] = {x: 𝑢𝐿 ≤ x≤ 𝑢𝑅 , 𝑢𝐿 ∈ R , 𝑢𝑅 ∈ R}
(1)
Where 𝑢𝐿 and 𝑢𝑅 are called the lower and upper limits of the interva 𝑢̅, respectively.
If 𝑢𝐿 = 𝑢𝑅 then 𝑢̅ = [𝑢𝐿 ,𝑢𝑅 ] is reduced to a real number u, where u =𝑢𝐿 = 𝑢𝑅 alternatively an interval 𝑢̅
1
can be expressed in mean-width or centre-radius form as
𝑢̅ = 〈m(𝑢̅), w(𝑢̅)〉 , where m(𝑢̅) = (𝑢𝐿 +𝑢𝑅 ])
2
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1

and w(𝑢̅) = (𝑢𝐿 − 𝑢𝑅 ) are respectively the mid-point and half-width of the interval 𝑢̅ the set of all interval
2
numbers in R is denoted by I(R).
Definition:
Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 ) be an arbitrary triangular parabolic fuzzy number with a ∝-cuts [𝐴𝐿 (∝), 𝐴𝑅 (∝)] and with
the following membership function
1−(
𝜇𝐴̃ (𝑥) =

(𝑏−𝑥) 2
(𝑏−𝑎)

)

1
1−(

{

(𝑥−𝑏) 2
(𝑐−𝑏)

)

;

𝑎≤𝑥≤𝑏

;

𝑥=𝑏

;

𝑏≤𝑥≤𝑐

Definition:
Ranking technique for parabolic triangular fuzzy number
Defuzzified values for centre of area of fuzzy number for triangular parabolic fuzzy number (a, b, c) is given by
R(a, b, c) = (3a+2b+3c)/8.
Optimization in interval environment
Now we define a general non-linear objective function with coefficients of the decision variables as
interval numbers as
𝑝𝑗

Minimize 𝑍̅ =

𝑘
∑𝑛
𝑖=1[𝑢𝐿𝑖 ,𝑢𝑅𝑖 ] ∏𝑗=1 𝑥𝑗

𝑞𝑗
∑𝑙𝑖=1[𝑣𝐿𝑖 ,𝑣𝑅𝑖 ] ∏𝑛
𝑗=1 𝑥𝑗

(2)

Subject to xj > 0, j=1, 2,.....n and x ∈S⊂R where S is a feasible region of x,
0 <𝑢𝐿𝑖 <𝑢𝑅𝑖 , 0
<𝑣𝐿𝑖 <𝑣𝑅𝑖 and pi, 𝑞𝑗 are positive numbers. Now we exhibit the formulation of the original problem (2) as a multiobjective non-linear problem.
Now 𝑍̅(𝑥) can be written in the form 𝑍̅(x) = [ZL(x), ZR(x)]
𝑝𝑗

Where ZL(x) =

𝑘
∑𝑛
𝑖=1 𝑢𝐿𝑖 ∏𝑗=1 𝑥𝑗

𝑞𝑗

∑𝑙𝑖=1 𝑣𝑅𝑖 ∏𝑛
𝑗=1 𝑥𝑗

(3)

𝑝𝑗

ZL(x) =

𝑘
∑𝑛
𝑖=1 𝑢𝑅𝑖 ∏𝑗=1 𝑥𝑗

𝑞𝑗

∑𝑙𝑖=1 𝑣𝐿𝑖 ∏𝑛
𝑗=1 𝑥𝑗

The centre of the objective function
1
ZC(x) = [ZL(x) + ZR(x)]
2
Thus the problem (2) is transformed into
Minimize {ZL(X), Zc (x), ZR(x); x ∈ S}
Subject to : Q, Q1 > 0.

(4)
(5)
(6)

III. Ranking and Nearest Interval Approximation
Method I: Ranking Technique
Using ranking technique the triangular parabolic fuzzy numbers are transformed into real numbers,
then using LINGO software the defuzzified inventory model is solved.
Method II: Nearest Interval Approximation Technique
According to Gregorzewski [3] we determine the interval approximation of a fuzzy number as:
Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 ) be an arbitrary triangular parabolic fuzzy number with a ∝-cuts [𝐴𝐿 (∝), 𝐴𝑅 (∝)] .
Then by nearest interval approximation method, the lower limit 𝐶𝐿 and upper limit 𝐶𝑅 of the
interval are
1
𝐶𝐿 = ∫0 𝐴𝐿 (∝)𝑑 ∝
1

= ∫0 [𝑏 − (𝑏 − 𝑎)√1 − 𝛼]𝑑 ∝
=

2𝑎+𝑏
3
1

𝐶𝑅 = ∫0 𝐴𝑅 (∝)𝑑 ∝
1

= ∫0 [𝑙𝑝. 𝑜 𝑏 + (𝑐 − 𝑏)√1 − 𝛼]𝑑 ∝
=

𝑏+2𝑐
3

̃ as triangular parabolic fuzzy number is [2𝑎+𝑏 , 𝑏+2𝑐]
Therefore,The interval number considering 𝑨
3
3
Now we represent the fuzzy EOQ model to a deterministic form so that it can be easily tackled.
Following Grzegorzewski [3] , the fuzzy numbers are transformed into interval numbers as
𝐶̃1 = (𝐶1 −∝, 𝐶1 , 𝐶1 + 𝛽)
=[𝐶1𝐿 , 𝐶1𝑅 ]
ICOMAC 2019-087; © 2019, AIJRSTEM All Rights Reserved
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𝐶̃2 = (𝐶2 −∝, 𝐶2 , 𝐶2 + 𝛽
=[𝐶2𝐿 , 𝐶2𝑅 ]
𝐶̃3 = (𝐶3 −∝, 𝐶3 , 𝐶3 + 𝛽)
= [𝐶3𝐿 , 𝐶3𝑅 ]
Using the above expressions the objective function becomes
𝐶̃ (𝑄) = [𝑓𝐿 , 𝑓𝑅 ]
subject to : AQ1 ≤ B, Q,Q1 >0
(7)
The composition rules of intervals are used in these equations.
Hence the proposed model can be stated as
Minimize { 𝑓𝐿 (𝑄), 𝑓𝑅 (𝑄) },
subject to : AQ1 ≤ B, Q,Q1 >0
(8)
Generally , the multi-objective optimization problem(14),in case of minimization problem, can be formulated in
a conservative sense from(3)as
Minimize {𝑓𝑐(𝑄), 𝑓𝑅 (𝑄) },
(9)
𝑓𝐿+ 𝑓𝑅
Subject to : AQ1 ≤ B, Q,Q1 >0 . Where 𝑓𝐶 =
.
2
Here the interval valued problem(14) is represented as
Minimize { 𝒇𝑳 (𝑸), 𝒇𝑪 (𝑸), 𝒇𝑹 (𝑸) },
(10)
subject to : AQ1 ≤ B, Q,Q1 >0
This expression gives a better approximation than obtained from(9).`
MODELFORMULATION:
In this model, an inventory with shortage is taken into account. The purpose of this EOQ model is to find out
the optimum order quantity of inventory item by minimizing the total average cost. We discuss the model using
the following notations and assumptions throughout the paper.
Notations:
𝐶1 : Holding cost per unit time per unit quantity.
𝐶2 : Shortage cost per unit time per unit quantity.
𝐶3 : Setup cost per period.
D: The total number of units produced per time period.
A: The space required by each item.
B: The total available space.
𝑄1 : The amount which goes into inventory.
𝑄2 : The unfilled demand.
Q: The lot size in each production run.
Assumptions:
(i)
Demand is known and uniform.
(ii)
Production or supply of commodity is instantaneous.
(iii)
Shortages are allowed.
(iv)
Lead time is Zero.
Let the amount of stock for the item be 𝑄1 at time t=0 in the interval (0, t (=𝑡1 + 𝑡2 )), the inventory level
gradually decrease to meet the demands. By this process the inventory level reaches zero level at time 𝑡1 and
then shortages are allowed to occur in the interval(𝑡1 , 𝑡). The cycle repeats itself.
The order level Q>0 which minimizes the average total cost (Q) per unit time is given by
1

𝑄2

1

𝑄2

𝐷

2

𝑄

2

𝑄

𝑄

min 𝐶(𝑄) = 𝐶1 ( 1 ) + 𝐶2 ( 2 ) + 𝐶3 ( )

(11)

Subject to : AQ1 ≤ B, Q,Q1 >0
Up to this stage, we are assuming that the demand, ordering cost, holding cost etc. as real numbers i.e.
of fixed value. But in real life business situations all these components are not always fixed, rather these are
different in different situations. To overcome these ambiguities we approach with fuzzy variables, the various
costs are considered as triangular parabolic fuzzy numbers.
Let us assume the fuzzy holding cost 𝐶̃1 = (𝐶1 −∝, 𝐶1 , 𝐶1 + 𝛽) , fuzzy shortage cost 𝐶̃2 = (𝐶2 −∝, 𝐶2 , 𝐶2 + 𝛽),
fuzzy ordering cost 𝐶̃3 = (𝐶3 −∝, 𝐶3 , 𝐶3 + 𝛽) Replacing the real valued variables 𝐶1 , 𝐶2 &𝐶3 by the triangular
̃1 , 𝐶
̃2 , 𝐶
̃3 We get,
parabolic fuzzy variables 𝐶
1
𝑄12
1
𝑄22
𝐷
min C̃(𝑄) = 𝐶̃1 ( ) + 𝐶̃2 ( ) + 𝐶̃3 ( )
2

𝑄

2

subject to : AQ1 ≤ B, Q,Q1 >0

𝑄

𝑄
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IV. Fuzzy Programming Technique to Nearest Interval Approximation
To solve multi-objective minimization problem given by (11), we have used the following fuzzy programming
technique.
For
each of the objective functions 𝑓𝐿 (𝑄), 𝑓𝐶 (𝑄), 𝑓𝑅 (𝑄), we first find the lower bounds 𝐿𝐿 , 𝐿𝐶 , 𝐿𝑅 (best values) and
the upper bounds 𝑈𝐿 , 𝑈𝐶 , 𝑈𝑅 (worst values), where 𝐿𝐿 , 𝐿𝐶 , 𝐿𝑅 are the aspired level achievement and 𝑈𝐿 , 𝑈𝐶 , 𝑈𝑅
are the highest acceptable level achievement for the objectives 𝑓𝐿 (𝑄), 𝑓𝐶 (𝑄), 𝑓𝑅 (𝑄) respectively and 𝑑𝑘 = 𝑈𝑘 −
𝐿𝑘 is the degradation allowance for objective 𝑓𝑘 (𝑄), 𝑘 = 𝐿, 𝐶, 𝑅. Once the aspiration levels and degradation
allowance for each of the objective function has been specified, we formed a fuzzy model and then transform
the fuzzy model into a crisp model. The steps of fuzzy programming technique is given below.
Step 1: Solve the multi-objective cost function as a single objective cost function using one objective at a time
and ignoring all others.
Step 2: From the results of step 1, determine the corresponding values for every objective at each solution
derived.
Step 3: From step 2, we find for each objective, the best 𝐿𝑘 and worst 𝑈𝑘 value corresponding to the set of
solutions. The initial fuzzy model of (10) can then be stated as, in terms of the aspiration levels for each
̃ 𝐿𝑘, 𝑘 = 𝐿, 𝐶, 𝑅 subject to the non negativity conditions.
objective, as follows: Find Q satisfying 𝑓𝑘 <
Step 4: Define fuzzy non-linear membership function (𝜇𝑓𝑘 ; 𝑘 = 𝐿, 𝐶, 𝑅) for each objective function which is
defined
0
;
𝑓𝑘 ≥ 𝑈𝑘
𝜇𝑓𝑘= {1 − (

𝑓𝑘 −𝐿𝑘 2
𝑑𝑘

)

;

𝐿𝑘 ≤ 𝑓𝑘 ≤ 𝑈𝑘

1
;
𝑓𝑘 ≤ 𝐿𝑘
Step 5: After determining the linear membership function defined for each objective functions following the
problem can be formulated an equivalent crisp model 𝑀𝑎𝑥 𝛼 ≤ 𝜇𝑓𝑥 (𝑥); 𝑘 = 𝐿, 𝐶, 𝑅. 𝛼 ≥ 0, 𝑄 ≥ 0.
III. Numerical example
In this section, the above mentioned algorithm is illustrated by a numerical example. Here the parameters
ordering cost, holding cost and shortage cost are considered as triangular parabolic fuzzy numbers (TPFN).
After that, the fuzzy numbers are transformed into interval numbers using nearest interval approximation
following.
Let 𝐶1 = 5, 𝐶2 = 25, 𝐶3 = 100, 𝐷 = 5000 , 𝐴 = 0.5, 𝐵 = 150 units.
Method I: 𝐿𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝐶̃1 = (5,8,9), 𝐶̃2 = (26,27,29), 𝐶̃3 = (85,86,87)
Using ranking technique we get, R(𝐶̃1 ) = 7.25, R(𝐶̃2 ) = 27.375, R(𝐶̃3 ) = 86
Then the defuzzfied inventory model is solved using LINGO software and the optimum results are tabulated.
Table 1: optimum results
Min. total average cost

𝑸∗

𝑸∗𝟏

2220.6129

381.11828

300.0000

Method II:
Taking these as triangular parabolic fuzzy numbers and the fuzzy numbers are transformed into interval
numbers we have, The fuzzy numbers 𝐶̃1 , 𝐶̃2 , 𝐶̃3 are transformed into interval numbers as,
𝐶̃1 = [𝐶1𝐿 , 𝐶1𝑅 ] = [6.5, 8.5]
𝐶̃2 = [𝐶2𝐿 , 𝐶2𝑅 ] = [26.5, 28]
𝐶̃3 = [𝐶3𝐿 , 𝐶3𝑅 ] = [85.5, 86.5]
Individual minimum and maximum of objective functions 𝑓𝐿 , 𝑓𝐶 , 𝑓𝑅 are given below.
Table 2: objective functions 𝒇𝑳 , 𝒇𝑪 , 𝒇𝑹
Objective functions
𝒇𝑳
𝒇𝑪

Optimize 𝒇𝑳
𝑓𝐿 ′ =2117.89
𝑓𝐶 ′ =2249.23

ICOMAC 2019-087; © 2019, AIJRSTEM All Rights Reserved

Optimize 𝒇𝑪
𝑓𝐿 ′′ =2118.19
𝑓𝐶 ′′ =2248.98

Optimize 𝒇𝑹
𝑓𝐿 ′′′=2132.05
𝑓𝐶 ′′′ =2253.49
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𝒇𝑹
Now we calculate
𝐿𝐿 =min (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2117.89
𝐿𝐶 =min (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2248.98
𝐿𝑅 =min (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2374.93
we formulate the problem as ,
max 𝛼
subject to:
𝑄2

𝑄2

𝑄
𝑄12

𝑄

3.25 ( 1 ) + 13.25 ( 2 ) + (
𝑄22

𝑄

𝑄22

𝑄

𝑄

4.25( ) + 14 ( ) + (

𝑄

𝑓𝑅 ′′′ =2374.93

) − (14.1529)√(1 − 𝛼) ≤ 2117.89

𝑄
430000

𝑄
432500

𝑓𝑅 ′′ =2379.77

𝑈𝐿 =max (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2132.05
𝑈𝐶 =max (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2253.49
𝑈𝑅 =max (𝑓𝐿 ′ , 𝑓𝐿 ′′ ,𝑓𝐿 ′′′) =2380.56

427500

3.75 ( ) + 13.625 ( ) + (
𝑄12

𝑓𝑅 ′ =2380.56

𝑄

) − (4.506)√(1 − 𝛼) ≤ 2248.98

) − (5.6298)√(1 − 𝛼) ≤ 2374.93

Subject to: 0.5Q1 ≤ 150,Q ,Q1 > 0.
Table 3: Optimum value of 𝜶
Maximum
0.0.8931
The optimum results for the total average cost, the economic order quantity average cost, the economic order
quantity and level of inventory are found and given in table 3.
Table 4: The optimum results
𝒇∗𝑳
2122.52

𝒇∗𝑪
2249.64

𝒇∗𝑹

𝑸∗

2376.77

375.321

𝑸∗𝟏
291.898

IV. Conclusion

In this paper, a method of solving triangular parabolic fuzzy inventory model has been considered. The
impreciseness may be represented by various ways. In this paper we have represented by fuzzy numbers. Here
we have presented an inventory model with shortage cost, carrying cost, setup cost where they are assumed as
triangular parabolic fuzzy numbers. The model is solved by both the techniques. A numerical example is
provided to illustrate the techniques and the results are tabulated.
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Multi Objective Quadratic Fuzzy Transportation Problem with
Environmental Costs
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PG and Research Department of Mathematics,
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1,2

Abstract: The growth of speedy transportation is man’s greatest achievement in minimizing distances but at
the same time it has also become a cause of environmental degradation. Ecologists believe that the rapid
increase in the number of vehicles on our roads, which has taken place without any real restriction, is fast
developing into an environmental crisis. Carbon emission from the motor vehicles is the major source of
atmospheric pollution. In this paper the mathematical model of multi objective quadratic fuzzy
transportation problem with environmental costs has been formulated. The interdependency between the
transportation cost and damage cost of a product will produce the quadratic function in objective. Under
this consideration the objectives of the problem are minimizing the total transportation cost and
environmental costs related to fuel emission and damage of the products which are quadratic in nature. The
parameters of the problem like transportation cost, damage cost and environmental costs are treated as
intuitionistic fuzzy numbers. Priority based fuzzy goal programming approach is used to solve multi
objective quadratic fuzzy transportation problem. A numerical example is presented to illustrate proposed
I.
method using LINGO 17.0 software package.
Key Words: Transportation problem, Multi objective transportation problem, Quadratic transportation
problem, Intuitionistic fuzzy number, Priority based goal programming approach, Environmental costs.

I.

Introducton

The transportation problem (TP) is the particular case of linear programming problem. The classical
transportation model finds transportation plan for a homogenous commodity from a number of sources to a
number of destinations at the minimum transportation cost. In classical TP all the parameters are deterministic.
In many situations, all the parameters of transportation problem are imprecise. Due to this the parameters of TP
become fuzzy in nature.
The concept of fuzzy has been introduced by Zadeh [20]. Several researchers [8,9] have used fuzzy set
theory to solve various transportation problem under fuzzy environment. Intuitionistic fuzzy set is the
generalized form of fuzzy set theory which is proposed by Atanassov [6] . The intuionistic set theory deals with
the degree of membership grade and the degree of non-membership grade of an element in the set. With the help
of the intuionistic fuzzy set theory decision maker can decide the degree of satisfaction and dissatisfaction. To
compare the vagueness of given data many researchers [7,11-13] have used intuitionistic fuzzy set which is
better than fuzzy set theory.
In real life situations the objective function of the TP cannot be linear; such a case the objective
function can be considered as a quadratic function which is the product of two linear functions. Kaltinska [21]
have studied the features of quadratic transportation problems Arora [3] have solved the indefinite quadratic
transportation. Gupta & Arora [1, 2 & 4] have proposed an indefinite quadratic transportation problem with the
flow constraint.
The transportation problems can be defined as multi-objective transportation problems (MOTP). In
MOTP, objectives may be of minimizing the total time of transportation, total cost of transportation and total
deterioration of products during transportation etc. Aneja [5] have developed optimal solutions of the MOTP
with two objectives. A many researchers[9, 22] have studied MOTP.
A priority based fuzzy goal programming is one of the effective tools to solve MOFTP. In priority
based fuzzy goal programming, the goals at the first priority level are considered of their aspiration levels
according to their relative importance of the weights at than priority level. Surupati [23] have studied the
priority based fuzzy goal programming problem with multi-objectives.
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The environmental impact of transport is significant because transport is a major user of energy, and
burns most of the world's petroleum. This creates air pollution, including nitrous oxides and particulates, and is
a significant contributor to global warming through emission of carbon dioxide. Within the transport sector, road
transport is the largest contributor to global warming.
Liquefied petroleum gas (LPG) has a variety of uses, like hospital, construction, sailing and fishing
sectors. It can serve as fuel for cooking, central heating and to water heating and is a particularly cost-effective
and efficient way to heat off-grid homes. During extraction, storage, transportation, and distribution,
natural gas is known to leak into the atmosphere, particularly during the transportation process. Shen(2017) have
explained the impact of cooking gas to the environment. Since LPG is one of the top 10 hazardous materials, it
has high risk while transporting. In a fire, LPG has the potential to cause major explosions. Long-term effects
include signs of mutation in animals, cancer and other diseases in humans, trash in our waterways and green
spaces, and the destruction of many natural resources. During the transport and distribution of containers, care
must be taken to ensure that valves and connections are not damaged. Adequate precautions should be taken to
prevent cylinders from falling off the vehicle and from being subjected to rough usage, excessive shocks or local
stress, and to prevent excessive movement of liquids in large tanks.
For the first time in this paper two objectives are considered which are quadratic in nature. One is
product of transportation cost and damage cost of a product and another objective is the product of the
environmental cost related to transportation and damage. Our aim is to minimize the total transportation cost as
well as environmental costs. The secondary data is taken from Bharat Petroleum Limited , the cooking gas
cylinders were supplied from plants to various distributive centers.
In this paper the mathematical model of multi objective quadratic fuzzy transportation problem with
environmental costs has been formulated. The interdependency between the transportation cost and damage cost
of a product will produce the quadratic function in objective. Under this consideration the objectives of the
problem are minimizing the total transportation cost and environmental costs related to fuel emission and
damage of the products which are quadratic in nature. The parameters of the problem like transportation cost,
damage cost and environmental costs are treated as intuitionistic fuzzy numbers. Priority based fuzzy goal
programming approach is used to solve multi objective quadratic fuzzy transportation problem.
The gesture of the paper is formulated as follows: In Section 2, mathematical model of MOQFTP is
formulated. The solution procedures using priority based fuzz goal programming have been discussed in Section
3. Section 4 demonstrates the efficiency of the proposed model with an aid of numerical example. The
conclusion is given in Section 5.
II. Mathematical Model
The mathematical model MOQFTP is given as follows:
𝑚

𝑛

1
1
min 𝑧 = ∑ ∑[(𝑐𝑖𝑗
, 𝑐𝑖𝑗2 , 𝑐𝑖𝑗3 ; 𝑐𝑖𝑗4 , 𝑐𝑖𝑗5 )(𝑥𝑖𝑗
, 𝑥𝑖𝑗2 , 𝑥𝑖𝑗3 ; 𝑥𝑖𝑗4 , 𝑥𝑖𝑗5 )]
1

𝑖=1 𝑗=1
𝑚

𝑛

1
2
3
4
5
1
× [(𝑑𝑖𝑗
, 𝑑𝑖𝑗
, 𝑑𝑖𝑗
; 𝑑𝑖𝑗
, 𝑑𝑖𝑗
)(𝑥𝑖𝑗
, 𝑥𝑖𝑗2 , 𝑥𝑖𝑗3 ; 𝑥𝑖𝑗4 , 𝑥𝑖𝑗5 )]

1
2
3
4
5
1
min 𝑧 2 = ∑ ∑[(𝑒𝑝𝑖𝑗
, 𝑒𝑝𝑖𝑗
, 𝑒𝑝𝑖𝑗
; 𝑒𝑝𝑖𝑗
, 𝑒𝑝𝑖𝑗
)(𝑥𝑖𝑗
, 𝑥𝑖𝑗2 , 𝑥𝑖𝑗3 ; 𝑥𝑖𝑗4 , 𝑥𝑖𝑗5 )]
𝑖=1 𝑗=1
1
2
3
4
5
1
× [(𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
; 𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
)(𝑥𝑖𝑗
, 𝑥𝑖𝑗2 , 𝑥𝑖𝑗3 ; 𝑥𝑖𝑗4 , 𝑥𝑖𝑗5 )]

subject to
∑𝑛𝑗=1 𝑥𝑖𝑗𝑘 ≤ 𝑎𝑖𝑘 , (i= 1,2,3,….m) ( k = 1,2,3,4,5)
𝑘
𝑘
∑𝑚
𝑖=1 𝑥𝑖𝑗 ≥ 𝑏𝑗 , (j= 1,2,3,….n) ( k = 1,2,3,4,5)
and 𝑥𝑖𝑗𝑘 ≥ 0, ∀ i , j and k.
1
Here, (𝑐𝑖𝑗
, 𝑐𝑖𝑗2 , 𝑐𝑖𝑗3 ; 𝑐𝑖𝑗4 , 𝑐𝑖𝑗5 ) is the triangular intuitionistic transportation cost per item
1
2
3
4
5
(𝑑𝑖𝑗
, 𝑑𝑖𝑗
, 𝑑𝑖𝑗
; 𝑑𝑖𝑗
, 𝑑𝑖𝑗
) is the triangular intuitionistic product damage cost per item
1
2
3
4
(𝑒𝑡𝑖𝑗 , 𝑒𝑡𝑖𝑗 , 𝑒𝑡𝑖𝑗 ; 𝑒𝑡𝑖𝑗 , 𝑒𝑡𝑖𝑗5 ) is the triangular intuitionistic environmental cost related to
transportation per item
1
2
3
4
5
(𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
; 𝑒𝑑𝑖𝑗
, 𝑒𝑑𝑖𝑗
) is the triangular intuitionistic environmental cost related to
damage per item.
By using the ranking function as in Gupta[16] of triangular intuionistic number the above model can be
formulated as follows :
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𝑚

𝑛

1 1 1
1 1 1
2 2
3 3
4 4
min 𝑧1 = ∑ ∑ [ (𝑐𝑖𝑗
𝑥𝑖𝑗 + 4𝑐𝑖𝑗2 𝑥𝑖𝑗2 + 𝑐𝑖𝑗3 𝑥𝑖𝑗3 + 𝑐𝑖𝑗4 𝑥𝑖𝑗4 + 𝑐𝑖𝑗5 𝑥𝑖𝑗5 )] × [ (𝑑𝑖𝑗
𝑥𝑖𝑗 + 4𝑑𝑖𝑗
𝑥𝑖𝑗 + 𝑑𝑖𝑗
𝑥𝑖𝑗 + 𝑑𝑖𝑗
𝑥𝑖𝑗
8
8
𝑖=1 𝑗=1

5 5
+ 𝑑𝑖𝑗
𝑥𝑖𝑗 )]
𝑚

𝑛

1
1
1 1
2 2
3 3
4 4
5 5
1 1
2 2
3 3
min 𝑧 2 = ∑ ∑ [ (𝑒𝑝𝑖𝑗
𝑥𝑖𝑗 + 4𝑒𝑝𝑖𝑗
𝑥𝑖𝑗 + 𝑒𝑝𝑖𝑗
𝑥𝑖𝑗 + 𝑒𝑝𝑖𝑗
𝑥𝑖𝑗 + 𝑒𝑝𝑖𝑗
𝑥𝑖𝑗 )] × [ (𝑒𝑑𝑖𝑗
𝑥𝑖𝑗 + 4𝑒𝑑𝑖𝑗
𝑥𝑖𝑗 + 𝑒𝑑𝑖𝑗
𝑥𝑖𝑗
8
8
𝑖=1 𝑗=1

4 4
5 5
+ 𝑒𝑑𝑖𝑗
𝑥𝑖𝑗 + 𝑒𝑑𝑖𝑗
𝑥𝑖𝑗 )]

subject to
∑𝑛𝑗=1 𝑥𝑖𝑗𝑘 ≤ 𝑎𝑖𝑘 , (i= 1,2,3,….m) ( k = 1,2,3,4,5)
𝑘
𝑘
∑𝑚
𝑖=1 𝑥𝑖𝑗 ≥ 𝑏𝑗 , (j= 1,2,3,….n) ( k = 1,2,3,4,5)
𝑥𝑖𝑗4 ≥ 0;
1
𝑥𝑖𝑗2 − 𝑥𝑖𝑗
≥ 0;
3
𝑥𝑖𝑗 − 𝑥𝑖𝑗2 ≥ 0;
1
𝑥𝑖𝑗
− 𝑥𝑖𝑗4 ≥ 0;
𝑥𝑖𝑗5 − 𝑥𝑖𝑗4 ≥ 0;
∀ i , j and k.
III. Solution Procedure
Step 1 : Determine the individual best solution of each objective function 𝑧 𝑡 , 𝑡 = 1,2 subject to the constraints.
Step 2 : Determine the pay off matrix as Surapati [23] and define upper limit and lower limit of each quadratic
objective function.
Step 3: Determine the membership function 𝜇𝑡 (𝑥) as given in Surapati [23].
Step 4: Find the individual best solution of the quadratic membership function 𝜇𝑡 (𝑥) with respect to the
constraints.
Step 5 : Formulate the quadratic membership function 𝜇𝑡 (𝑥) into equivalent linear function by using first order
Taylor series as follows:
𝑛
5
𝑘
𝑘∗ 𝜕𝜇𝑡
𝑘∗
𝜇𝑡 (𝑥) = 1 + 𝜇𝑡 (𝑥11
) + ∑𝑚
𝑘 , t = {1,2}
𝑖=1 ∑𝑗=1 ∑𝑘=(𝑥𝑖𝑗 − 𝑥𝑖𝑗 )
𝜕𝑥𝑖𝑗

Step 6 : Determine the fuzzy priority model as given below :
Min 𝜔 =∑2𝑡=1 𝑤𝑡 𝑑𝑡
𝑛
5
𝑘
𝑘∗ 𝜕𝜇𝑡
𝑘∗ )
Subject to 1 + 𝜇𝑡 (𝑥11
+ ∑𝑚
𝑘 + 𝑑𝑡 ≥ 1 ,
𝑖=1 ∑𝑗=1 ∑𝑘=(𝑥𝑖𝑗 − 𝑥𝑖𝑗 )
𝜕𝑥𝑖𝑗

𝑑𝑡 ≥ 0 ∀ 𝑡 = {1,2}
Where 𝑤𝑡 weight of the t-th quadratic objective.
IV. Numerical Example
In this section, the secondary data is taken from Bharat Gas limited is presented to test the feasibility of
proposed method. Two plants in Tamil Nadu were taken as origin and three distribution centers were taken for
calculation. The transportation cost for supplying gas cylinders to the distribution centre is given in Table 1,
damage cost of a cylinder is given in Table 2, and environmental cost related to transportation is given in Table
3 and in Table 4 environmental cost related to damage. Our aim is to minimize the total transportation cost and
environmental costs. The compromise solution can be obtained by assuming w1 = 0.3 and w2 = 0.7 for goals 1
and 2, respectively.
Table 1: Transportation Cost
Origin/
Trichy
Sources
Thanjavur
(7,7.5,8; 6.5 , 8.5)
Coiambatore
Availability

(9.8,10,11;9.5,
11.5)
(10000,10200,105
00; 9550,10550)

Karur

Dindigul

Demand

(8, 8.5 ,9 ; 8.4,
9.5 )
(7.5,7.8,8; 7,8.5)

(9.5,10,10.3 ;
9,10.5)
(9,9.2,9.5; 8.9,10)

(31600,31660, 31680; 31500,
31690)
(28100,28120,28150; 28000,
28170)

(10100,10250,10
250;
10000,10250)

(11020,11050,
11200;
11000,
11250
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Table 2: Damage Cost
Origin/ Sources
Thanjavur
Coiambatore

Trichy
(0.95,1,1.2;0.9,1.5)
(3.5,3.8,4.05;3,4.5)

Karur
(1.5,1.6,1.8;1.1,2.05 )
(2.5,2.7,2.9;2.2,3.0)

Table 3: Environmental Cost Related To Transportation
Origin/ Sources Trichy
Karur
Thanjavur
(0.1,0.12,0.24;0.08,0.28)
(0.25,0.29,0.3;0.22,0.32)
Coiambatore
(0.4,0.43,0.46;0.37,0.49)
(0.25,0.29,0.3;0.28,0.32)

Dindigul
(2.8,2,2.5;1,3)
(2,2.4,2.6;1.8,3.0)

Dindigul
(0.3,0.33,0.36;0.25,0.4)
(0.34,0.35,0.38;0.32,0.39)

Table 4: Environmental Cost Related To Damage
Origin/ Sources
Trichy
Karur
Thanjavur
(44,44.6,45;43.8,45.5)
(44.5,44.7,44.8;44.4,45.5)
Coiambatore
(44.5,45.8,45.9;44,46)
(43.5,43.,44;43,44.5)

Dindigul
(44.2,22.5,44.8;44,45)
(43,43.544;43,44.5)

The mathematical model for given numerical problem is defined as follows:
Min z1 = ((1/8)* (7*x111 + 4*7.5*x112+ 8*x113 + 6.5 * x114 + 8.5*x115 ) +
(1/8)*( 8*x121 + 4*8.5*x122 + 9*x123 + 8.4* x124 + 9.5*x125) +
(1/8)* (9.5*x131 +4*10 *x132 + 10.3*x133 + 9*x134 +10.5*x135 )+
(1/8)* (9.8*x211 + 4*10 *x212 + 11*x213 +9.5*x214 +11.5*x215 )+
(1/8)* (7.5*x221 + 4*7.8*x222 + 8*x223 + 7*x224 + 8.5*x225 )+
(1/8)* (9*x231 + 4*9.2*x232 + 9.5*x233 + 8.9*x234 + 10*x235)) ×
( (1/8)* (0.95*x111 + 4*1*x112+ 1.2*x113 +0.90* x114 +1.5*x115)+
(1/8)*(1.5*x121 +4*1.6*x122 +1.8*x123 +1.1* x124 + 2.05*x125)+
(1/8)*(1.8*x131 +4*2*x132+ 2.5*x133+1*x134 +3*x135)+
(1/8)* (3.5*x211 + 4*3.8*x212 + 4.05*x213 +3*x214 +4.5*x215 )+
(1/8)*(2.5*x221 +4*2.7*x222 + 2.9*x223 +2.2*x224 +3.0*x225 )+
(1/8)*(2*x231 +4*2.4*x232+ 2.6*x233 +1.8*x234 +3.0*x235))
Min z2 = ((1/8)* (0.1*x111 + 4*0.12*x112+ 0.24*x113 + 0.08 * x114 + 0.28*x115 )+
(1/8)*(0.25*x121 + 4*0.29*x122 + 0.3*x123 + 0.22* x124 + 0.32*x125)+
(1/8)* (0.3*x131 + 4*0.33*x132 + 0.36*x133 + 0.25*x134 + 0.4*x135 )+
(1/8)* (0.4*x211 + 4*0.43*x212 + 0.46*x213 +0.37*x214 +0.49*x215 )+
(1/8)* (0.25*x221 + 4*0.29*x222 + 0.3*x223 + 0.22*x224 + 0.32*x225 )+
(1/8)* (0.34*x231 + 4*0.35*x232 + 0.38*x233 + 0.32*x234 + 0.39*x235)) ×
( (1/8)* (44* x111 + 4*44.6*x112+ 45*x113 + 43.8* x114 + 45.5*x115)+
(1/8)*(44.5*x121 +4*44.7*x122 +44.8*x123 + 44.4* x124 + 45*x125)+
(1/8)*(44.2*x131 + 4*44.5*x132+ 44.8*x133 + 44*x134 +45*x135)+
(1/8)* (44.5*x211 + 4*45.8*x212 + 45.9*x213 +44*x214 + 46*x215) +
(1/8)*(43.5*x221 + 4*43.8*x222 +44 *x223 + 43*x224 +44.5*x225) +
(1/8)*(43*x231 +4*43.5*x232+ 44*x233 + 43*x234 +44.5*x235));
Subject to
x111 + x121 + x131 ≤ 31600;
x112 + x122 + x132 ≤31660;
x113 + x123 + x133 ≤31680;
x114 + x124 + x134≤31500;
x115 + x125 + x135 ≤31690;
x211 + x221 + x231≤28100;
x212 + x222 + x232≤ 28120;
x213 + x223 + x233≤ 28150;
x214 + x224 + x234 ≤ 28000;
x215 + x225 + x235 ≤ 28170;
x111 + x211 ≥ 10000;
x112 + x212 ≥ 10200;
x113 + x213≥ 10500;
x114 + x214 ≥ 9550;
x115 + x215 ≥ 10550;
x121 + x221≥ 10100;
x122 + x222≥ 10250;
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x123 + x223≥ 10400;
x124 + x224≥ 10000;
x125 + x225≥ 10500;
x131 + x231 ≥ 11020;
x132 + x232 ≥ 11050;
x133 + x233 ≥ 11200;
x134 + x234≥ 11000;
x135 + x235≥ 11250;
x114 ≥ 0;
x112 - x111 ≥ 0;
x113 - x112 ≥ 0;
x111 - x114 ≥ 0;
x115 - x113 ≥ 0;
x124 ≥ 0;
x122 - x121 ≥ 0;
x123 - x122 ≥ 0;
x121 - x124 ≥ 0;
x125 - x123 ≥ 0;
x134 ≥ 0;
x132 - x131 ≥ 0;
x133 - x132 ≥ 0;
x131 - x134 ≥ 0;
x135 - x133 ≥ 0;
x214 ≥ 0;
x212 - x211 ≥ 0;
x213 - x212 ≥ 0;
x211 - x214 ≥ 0;
x215 - x213 ≥ 0;
x224 ≥ 0;
x222 - x221 ≥ 0;
x223 - x222 ≥ 0;
x221 - x224 ≥ 0;
x225 - x223 ≥ 0;
x234 ≥ 0;
x232 - x231 ≥ 0;
x233 - x232 ≥ 0;
x231 - x234 ≥ 0;
x235 - x233 ≥ 0; xijk ≥ 0, for i{1,2},j{1,2,3},k{1,2,3,4,5} .
The above mathematical model can be solved by using the steps described in section 3. The individual best
solution of above model for each objective is given as follows :
Table 5 : Solution of Objective 1
Origin/ Sources
Trichy
Thanjavur
(10000,10200,10500;
9550,10550)
Coiambatore
Table 6 : Solution of Objective 2
Origin/ Sources
Trichy
Thanjavur
(10000,10200,10500;
9550,10550)
Coiambatore

Karur
(10100,10250,10250;
10000,10250)
(0,0,50; 0,250)

Dindigul
(10890,
10890,
10890;
10890, 10890)
(200,200,310; 200,360)

Karur

Dindigul
(11090,
11090,
11090, 11090)
(0,0,0 ; 0, 50 )

(10100,10250,10400;
10000,10500)

11090;

With total cost z1 = Rs. 1.380566 × 1010 and z2 = Rs. 1.126778 × 1010 .
10
10
Then the payoff matrix = [ 1.380566 × 10 10 1.51125472 × 10
10 ] and corresponding membership functions
1.1713036 × 10
1.126778 × 10
are
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𝑖𝑓 𝑧1 ≥ 1.51125472 × 1010

1
𝑧 1 −1.380566 ×1010

𝜇1 (𝑥) = {

1.51125472 ×1010 −1.380566 ×1010

, 𝑖𝑓 1.380566 × 1010 ≤ 𝑧1 ≤ 1.380566 × 1010
𝑖𝑓 𝑧1 ≤ 1.380566 × 1010

0

𝑖𝑓 𝑧 2 ≥ 1.1713036 × 1010

1
𝜇2 (𝑥) = {

𝑧 1 −1.126778 ×1010

1.1713036×1010 −1.126778 ×1010

, 𝑖𝑓 1.126778 × 1010 ≤ 𝑧1 ≤ 1.1713036 × 1010

0
𝑖𝑓 𝑧 2 ≤ 1.126778 × 1010
The quadratic membership functions are transformed into equivalent linear membership functions at the
individual best solution by Taylor series (Surupati 2011) as follows:
1+ (x111-10000)*(-10.56) + (x112-10200)* (-10.56) +(x113-10500)*(-10.563) + (x114-9550)*(-10.56)+(x11510550)*(-10.56) + (x121-10100)*(--10.56) + (x122- 10250)*(-10.56) + (x123-10250)*(-10.56) + (x124-10000)
* (-10.56)+ (x125 - 10250)*(-10.56) + (x131- 10890)* (-10.56) + (x132 - 10890)*(-10.56) + (x133- 10890) * (10.56) +(x134-10890)*(-10.56) + (x135- 10890)*(-10.56) + (x223-50)*(-10.56) + ( x225- 250)*(-10.56) +
(x231-200)*(-10.56) + (x232-200)*(-10.56) + (x233-310)*(-10.56)+(x234-200)*(-10.56)+ (x235-360)* (-10.56)
+ d1 ≥ 1 ;
1+ (x111-10000)*(-25.31) + (x112-10200)* (-25.31) +(x113-10500)*(-25.306) + (x114-9550)*(-25.306) +
(x115-10550) * (-25.306) +(x131- 11090)*(-25.306) + (x132 - 11090)*(-25.31)+ (x133- 11200)*(-25.31) +
(x134-11090) * (-25.31)+ (x135- 11200)*(-25.306) + (x221-10100)*(-25.306) + ( x222- 10250)*(-25.306) +
+(x223-10400)*(-25.306)+ (x224-10000)*(-25.306) +(x225-10500)*(-25.306) + (x235-50)*(-25.306) + d2 ≥ 1 ;
Then priority based fuzzy goal programming model can be written as
min 𝜔= 0.3*d1 + 0.7*d2;
Subject to
1+ (x111-10000)*(-10.56) + (x112-10200)* (-10.56) +(x113-10500)*(-10.563) + (x114-9550)*(-10.56)+(x11510550)*(-10.56) + (x121-10100)*(--10.56) + (x122- 10250)*(-10.56) + (x123-10250)*(-10.56) + (x12410000)*(-10.56)+ (x125 - 10250)*(-10.56) + (x131- 10890)* (-10.56) + (x132 - 10890)*(-10.56) + (x13310890)*(-10.56) +(x134-10890)*(-10.56) + (x135- 10890)*(-10.56) + (x223-50)*(-10.56) + ( x225- 250)*(10.56) + (x231-200)*(-10.56) + (x232-200)*(-10.56) + (x233-310)*(-10.56)+(x234-200)*(-10.56)+ (x235360)* (-10.56) + d1 ≥ 1 ;
1+ (x111-10000)*(-25.31) + (x112-10200)* (-25.31) +(x113-10500)*(-25.306) + (x114-9550)*(25.306)+(x115-10550)* (-25.306) +(x131- 11090)*(-25.306) + (x 132 - 11090)*(-25.31)+ (x133- 11200)*(25.31) + (x134-11090)*(-25.31)+ (x135- 11200)*(-25.306) + (x221-10100)*(-25.306) + ( x222- 10250)*(25.306) + +(x223-10400)*(-25.306)+ (x224-10000)*(-25.306) +(x225-10500)*(-25.306) + (x235-50)*(25.306) + d2 ≥ 1 ;
The optimum result of the above model is given below:
Table 7: Optimum Solution
Origin/ Sources
Thanjavur

Trichy
(10000,10200,10500;
9550,10550)

Karur
(10100,10250,10400;
10000,10500)

Coiambatore

Dindigul
(0,0,110 ; 0, 160)
(11090,
11090,
11090, 11090)

11090;

Total cost of z1 = Rs. 1.234667541 × 1010 and
z2 = Rs. 1.164873829 × 1010
V. Conclusion
In this paper the mathematical model of multi objective quadratic fuzzy transportation problem with
environmental costs has been formulated in which all the objectives are considered as the quadratic functions.
First objective is the product of transportation cost and damage cost and second objective is the product of
environmental costs related to transportation and damages. While transporting hazardous items, we must aware
of environmental problems. Because damage of hazardous material during transportation is very harmful to the
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environment. The proposed model is used to create the awareness among the people by paying environmental
production cost. The MOQFTP model can be solved by priority fuzzy goal programming with priority levels.
The priority is given to the second objective which is connected with environmental issues. The optimum
solution of the given problem is given in Table 7. The proposed method can be extended to optimization
problems in supply chain of gas cylinders. In addition to these, the proposed method may be applicable for
getting better results in many real life problems.
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I. Introduction
In 2002, Csaszar introduced the notions of generalized topology and generalized continuity. Let X be a
nonempty set and µ be a collection of subsets of X. Then µ is called a generalized topology [2] (briefly GT on
X, if ∅ ∈ µ and an arbitrary union of elements of µ belongs to µ. If X  μ, (X, μ) is called a strong generalized
topological space [4]. A subset A⊂X is said to be μ -closed if X-A is μ-open. A subset A of a space (X, µ) is
said to be µ-π-open [3], (resp. µ-σ-open [3]), if A ⊂ iµcµ(A) (resp. A ⊂ cµiµ(A)). The complement of a µ-π-open
(resp. µ-σ-open) set is said to be µ-π-closed [3] (resp. µ-σ-closed [3]). Further X-cμ(A)= iμ(X -A) for every
subset A of X. For A⊂X, cπ(A) (resp. cσ(A)) is the smallest μ-π-closed set (resp. μ-σ-closed set) containing A
and iμ(A) is the largest μ-π-open set contained in A. Let (X,μ) be a generalized topological space. A subset A of
X is said to be ωμ [7] (resp. αgsμ-closed [1]) if cμ(A) ⊂ M(resp. cα(A) ⊂M ) whenever A⊂ M and M is
μ-σ-open in (X, μ). A subset A of X is said to be αgμ-closed [6]) if cα(A) ⊂ M whenever A⊂M and M is μ-open
in (X, μ). A function f : (X, μ)→(Y,λ) is said to be (π, λ) -continuous [5] if f-1(U) is μ-π-open in (X, μ) for every
λ -open set U in (Y, λ) .
II.  gsµ -closed sets
Defnition 2.1. Let (X, µ) be a generalized topological space. A subset A of X is said to be  gsµ -closed if
cπ (A) ⊆ M whenever A ⊆M and M is µ-σ -open in (X, µ ) .
Theorem 2.2. If a subset A of X is  gsµ -closed, then c  (A) - A contains no nonempty µ -closed sets.
Proof. Assume that A is  gsµ -closed. Let F be a µ -closed set contained in c  (A) -A. Since A ⊆X-F and A
is  gsµ-closed, c  (A)⊆X -F and F⊆X -c  (A). Therefore, F = ∅, which implies that c  (A)-A contains no
nonempty µ -closed sets.
Theorem 2.3. If a subset A of X is

 gsµ -closed, then c 

(A) - A contains no nonempty µ-σ - closed sets.

 gsµ-closed. Let F be a µ-σ -closed set contained in c  (A)-A, since A ⊆ X-F and A
c  (A)⊆ (X-F) so F⊆X-c  (A),Therefore F = ∅ which implies that c  (A)-A contains no

Proof. Assume that A is

is  gsµ-closed,
nonempty µ-σ- closed sets.

Proposition 2.4. Every µ-closed (resp. ωµ -closed, αgsµ -closed, αgµ -closed) set is
conversely.
Proof. Obivious.
ICOMAC 2019-091; © 2019, AIJRSTEM All Rights Reserved
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Example 2.5. Let X = {a, b, c, d} and µ = {  , {a, b, c}, {c, d}, X}: Then A ={a, c} is
µ -closed (resp. ωµ -closed, α gsµ -closed, α gµ -closed)sets.

 gsµ -closed but not

Theorem 2.6. Let A and B be subsets of (X, µ). If A⊂ B ⊂ c  (A) and A is  gsµ -closed, then B is  gsµ closed.
Proof. Assume that A⊂B⊂c  (A) and A is  gsµ -closed. Then we have c  (B) -B ⊂ c  (A) – A. Let F be a
µ-σ - closed set such that F ⊂ c  (B) - B ⊂ c  (A) – A. Since A is  gsµ -closed, therefore c  (A) - A has
no non-empty µ-σ - closed subset and hence c  (B) - B contains no nonempty µ-σ -closed subset. Hence B is
 gsµ -closed.
Theorem 2.7. A subset A of (X, µ) is  gs -closed and B is µ -closed, then A ∩ B is  gsµ -closed.
Proof. Suppose that A∩B⊂M, where M is µ-σ -open. Then A⊂(M  (X-B)). Since A is  gsµ-closed,
c  (A)⊂M  (X -B) and hence c  (A) ∩B ⊂M. Therefore, c  (A ∩ B) ⊂ M which implies that A ∩B is
 gsµ -closed.
Theorem 2.8. A subset A of a generalized topological space (X, µ) is  gsµ -closed if and only if c σ ({x}) ∩A
 ∅ for every x  c  (A).
Proof. Assume that A is an  gsµ -closed set in (X, µ) and if possible that there exists x  c  (A) such that
cσ({x})∩A=∅. Then, A⊆X-cσ ({x}), and so c  (A)⊆ X-cµ({x}). Hence x  c  (A). This is a contradiction.
Conversely, suppose that the condition of the theorem holds and let U be any µ-σ-open set containing A. Let
x  c  (A). Then by hypothesis cσ({x})∩A=∅ and there exists y  cσ({x})∩A such that y  A⊆U. Thus x 
U which implies that c  (A) ⊆U. This shows that A is  gsµ -closed.
Theorem 2.9. If A is µ-σ -open and  gsµ -closed, then A is µ -  -closed.
Proof. By hypothesis, c  (A) ⊆ A and hence A is µ -  -closed.
Proposition 2.10 . A subset A of X is  gsµ -closed if and only if c  (A) ∩ F = ∅ whenever A∩ F = ∅ and F
is µ-σ - closed.
Proof. Assume that A is  gsµ -closed. Let A∩ F = ∅; and F is µ-σ - closed. Then A ⊂X - F and c  (A) ⊂ X F: Therefore, we have c  (A) ∩ F = ∅. Conversely, let A ⊂U and U be µ-σ -open. Then A ∩ (X -U) = ∅ and
X -U is µ-σ -closed. By hypothesis, c  (A) ∩ (X - U) = ∅ and hence c  (A) ⊂ U. Therefore, A
is an  gsµ -closed set.
Definition 2.11. A subset A of X is said to be

 gsµ-open if its complement X-A is  gsµ -closed.

Theorem 2.12. A subset A of a generalized topological space (X, µ) is  gsµ-open if and only if F⊂i  (A)
whenever F is µ-σ -closed and F ⊂A.
Proof. Suppose F ⊂ i  (A) where F is µ-σ - closed and F ⊂A. Let X-A ⊂ M, where M is µ-σ -open, then
X-M ⊂ A and X -M is µ-σ - closed. Therefore X-M ⊂ i  (A). Since X-M ⊂ i  (A), X- i  (A) ⊂ M and
X- i  (A)= c  (X-A). Thus c  (X-A)⊂M and X-A is πgsµ-closed. Hence A is  gsµ-open. Conversely,
suppose that A is  gsµ -open, F ⊂ A and F is µ-σ-closed, then X-F is µ-σ-open. Since X-A is  gsµ-closed and
X - A⊂ X -F, c  (X -A) ⊂ X -F which implies X - i  (A) ⊂ X - F: Hence F ⊂ i  (A).
Theorem 2.13. Let A and B be subsets of (X, µ). If i  (A) ⊂B ⊂A and A is
 gsµ -open.

 gsµ -open, then B is

Proof. Suppose that i  (A) ⊂B ⊂A. Then X-A⊂X-B ⊂ c  (X-A). By Theorem 2.6, X - B is
Hence B is  gsµ -open.

 gsµ -closed.

Proposition 2.14. Let (X, µ) be a generalized topological space. For each x  X, either { x } is µ-σ -closed or
{ x } is  gsµ -open.
Proof. Let { x } be not µ-σ-closed. Then X-{ x } is not µ-σ-open. If X is not µ-σ-open, X-{ x } is not contained
in any µ-σ -open set. Therefore, X-{ x } is  gsµ -closed. If X is µ-σ -open, then c  (X-{ x }) ⊂ X, so X-{ x }
is  gsµ -closed.
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Theorem 2.15. If a subset A of X is

 gsµ -closed, then c 

(A) -A is

 gsµ -open.

Proof. Assume that A is  gsµ -closed. Let F ⊂ c  (A) - A and F be µ -closed, then by Theorem 2:2 F = ∅ and
hence F ⊂ i  (c  (A) - A): Again by Theorem 2.12 c  (A) - A is  gsµ -open.
III. (  gsµ, λ)-continuous functions
Definition 3.1. A function f : (X, µ) →(Y, λ) is said to be (  gsµ, λ) -continuous if f−1(U) is
(X, µ) for every λ -closed set U in (Y, λ) .

 gsµ -closed in

Proposition 3.2. A function f : (X, µ) →(Y, λ) is (  gsµ, λ) -continuous if and only if f−1( (U) is  gsµ -open
in (X, µ) for every λ -open set U in (Y, λ).
Proof. Let f be (  gsµ, λ) -continuous and U be a λ -open set in (Y, λ) . Then Uc is λ -closed in (Y, λ) and since
f is (  gsµ, λ) -continuous, f−1 (Uc) is  gsµ -closed in (X, µ) . But f−1 (Uc) = (f−1 (U))c and hence f−1 (U) is
 gsµ -open in (X, µ) . Conversely, assume that f−1 (U) is  gsµ -open in (X, µ) for each λ -open set U in (Y, λ)
. Let V be a λ -closed set in (Y, λ). Then V c is λ -open in (Y, λ) and by assumption f−1 (V c) is  gsµ -open in
(X, µ) . Since f−1 (V c) = (f−1 (V ))c , f−1 (V ) is  gsµ -closed in (X , µ) and hence f is (  gsµ, λ) -continuous.
Definition 3.3. Let x be a point of a generalized topological space (X, µ) and V be a subset of (X , µ). Then V is
called an  gsµ -neighborhood of x in (X, µ) if there exists an  gsµ -open set U of (X, µ) such that x  U ⊆ V.
Definition 3.4. For every subset A of (X, µ) , we define the
containing A and it is denoted by c  gs (A).

 gsµ -closure of A is the smallest  gsµ -closed set

Theorem 3.5. For a function f : (X, µ) →(Y, λ) properties (2),(3), (4) and (5) are equivalent and they are
implied by property (1).
(1). The function f is (  gsµ, λ) -continuous.
(2). For each x in (X, µ), the inverse of every λ -neighborhood of f(x) is an

 gsµ -neighborhood of x.

(3). For each x in (X, µ ) and every λ -open set U containing f(x), there exists an
x such that f(V ) ⊆ U.
(4). f(c 
(5). c 

gs

gs

 gsµ -open set V containing

(A)) ⊆ c λ (f (A)) for every subset A of X:

(f−1 (B)) ⊆ f−1 (c λ (B)) for every subset B of Y.

Proof.
(1) → (2) : Let x be a point in X. Assume that V is a λ -neighborhood of f(x). Then there exists a λ -open set U
in (Y, λ ) such that f(x)  U ⊆ V. By Proposition 3:2; f−1 (U) is an  gsµ -open set in (X, µ) and x  f−1 (U) ⊆
f−1 (V): Then f−1 (V) is  gsµ -neighborhood of x.
(2) → (3): Let x  X and let U be a λ -open set containing f(x). Then, since U is a λ -neighborhood of f(x) by
assumption, f−1 (U) is an  gsµ -neighborhood of x: Therefore, there exists an  gsµ -open set such V that x 
V ⊂ f−1 (U); hence f(V ) ⊆ U:
(3) → (4): Let A be any subset of X, x  cpg(A) and U be any λ -open set containing f(x). By (3), there exists an
 gsµ -open set V containing x such that f(V ) ⊆ U.Since x  c  gsµ (A), V ∩ A = ∅ ; and hence = ∅ f(V ) ∩
f(A) ⊆U ∩ f(A). Therefore, f(x)  c λ (f(A)): This shows that f(c  gsµ (A)) ⊆c λ (f(A)):
(4) → (5) : Let B be a subset of (Y, λ). By (4), we obtain f(c πgs(f-1(B))) ⊆ cλ(f(f-1(B))) ⊆ cλ (B). Thus cπgs (f-1(B))
⊆f-1(c λ (B)).
(5) → (2) : Let x  X and U be any λ-neighborhood of f(x). There exists a λ -open set W such that f(x)  W ⊆U.
Since Y -W is λ -closed, by (5) we have cπgs (f-1(Y-W)) ⊆ f-1(cλ (Y-W)) = f-1(Y-W) = X-f-1(W). Since
x  X-f-1(W), x  cπgs(f-1(Y-W)) and there exists an πgsμ-open set V containing x such that V ∩ f-1(Y-W) = ф
Moreover, V⊆ f-1(W) ⊆ f-1(U) and f-1(U) is an πgsμ -neighborhood of x:
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IV. Decomposition of (π, λ)-continuity
Theorem 4.1. Every μ-π-closed set is πgsμ-closed set but not conversely.
Proof. Let A be μ-π-closed in (X, μ) and A⊆M, where M is μ-σ-open. Then cπ(A)= A ⊆M and so A is
πgsμ-closed in (X,μ).
Definition 4.2. A subset A of a strong generalized topological space (X,μ) is called sπμ-set if A=U∩V where U
is μ-σ-open and V is μ-π-closed.
Theorem 4.3. A subset A of a strong generalized topological space (X,μ) is μ-π-closed if and only if it is
πgsμ-closed and sπμ-set.
Proof. Necessity follows immediately from Theorem 4.1 and Definition 4.2. We prove only sufficiency. Let A
be πgsμ-closed and sπμ-set. Let A= U∩V, where U is μ-σ-open and V is μ-π-closed. Since A is πgsμ -closed,
cπ(A) ⊆U. Now A⊆V and cπ(A) ⊆cπ(V )=V. Thus we get cπ(A) ⊆U ∩V = A. This implies A is μ-π –closed.
Definition 4.4. A function f : (X, µ) →(Y, λ) is said to be (sπμ, λ)-continuous if f−1(U) is sπμ-set in (X, µ) for
every λ -closed set U in (Y, λ) .
Theorem 4.5. Let (X,μ) be a strong generalized topological space and (Y,λ) be a generalized topological space.
Then a function f : (X, μ) → (Y,λ) is (π, λ) -continuous if and only if it is (sπμ, λ) -continuous and (πgsμ,λ) continuous.
Proof. This is obvious from Theorem 4.3.
V. Conclusion
In this paper, we introduce and study the notion of πgsμ –closed sets in a generalized topological space. Also we
obtain a decomposition of (π,λ) -continuity on a strong generalized topological space. Further use this work we
will obtain new closed sets and new decompositions of continuity and (π,λ) -continuity
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Abstract: In this paper we introduce and study the notion of Hωµ-closed set in hereditary
generalized topological spaces. Also we obtain decomposition of (µ*,λ)-continuity.
Keywords:µ-σ-open, ωµ -closed, Hωμ–closed, Hωμ - open
I. Introduction
In 2002, Csaszar introduced the notions of generalized topology and generalized continuity. Let X be a
nonempty set and
µbe a collection of subsets of X. Then µ is called a generalized topology
[2](brieflyGTonX,if∅∈µandanarbitraryunionofelements of µ belongs to µ. The µ-interior iµ(A) is the largest µopen sets contained in A. The µ-closure cµ(A) is the smallest µ -closed set containing A. A subset A of a space
(X, µ) is said to be µ-σ-open [3], (resp. π-regular [5]) if A⊂cµiµ(A) (resp. A= iµcµ(A) ). The complement of µ-σopen set is said to be µ-σ closed set. A subset A of (X, µ) is said to be ωµ-closed [7] if cµ(A)⊂U whenever A⊂U
and U is µ-σ-open in (X, µ). A nonempty family H of subsets of X is said to bea hereditary class [4], if A∈H and

A* ( H ,  )  {x  X : A  V  H for every V   such that x V } [4].
*
*
*
*
*
For A⊂X, define c  ( A)  A  A ( H ,  ) and   { A  X : X  A  c  ( X  A)}. i  ( A) is the
*
union of all  - open set contained A. Clearly if H= ∅ Then c*µ(A) (A) = cµ(A) for every subset A of X. When
B⊂A, then B∈H. For each A⊆X,

there is no chance for confusion, we will simply write A* for A*(H, µ) and µ*for µ*(H, µ). If H is a hereditary
class on X then (X, µ, H) is called a hereditary generalized topological space. A subset A of (X, µ, H) is µ *closed [4] if A∗⊂ A. Let A ⊂X. Then µ -semi kernel of A, denoted byµ-sker (A) , is the set  {M  µ - σ -open:
A⊂ M } [7]. A function f : (X, μ) → (Y,λ,H) is said to be weakly (μ, λ) -H-continuous [8], if for each x∈ X and
each λ -open neighbourhood V of f(x), thereexist a μ -open neighbourhood U of x such that f(U)⊂ c*λ(V).
Lemma 1.1. [4] Let A and B be subsets of (X, µ, H). Then

1. A*⊂B* whenever A⊂B.
2. A*⊂cµ(A)
Lemma 1.2. [3] Let (X, µ) be a generalized topological space. For any A ⊂X, we have cσ(A) =
A  iµ(cµ(A)).
Lemma 1.3. [4] Let (X, µ) be a generalized topological space. Then the following statements
are equivalent for A⊂X:
1.

A⊂A*

2.

A*= c*µ(A)

3.

cµ(A) ⊂A*

4.

A*= cµ(A)

II. Hωμ-closed and Hωμ -open sets
Definition 2.1.A subset A of hereditary generalized topological space (X, μ,H) is said to be Hωμ -closed set if

A*  U whenever A  U and U is µ-σ-open.
Theorem 2.2.A subset A of X is Hωμ-closed if and only if F

ICOMAC 2019-092; © 2019, AIJRSTEM All Rights Reserved
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Proof. Assume that A is Hωμ-closed. Let F be a µ-σ closed subset of A*-A. Since A  X-F and A is Hωμ closed, A*  X -F and F  X-A*. Thus F  A*∩ (X-A*) =  . Hence F=  . Conversely, suppose A  U and U
is µ-σ-open. Suppose A  U . Since A* is µ-σ closed , A*∩ (X − U) is a nonempty µ-σ closed subsets of A*A which is contradiction. Therefore A*  U and so A is Hωμ-closed -closed.
Theorem 2.3.In (X, μ,H), every ωμ-closed set is Hωμ-closed set but not conversely.
Proof. Let A be a ωμ-closed set. Then cμ(A)  U whenever A  U and U is µ-σ-open. We have A*⊂c*μ(A)
⊂cμ(A)  U whenever A  U and U is µ-σ-open. Hence A is Hωμ -closed.
Theorem 2.4.Every μ*-closed set is Hωμ-closed but not conversely.
Proof. Assume that A be μ*-closed, then A*  A. Let A  U where U is μ- σ-open. Hence A*
A  U and U is μ -σ-open. Therefore A is Hωμ–closed.

 U whenever

Remark 2.5.From the definitions we have the following implications
ωµ-closed
µ-closed

µ*-closed

Hωµ-closed

Figure. The relation between Hωµ -closed set and some other closed sets.
The converse of the above relations need not be true from the following examples.
Example 2.6.LetX={a,b,c, d}, µ={  , a, b},{c},{a,b,c},{b,c,d}, X}and H={  ,{d}}.Then A={a, d} is µ*closed(resp. Hωμ-closed) but not µ -closed and B = {a,c,d} is Hωµ-closed but not µ*- closed.
Example 2.7.Let X={a,b,c,d}, μ={  , {a, b}, {b, c, d},X}, H={  ,{a},{b}}. Then A={b} is Hωμ -closed but
not ωμ -closed.
Theorem 2.8.In (X, μ,H), the following are equivalent:
1. A is Hωμ -closed,
2. c*μ(A)  U whenever A  U and U is μ -σ-open in (X, μ),

3. For all x  c*μ(A), c σ({x}) ∩ A   ,
4. c*μ(A) -A contains no nonempty μ -σ -closed set,
5. A*-A contains no nonempty μ - σ -closed set.
Proof. (1)  (2). If A is Hωμ -closed, then A*  U whenever A  U and U is μ -σ-open in (X, μ) and so c*μ(A)
= A  A*  U whenever A  U and U is μ - σ-open in (X, μ).

 , then A  X-cσ({x}). By (2), c*μ(A)  X-cσ({x}), a
contradiction, since x  c*μ(A). Hence cσ({x})∩A  
.
(3)  (4). Suppose F  c*μ(A)-A, F is μ-σ-closed and x  F. Since F  X-A and F is μ-σ-closed, then A  X-F
andF is μ-σ-closed, cσ({x}) ∩ A =  Since x  c*μ(A) by (3) .
(2)  (3). Suppose x  c*μ(A). If Cσ({x})∩A=

(4)  (5). Since c*μ(A)-A= (A  A*)-A= (A  A*) ∩ Ac =(A  Ac)  (A*∩Ac) = A*∩Ac = A*-A. Therefore
A*-A containsno nonempty μ-σ-closed set.
(5)  (1). Let A  U where U is μ-σ-open set. Therefore X-U  X-A and so A*∩ (X-U)  A*∩ (X − A) =
A*-A. Therefore A*∩(X-U)  A*-A. Since A* is always μ-closedset contained in A*-A. Therefore A*∩(X -U)
= ф and hence A*  U. Therefore A is Hωμ -closed set.
Theorem 2.9.If A  X is Hωμ-closed set, then the following are equivalent:
1. A is μ*-closed set,
2. c*μ(A)-A is a μ-σ-closed set,
ICOMAC 2019-002; © 2019, AIJRSTEM All Rights Reserved
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3. A*-A is a μ-σ-closed set.
Proof. (1)  (2). If A is μ*-closed, then A*  A and so c*μ(A)-A=(A  A*)-A=ф. Hence c*μ(A)-A is a
μ-σ-closed set.
(2)  (3). Since c*μ(A)-A = A*-A and so A*-A is μ-σ-closed set.
(3)  (1). If A*-A is a μ-σ-closed set, since A is Hωμ-closed set, by Theorem 2.8, A*-A=фand so, A is μ*closed.
Theorem 2.10.If A  X is Hωμ-closed and A  A*, then A is ωμ-closed set.
Proof. Assume that A  A* and A be Hωμ-closed subset of (X, μ, H). Let A  U where U is μ-σ-open. Then
by Theorem 2.8(2), c*μ(A)  U whenever A  U and U is μ-σ-open. Since A  A*by Lemma 1.3, cμ(A) 
c*μ(A). Therefore cμ(A)  U whenever A  U and U is μ-σ-open. Hence A is ωμ-closed.

A  X  A* is also a Hωµ-closed.
*
Proof. Assume that A is aHωμ-closed set. If U is any μ-σ-open set such that A  X  A  U, then X-U  X(A  (X-A*))=(X -A)∩A*=A*-A. Since X-U is μ-σ-closed and A is Hωμ-closed, by Theorem 2.2, it follows that
*
*
X-U=  and so X=U. Hence X is the only μ-σ-closed set containing A  X  A and so A  X  A is HωμTheorem 2.11.If A  X is Hωμ -closed set, then

closed.
Theorem 2.12.If A  X is Hωμ-closed set if and only If A = F − N where F is μ*-closed and N contains no
nonempty μ-σ-closed set.
Proof. If A is Hωμ-closed, then by Theorem 2.8(5), N = A*−A contains no nonempty μ-σ-closed set. If F =
c*μ(A), then F is μ*-closed such that F−N = (A  A*)−(A*−A) = (A  A*)∩(A*∩Ac)c =(A  A*)∩((A*)c 
A) = (A  A*)∩(A  (A*)c) = A  (A*∩(A*)c) = A. Conversely, suppose A=F-N where F is μ*-closed and N
contains no nonempty μ-σ-closed set. Let U be a μ -σ-open set such that A  U. Then F-N  U implies F∩(X −
U)  N. Now A  F and F*  F then A*  F* and so A*∩ (X-U)  F*∩(X−U)  F ∩(X-U)  N. By
hypothesis, since A*∩(X−U) is μ- σ -closed, A*∩(X-U)=  and so, A*  U. Hence A is Hωμ-closed.

Theorem 2.13.Let A and B are subsets of X such that A  B  c*μ(A) and A is Hωμ-closed. Then B is Hωμclosed.
Proof. Since A is Hωμ-closed, c*μ(A)-A contains no nonempty μ-σ-closed set. Since c*μ(B)-B  c*μ(A)-A,
c*μ(B)-B contains no nonempty μ-σ-closed set. Hence B Hωμ-closed by Theorem2.8.
Theorem 2.14.In (X, μ, H), the following are equivalent:
1. Every subset of X is Hωμ -closed.
2. Every μ-σ-open is μ* -closed.
Proof. (1)  (2). Suppose every subset of (X, μ, H) is Hωμ-closed. If U is μ-σ-open then by hypothesis U is Hωμ
-closed and so U*  U. Hence U is μ*-closed.
(2)  (1). Suppose every μ-σ-open set is μ*-closed. Let A be a subset of X. If U is a μ-σ-open set such that
A  U then A*  U*  U. Hence A is Hωμ -closed.
Theorem 2.15.A subset A  X is Hωμ -closed if and only if c*μ(A)  μ-sker(A).
Proof. Let A be Hωμ-closed. Then c*μ(A)  U whenever A  U and U is μ-σ-open by Theorem 2.8. Also, from
definition of μ-sker (A), it follows that c*μ(A)  μ -sker(A). Conversely, assume that c*μ(A)  μ -sker (A). Let U
be any μ-σ-open set such that A  U. Then μ-sker (A)  U and so by hypothesis c*μ(A)  U. Hence A is
Hω μ
-closed
Definition 2.16.A subset A of Xis said to be Hωμ-open if X-A is Hωμ -closed.
Theorem 2.17.A subset A of Xis Hωμ -open if and only if F  i*μ(A) whenever F is μ - σ -closed and F  A.
Proof. Suppose A isHωμ-open. If F is μ-σ-closed and F  A, then X-A and so c*μ(X-A)  X-F by
Theorem2.8(2). Therefore F  X - c*μ(X-A) = i*μ(A). Hence F  i*μ(A). Conversely, suppose that the
condition is holds. Let U be a μ-σ-open set such that X − A  U. Then X − A  U and so X − A  i*μ(A).
Therefore c*μ(X-A)  U. by Theorem 2.8(2), X – A is Hωμ –closed. Hence A is Hωμ -open.
Theorem 2.18.If A is Hωμ -open set, then G = X whenever G is μ-σ -open and i*μ(A) U (X-A)  G.
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Proof. Let A be aHωμ-open set. Suppose G is μ-σ-open set such that i*μ(A)U(X-A)  G. Then X-G  X(
i*μ(A) U (X-A)) = (X-( i*μ(A)) -(X-A)=c*μ(X-A)-(X-A).Since X-A is Hωμ-closed by Theorem 2.2, X-G = 
Hence G = X.
Theorem 2.19.If A is Hωμ -open and i*μ(A)  B  A, then B is Hωμ -open.
Proof. Since i*μ(A)  B  A we have i*μ(A)= i*μ(B). Suppose μ-σ–closed and F  B, then F  A. Since A is
Hωμ -open, by Theorem 2.17 ,F  i*μ(A) )= i*μ(B) and B is Hωμ -open.
Theorem 2.20.Every subset of (X,μ, H) is Hωμ –closed if and only if every μ-σ-open set is μ*-closed.
Proof.Suppose every subset of X is Hωμ-closed. If U  X is μ-σ-open, then U is Hωμ -closed and so U*  U.
Hence U is μ*-closed. Conversely, suppose that every μ-σ –openset is μ*-closed. If U is μ-σ –open set such that
A  U  X, A*  U*  U and so A is Hωμ –closed.
III. (Hωμ, λ)-continuity
Definition 3.1.A function f : (X, µ, H) →(Y, λ) is said to be (Hωμ, λ) -continuous (resp. (μ*, λ) -continuous) if
f−1(U) is Hωμ-closed (resp. μ*-closed) for every λ-closed set U in (Y, λ).
Proposition 3.2. Every (ωμ, λ) -continuous is (Hωμ, λ) -continuous but not conversely.
Proof. This is obvious from Theorem 2.3.
Proposition 3.3.Every (μ*, λ) -continuous is (Hωμ, λ) –continuous but not conversely.
Proof. This is obvious from Theorem 2.4.
Example 3.4. Let X=Y={a,b,c,d}, μ={  ,{a,b},{c},{a,b,c},{b,c,d},X}, H={  ,{d}}, λ={  ,{b},{a,b},{b,
c},{b,c,d},Y}. Then the identity function f is (Hωμ, λ) -continuitybut not (μ*, λ)-continuity.Because f −1({ b}) = {
b} is not μ*-closed set.
Example 3.5. Let X = {a, b, c, d}, μ= {  , {a, b}, {b, c, d}, X}, H= {  , {a}, {b}}, Y ={p, q, r}, λ= {  , {p, r},
{q, r}, Y}. Then the functionf : (X, µ, H) →(Y, λ) is defined by f(a) = p, f(b) = q, f(c) = r. The function f is
(Hωμ, λ) –continuity but not ( ωμ, λ) -continuity. Because f −1 ({q}) = {b} is Hωμ–closed but not ωμ–closed
Theorem 3.6.A function f : (X, μ, H) → (Y, λ) is (Hωμ, λ) -continuous if and only if f−1(U) is Hωμ-open in (X, μ,
H) for every λ -open set U in (Y, λ).
Proof. Let f be (Hωμ, λ)-continuous and U be a λ -open in(Y, λ). Then Uc is λ -closed in (Y, λ) and since f is
(Hωμ, λ) -continuous, f−1(Uc) is Hωμ -closed in (X, μ, H). But f−1(Uc) =(f−1(U))c and so f−1(U) is Hωμ-open in
(X, μ, H). Conversely, assume that f−1(U) is Hωμ-open in (X, μ, H) for each λ -open setU in (Y, λ). Let V be
λ -closed in (Y, λ). Then Vcis λ-open in(Y, λ) and by assumption f−1(Vc) is Hωμ-open in (X, μ, H). Since f−1(Vc)
= (f−1(V ))c, we have f−1(V ) is Hωμ -closed in (X, μ, H)and so f is (Hωμ, λ)-continuous.
Theorem 3.7.A function f : (X, μ, H) → (Y, λ). Then the following statements are equivalent:
1. The function f is (Hωμ , λ) -continuous,
2. The inverse of each λ -open set is Hωμ-open,
3. The inverse of each λ-closed is Hωμ-closed.
Proof.Obvious.
Remark 3.8.The composition of (Hωμ, λ)-continuity and(Hωλ,  )-continuity is need not be (Hωμ,  )-continuity.
Example 3.9.Let X=Y=Z={a,b,c}, μ=  ,{a, b}}, λ= {  ,{a},{b, c},Y},  ={  ,{a, c}} and H={  , {a}}.
Thefunction f : (X, μ,H) → (Y, λ,H) is defined by f(a) = f(c) = c,f(b) = b and g : (Y, λ,H)→ (Z,  ) be the
identity function.Then f is(Hωμ, λ)-continuity and g is (Hωλ,  )-continuity but their composition g◦f:(X, μ,H) →
(Z,



)

is

not

(Hωμ,



)-continuity

because

F={b}

is



-closed

in

(Z,



)

but

(g◦f)−1(F)=f−1(g−1(F))=f−1(g−1(b))=f−1(b) = {b} is not Hωμ-closedin (X, μ,H).
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Remark 3.10.The notions of weakly (μ, λ)-H-continuity and (Hωμ, λ) -continuity are independent.
Example 3.11.Let X =Y={a,b,c,d}, μ={  ,{a,b},{c},{a,b,c},{b,c,d},X}, λ ={  , {a, b}, {a, c, d}, Y } and H={

 ,{d}}.The identity function f:(X, μ, H)→(Y,λ,H) is weakly (μ,λ)-H-continuity but not (Hωμ, λ)-continuity.
Example 3.12.Let X =Y ={a, b, c}, μ={  , {a, b}, {c},X}, λ={  , {a}, {b, c}, Y } and H={  , {c}}. The
identity function f :(X, μ,H) → (Y, λ,H) is (Hωμ, λ) -continuity but not(μ, λ) -Hcontinuity.
IV. Decomposition of (μ*, λ) –continuity
Definition 4.1.A subset A of (X, μ, H) is said to be w-H-LCμ-set, if A = U ∩ V, where U is μ -open and V is μ*closed.
Definition 4.2.A subset A of (X, μ, H) is said to be s-H-LCμ- set, if A = U ∩ V, where U is
μ* -closed.

 -regular and V is

Theorem 4.3.Let A be a subset of (X, μ,H). Then the following hold:
1. If A is μ* -closed, then A is w-H-LCμ-set,
2. If A is μ*-closed, then A is s-H-LCμ-set.
Proof.Obvious.
Remark 4.4.The converse of Theorem 4.3 need not be true.
Example 4.5.Let X ={a, b, c, d, e}, μ = {  , {a},{b},{a, b},{a, d, e},{b, d, e},{a, c, d, e},{b, c, d, e}} and H={ 
, {c}}. Then A = {a, b, d, e}, is w-H-LCμ–set ,but not μ* -closed set.
Theorem 4.6.A subset A of (X, μ, H)is μ* -closed if and only if it is w-H-LCμ-set and Hωμ -closed.
Proof. Necessity is trivial. We prove only sufficiency. Let A be w-H-LCμ-set and Hωμ -closed. Since A=U∩V,
where U is μ-open and V is μ*-closed. So we have A=U∩V  U. Since A is Hωμ-closed, A*  U. Also, A= U
∩ V  Vand V is μ* -closed. Then A  V,A*  V*  V. Consequently, we have A*  U ∩ V= A and A is
μ* -closed.
Theorem 4.7. A subset A of (X, μ, H) is μ* -closed if and only if it is s-H-LCμ–set and Hωμ -closed.
Proof. Necessity is trivial. We prove only sufficiency. Let A be s-H-LCμ–set and Hωμ –closed. Since A= U ∩ V,
where U is  -regular and V is μ* -closed. So we have A= U ∩ V  U. Since A is Hωμ –closed, A*  U. Also,
A= U ∩ V  V and V is μ* -closed .then A  V,A*  V*  V. Consequently, we have A*  U ∩ V= A
and A is μ* -closed.
Remark 4.8.1. The notions of w-H-LCμ–set and Hωμ –closed set are independent,
2. The notions of s-H-LCμ-set.–set and Hωμ –closed set are independent.
Example 4.9. Let X = {a, b, c, d}, μ= {  , {a, b}, {c}, {a, b, c}, {b, c, d}, X and H= {  , {d}}. Then A={a, b}
is w-H-LCμ-set and s-H-LCμ-set but not Hωμ –closed set and B={a, c, d} is Hωμ –closed set but neither w-H-LCμ–
set nor s-H-LCμ-set.
Definition 4.10.A function f : (X, μ) →(Y, λ) is (w-H-LCμ , λ) -continuous (resp. (s-H-LCμ, λ) –continuous),
f−1(U) is w-H-LCμ–set (resp. s-H-LCμ-set.) in (X, μ, H) for every λ – closed set U in (Y, λ).
Theorem 4.11.A function f: (X, μ, H)→(Y, λ) is (μ*,λ)-continuous if and only if it is (w-H-LCμ,λ)- continuous
and (Hωμ, λ)-continuous
Proof. This is obvious from Theorem 4.6
Theorem 4.12.A function f: X, μ, H)→(Y, λ) is (μ*, λ)-continuous if and only if it is (s-H-LCμ, λ)-continuous
and (Hωμ, λ)-continuous.
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Proof. This is obvious from Theorem 4.7.
V. Conclusion
In this paper we introduce and study the notion of Hωµ-closed set in hereditary generalized topological
spaces. Also we obtain decomposition of (µ *,λ)-continuity. In future we will use this paper we will obtain
some new decompositions.
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Abstract:
The most important scientific, social and economic endeavor is the decision making. Decisions are made
under conditions of certainty , the outcome for each action can be determined and ordered precisely
in the classical crisp decision making theories. This paper defines the fuzzy decision model in which
overall ranking (or) ordering of different fuzzy sets are determined by using comparison matrix. We compare
three types of achievements for paddy cultivation with three types of water irrigation. In general, involving
fuzzy matrices to deal with different complicating aspects of decision making is the general framework of
fuzzy set theories
Keywords: Decision Making; Relativity Function; Ordering; Ranking; Comparison Matrix.

I. Introduction
In classical crisp theories of decision making has several major approaches, such that the decision making is
made under the problem of uncertainty. It is the bulk information that we have about the possible
outcome, where it may be about the value of new information, about the way the conditions change with
time, about the utility of each outcome- action pair and about our preferences for each action is
typically vague, ambiguous and fuzzy. Shimura has introduced and developed comparison matrix for
ranking (or) ordering of different fuzzy sets are determined in the fuzzy decision model. This paper deals
with the three type of paddy cultivation they are Kuruvai, Samba, Thaladi. These three type of
cultivation is deals with three type of water irrigations (ie) Cauvery, Vennar, GAC. Comparison matrix are
used to compared the three types of paddy cultivation achievement for the nine divisions area in one
district.
II. Decision Making
Decisions are made on the basis of rank is one of the standard technique in crisp decision making
theory. In situations where the issues or actions are associated with uncertainty, either random or fuzzy,
rank ordering may be ambiguous. In multicriteria decision problems, relevant alternatives are evaluated
according to a number of criteria has indicates. The process of decision making involves deciding one or
more alternatives from an available set of alternatives, which satisfy a set of constraints. If there is more
than one such alternatives, than we need some criterion to decide which one is the best. In the classical
decision theory, this is tackled by what is called utility.
III. Fuzzy Ordering
The fuzzy decision model in which overall ranking (or) ordering of different fuzzy sets are determined
by using comparison matrix, it was introduced and developed by Shimura. When we compare objects
that are fuzzy(or) vague, we may have a situation where there is a contradiction of transitivity in the
ranking. Let x and y be variables defined on a set X . We define a pair wise function as follows : Let
fy(x) be the membership function of x with respect to y and f x (y) be the membership function of y with
respect to x. Then relativity function denoted as f(x/y) is defined as,
𝑓 (𝑥⁄𝑦) =

f y (𝑥)
maX{f y (𝑥) ,f x (𝑦) }

……………………. (1)
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The above function in the equation is a measurement of the membership value of preferring (or) choosing
x over y. The relativity function f(x/y) can be regarded as the membership of preferring variable x
over the variable y. The equation (1) can be extended for many variables.
Let A = { x1, x2, …, xi-1, xi, xi+1, ….., xn } be a set of n variables defined on universe X
Let Let A = A/{ xi } be the set of all elements of A except xi . The relativity function denoted as f (xi/A ) is defined as.

f (xi/ A) = f (xi / {x1, x2, ……..xi-1 , xi, xi+1,…… xn})
= min

f (x1/x1) ,…,f (xi/xi-1),f(xi/xi),f (xi/xi+1),..., f(xi/xn) …(2)

f (xi/A ) is the fuzzy measurement of choosing xi over all elements in A. since the relativity function of
one variable with respect to itself is identify, that is f(x i/xi) =1.
From equation 2, we have f(xi/A) = f(xi/A). we can form a matrix of relativity values f(xi/xj) where xi’s for
i = 1 to n, are n variables defined on an universe x.
The matrix C =(cij) a square matrix of order n with C ij= f (xi/xj) is called the comparison on matrix
(or) C – matrix in short . The C –matrix is used to rank different fuzzy sets. The smallest value in the ith
row of the C matrix, that is, Ci = min {f (xi /x), i = 1 to n } is the membership value of the ith variable.
The minimum of {Ci / i =1 to n} that is, the smallest value in each of the rows of the c – matrix will
have the lowest weight for ranking purpose. Thus ranking the variables x 1, x2, …, xn are determined by
ordering the membership values C1, C2, …., Cn.

IV. Planting Programme Achievements
The paddy crop cultivated in three types (ie) Kuruvai, Samba and Thaladi. Total area to be covered in the nine
divisions of the thanjavur district and their achievements of paddy cultivation depends on three water irrigation
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V. Procedure
Step:1
Ordering the variable in the function fxi(xj) Where 𝑥𝑖 =1,2,…..n and
𝑥𝑗 =1,2,..,n

Step: 2
Define the relativity function f(x/y) where𝑓 (𝑥⁄𝑦) =

f y (𝑥)
max{f y (𝑥) ,f x (𝑦) }

Step: 3
Calculate each value of

fxi(xj)

on the relativity function.

Step: 4
Assemble the value in the form of matrix

𝑥1
[

C=

𝑥1
𝑥2
𝑥3

𝑥2

𝑥3

x
x
x
f( 1⁄x1 ) f( 1⁄x2 ) f( 1⁄x3 )
x
x
x
f( 2⁄x1 ) f( 2⁄x2 ) f( 2⁄x3 )
x3
x3
x3
[f( ⁄x1 ) f( ⁄x2 ) f( ⁄x3 )]

Step:5
Ranking the data with comparison matrix C=(Cij)= f(xi/xj)
where =min of ith row.

VI. Ranking the achievements
The Relativity function and the comparison matrix are used to find which cultivation achievement is more based
on the three irrigations. Let x1 denote the Kuruvai achievement, x2 denote the Samba achievement, x3 denote the
Thaladi achievement.
Step: 1
fx1(x1) =0.16814 fx2(x1) =0.32666 fx3(x1) =0.09393
fx1(x2) =0.08875 fx2(x2) =0.18782 fx3(x2) =0.11451
fx1(x3) =0.08214 fx2(x3) =0.45894 fx3(x3) =0.05181
Step: 2
f(x⁄y) =
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Step: 3
1) =
f ( (𝑥
𝑥1

=

(x )
f x1 1
(x )
(x )
max{ fx1 1 , fx1 1 }

16814

=1

max {16814,16814}

x
f( 1⁄x2 ) =
=

(x )
f x2 1
(x )
(x )
max{fx2 1 ,fx1 2 }
0.32666

max {0.32666,0.08875}
fx3 (x1 )
max{fx3 (x1) , fx1 (x3) }
0.09393

x
f( 1⁄x3 ) =
=

max {0.09393,0.08214}

=1

=1

(x2)

f x1
x
f( 2⁄x1 ) =
max{f (x2) ,f
x1

=

x2

(x1 )

0.08875

= 0.272

max {0.08875,0.32666}

f (xx22) =
=
f (xx23) =
=
f (xx31) =
=

}

fx2 (x2 )
max{fx2 (x2 ) ,fx2 (x2 ) }
0.18782

max {0.1872,0.1872}
fx3 (x2 )
max{fx3 (x2 ),fx2 (x3 ) }
0.11451
max {0.11451,0.45894}
f x1

= 0.249

(x3 )

max{fx1 (x3 ) ,fx3 (x1 ) }
0.08214

= 0.874

max {0.08214,0.09393}
fx2 (x3)
x
f (x3 ) =
2
max{fx2 (x3) , fx3 (x2) }
0.45894

=

x

f (x3 ) =
3

=

=1

max {0.45894,0.11451}
fx3 (x3)
max{fx3 (x3) , fx3 (x3) }
0.05181

max {0.05181,0.05181}

=1

=1

Step: 4
The comparison matrix 𝑐 = 𝑐𝑖𝑗 = ( f (xi/xj)) is given by

C=

X1

X1
1

X2
X3

0.272
0.874

x2
1
1
1

x3
1
0.249
1

Ci = min of ith row
1
0.249
0.874

The extra column to the right of the comparison matrix C is the minimum value for each of the rows for this
problem to ranking x1, x2 and x3. Let x1 is ranking more. Thus Kuruvai cultivation is more achieved paddy
programme than the Samba and the Thaladi achievied paddy programme.
VII.
Conclusion
Where the water irrigation of Thaladi is less, Kuruvai is average and Samba is more in the level. But we have
the result Kuruvai achievement is more than Samba and Thaladi. Whether Samba has more irrigation but it can ’t
reach more achievement.Hence if the irrigation of water has given to the divisions frequently than we definitely
achieved the paddy cultivation more in all types of programme.
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1

Abstract: In many semigroup idempotents can be regonised easily. Thus it plays an important role in the
structure of semigroup especially on regular semigroup. In this paper we define the notion m-regular and
pseudo m power commutative semigroup by using the concept of regular semigroup and pseudo
commutative semigroup.
Keywords: commutative semigroup, Idempotent element, regular, identity, pseudo commutative

I. Introduction
The concept of a semigroup is very simple and plays an important role in the development of mathematics. The
theory of semigroup is similar to group theory and ring theory. The earliest major contribution to the theory of
semigroups are strongly motivated by comparisons with group and rings. In this paper the results of ring theory
were adopted for semigroups.
II. Preliminaries
Throught this paper S denotes the semigroup with atleast two elements. The following definition and results are
needed for the development of this paper.
2.1 Definition
A Semigroup S is said to be commutative, if ab=ba for all a,b ϵ S.
2.2 Definition
A Semigroup S is said to be left pseudo commutative if abc = bac for all a,b,c ϵS.
2.3 Definition
A Semigroup S is said to be right pseudo commutative if abc = acb for all a,b,c ϵ S.
2.4 Theorem
If S is a commutative semigroup then S is left pseudo commutative semigroup and right pseudo commutative
semigroup.
2.5 Definition
A Semigroup S is said to be zero symmetric if ab =0 implies ba = 0 where a,b ϵ S.
2.6 Definition
A Semigroup S is said to be regular if it satisfy the identity abca=abaca for some a,b,c ϵ S.
2.7 Definition
An ideal A of a semigroup is said to be completely prime provided x ϵ S ,xn ϵ A for some natural number n
implies x ϵ A.
2.8 Definition
A Semigroup S is called conditionally commutative semigroup if for any a,b ϵ S, ab=ba implies axb=bxa for all
x ϵ S.
2.9 Definition
A Semigroup S is said to be normal if it satisfy the identity abca=acba for all a,b,c ϵ S.
III. Main Results
3.1 Lemma
Every pseudo m power commutative(right) semigroup is zero semigroup.
Proof:
Let S be a pseudo m power commutative(right) semigroup,
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Then abmc=acmb for all a,b,c ϵS.
Now for all x ϵ S,
x.0 =x.0m+1
=x.0m.0
=x.0m.0 ( abmc=acmb)
=0m.x
=0.x
=0.
x.0 =0.
This proves S is zero semigroup.
3.2 Lemma
Let S be a pseudo m-power commutative (right) semigroup then it is central.
Proof:
Let S be a pseudo m-power commutative (right) semigroup and e ϵ S be an idempotent element.
Then it follows that ek =e for all k ≥2,
Now for any a ϵ S,
e.a = em+1.a
= em.e.a
=a.em.e
=a.em+1
=a.e
e.a=a.e.
This proves e is central.
3.3Lemma
The homomorphic image of a conditionally m-power commutative semigroup is also a conditionally m-power
commutative semigroup.
Proof:
Let S be a conditionally m-power commutative semigroup.let f:S→T be an endomorphism of semigroup for all
x,y,z ϵ S.
f(xm)f(y).f(z) = f(xmyz)
= f(zymx)
= f(z)f(ym)f(x)
f(xm)f(y)f(z) = f(z)f(ym)f(x).
This proves T is conditionally commutative semigroup.
3.4 Definition
A semigroup S is said to be m-regular semigroup if for each a ϵ S there exist an element b ϵ S such that abmcma=
abmacma where m≥1 is a fixed integer.
3.5 Lemma
Let S be a m-regular semigroup a ϵ S there exist b ϵ S such that abmcma= abmacma .Then,
1. abma and acma are idempotents.
2.abmaS=aS and Sabma=Sa.
Proof:
Let S be a m-regular semigroup a ϵ S there exist b ϵ S such that abmcma= abmacma .
We have to prove 1 and 2
Condition for idempotent : a2=a.
now
(abma)2 =(abma)(abma)
=abm(a.a)bma (since abma=a)
=abm(a)bma
=a(bmabm)a
=abma.
(abma)2=abma.
Similarly we prove that (acma)2=acma.
(acma)2=(acma)(acma)
=acm(a.a)cma
=a(cmacm)a
=acma
(acma)2=acma.
Hence abma and acma are idempotents.
2) let y ϵ abmaS
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y=abmax for some x ϵ S
=ax (since abma=a)
y ϵ aS
abma ⊆ aS.
Let y ϵ aS
y=az for some z ϵ S
=(abma)z
y ϵ abmaS
aS⊆abmaS.
Hence abmaS=aS.
Similarly Sabma=Sa.
Hence prove this theorem.
3.6 Definition
Let S be a semigroup, A is the subset of S ,then
√𝐴 = {𝑥 ∈ 𝑆 /𝑥 k ϵ A for some k≥ 1 }.
3.7 Theorem
Let S be a m-regular pseudo m power commutative semigroup,then A=√𝐴 for every S sub semigroup A of S.
Proof:
Let A be an subsemigroup of S,since S is m regular for all a ϵ S there exist b ϵ S such that a=abma.
By lemma 3.5 abm,bma are idempodents; since S is pseudo m power commutative.
Also by lemma 3.2 abm,bma are central.
Let a ϵ √𝐴 , then akϵA for some positive integer k.
Now ;
a=abma
=a(bma)
=(bma)a
a =bma2→①
a=abma
=(bma2)bma
=b2ma3 → ②
Proceeding like this upto k positive integer we get
a=b(k-1)mak ϵ SA
SA ⊆ A for all k≥ 1 →③
Hence √𝐴 ⊆ 𝐴 →④
Obviously A ⊆ √𝐴→⑤
From ④and ⑤ we get
A =√𝐴
This proves the theorem.
3.8 Definition
An ideal A of semigroup S is said to be completely semiprime provided x ϵ S ,xn ϵ A for some natural number n
implies x ϵ A.
3.9 Theorem
Let S be a m-regular pseudo m power commutative then
1.S=Sa=Sa2=aS=aSa for all aϵS
2.Any ideal of S is completely semi prime.
Proof:
Let S is m-regular for every aϵS there exist bϵS such that a=abma,then
a=abma
=(abm)a
=(bma)a
=bma2 (by lemma 3.5 (i) bma2ϵSa2)
Also a=a2bm
Hence S ⊆ Sa2
Now ,Sa⊆ S ⊆ Sa2=(Sa)a⊆ 𝑆𝑎 ⊆ 𝑆
So, Sa=Sa2=S→①
Let xϵSa2
x=sa2
=s.a.a
=s(bma2)a
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=sbma3
=(sbma)a2
=(bams)a
=a(am-1bsa2)a
So Sa2 ⊆ 𝑎𝑆→②
Let y ϵ aS
y=as for some s ϵ S
=(bma2)s
=bma(a2bms)
=bma(smba2)
=(bmasmb)a2 ϵ Sa2
So aS ⊆Sa2→③
From ②and ③ we get
aS=Sa2.
Now we prove that aS=aSa
Let x ϵ aS,
Then x=as for some sϵS
=(abma)s
=a(bmas)
=a(bms)a ϵaSa
So aS ⊆ aSa→④
Obviously aSa ⊆ aS→⑤
Hence aS=aSa
Now combine all the equations we get
S=Sa=Sa2=aS=aSa
Let I be any ideal of S,
Now
a=a2bm ϵ IS ⊆ I
That is a2ϵ I implies a ϵ I.
Hence I is completely semi prime.
3.10 Definition
A Semigroup S is said to be m- normal if it satisfy the identity abmcma=acmbma where m≥ 1 for all a,b,c ϵ S.
3.11 Theorem
An idempotent m power commutative semigroup S is m regular if and only if it is m normal.
Proof:
Let S be an idempotent m power commutative semigroup;
We prove that it is m normal.
If it is m regular then
abmcma=abmacma
=abmcma.a
=abmcma
=acmbma
abmcma=acmbma
Hence S is m normal.
Conversely,
Suppose let us assume that S is m normal;
We have to prove that it is m regular
abmcma=acmbma
=abmcma.a
=abmacma
abmcma=abmacma.
Hence S is m regular.
This proves the theorem.
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Abstract: Intuitionistic fuzzy sets are suitable to deal with uncertainty than other generalized forms of fuzzy
sets. This paper gives a new approach for multi criteria decision making problem in intuitionistic
environment of ranking order of fuzzy soft TOPSIS. Here, each alternative’s rating and each criterion’s
weightage are expressed in intuitionistic fuzzy number. For application and verification, a numerical
example is discussed and compared with existing method.
Keywords: Intuitionistic fuzzy number, Triangular fuzzy number, Triangular intuitionistic fuzzy number,
TOPSIS, MCDM.
I. Introduction
Since 1970’s MCDM has been a very active area of research. In 1981, Hwang and Yoon developed TOPSIS and
further developments are made by Yoon, 1987 and Hwang, Lai & Lui, 1993. In 1989, Atanassov and Gargov also
proposed the concept of Atanassov’s interval-valued intuitionistic fuzzy sets as a further generalization of fuzzy
set theory. TOPSIS method with intuitionistic number in supplier selection problem for a multi-criteria group
decision making (MCGDM) problem was introduced by Boran et al. [3]. Concept of TOPSIS to develop a
methodology for solving multi person multi criteria decision making problems in fuzzy environment was
extended by Chen [6]. The concept of TOPSIS to develop group decision making process for supplier selection
under interval-valued intuitionistic fuzzy environment was extended by Izadikhan [8]. Many researchers recently
extended the concept of TOPSIS to develop methodology for MCDM. A model of TOPSIS for the fuzzy
environment with the introduction of appropriate negations for obtaining ideal solutions was designed by
Mahdavi et al. [7].
In this paper, we had given a new approach of multi-criteria TOPSIS method in the intuitionistic fuzzy
environment by using ranking method. The paper is organized as follows: Section 2 states basic definitions.
Section 3 presents a new approach for solving MCDM. The proposed method is explained with numerical
example in section 4. Finally, section 5 gives a conclusion.
II. Preliminaries
Definition 2.1 [18]: An Intuitionistic Fuzzy Number (IFN)𝐴 = {(𝑥, 𝜇𝐴̃ (𝑥), 𝛾𝐴̃ (𝑥))/𝑥 ∈ ℝ} of a real line is said
to be intuitionistic fuzzy number if
 A is IF-normal,
 A is IF-convex,
 𝜇𝐴̃ is upper semi continuous and 𝛾𝐴̃ is lower semi continuous,
 𝑆𝑢𝑝 𝐴 = {𝑥𝜖𝑋/𝛾𝐴̃ (𝑥) < 1} is bounded.
Definition 2.2: A Triangular Fuzzy Number (TFN)𝑛̃ can be defined by a triplet(𝑛1 , 𝑛2 , 𝑛3 ). The membership
function 𝜇𝑛̃ (𝑥) is defined as [6]:
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0,
𝑥 − 𝑛1
,
𝑛 −𝑛
𝜇𝑛̃ (𝑥) = 𝑥2 − 𝑛 1
3
,
𝑛2 − 𝑛3
{
0,

𝑥 ≤ 𝑛1
𝑛1 ≤ 𝑥 ≤ 𝑛2
𝑛2 ≤ 𝑥 ≤ 𝑛3
𝑥 > 𝑛3

Definition 2.3 [17]: A Triangular Intuitionistic Fuzzy Number (TIFN)𝐴̃𝑖 is an intuitionistic fuzzy set in R with
following membership function (𝜇𝐴̃𝑖 (𝑥)) and non-membership function(𝛾𝐴̃𝑖 (𝑥))
𝑥 − 𝑎1
,
𝑎1 ≤ 𝑥 ≤ 𝑏1
𝑏1 − 𝑎1
𝜇𝐴̃𝑖 (𝑥) = 𝑥 − 𝑎1
,
𝑏1 ≤ 𝑥 ≤ 𝑐1
𝑏1 − 𝑎1
{ 0,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
𝑏1 −𝑥
′
,
𝑎
≤
𝑥
≤ 𝑏1
1
′
And

𝛾𝐴̃𝑖 (𝑥) =

𝑏1 −𝑎1
𝑥−𝑏1
𝑐1′ −𝑏1

,

𝑏1 ≤ 𝑥 ≤ 𝑎1′

{ 1,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
Where 𝑎1′ < 𝑎1 < 𝑏1 < 𝑐1 < 𝑐1′ and 𝜇𝐴̃𝑖 (𝑥), 𝛾𝐴̃𝑖 (𝑥) ≤ 0.5 for 𝜇𝐴̃𝑖 (𝑥) = 𝛾𝐴̃𝑖 (𝑥) ∀ 𝑥 ∈ 𝑅
This TIFN is denoted by𝐴̃𝑖𝑇𝐼𝐹𝑁 = (𝑎1 , 𝑏1 , 𝑐1 ; 𝑎1′ , 𝑏1 , 𝑐1′ ).
Definition 2.4 [16]: Let 𝐴̃1 𝑎𝑛𝑑 𝐴̃2 be two triangular intuitionistic fuzzy numbers. The fuzzy number 𝐴̃1 is
closer to intuitionistic fuzzy number 𝐴̃2 as 𝑑(𝐴̃1 , 𝐴̃2 ) approach to 0.
III. The Proposed Method
This new approach is suitable for solving the group decision-making problem under intuitionistic fuzzy
environment. Here, the importance weights of each criterion and the ratings of qualitative criteria are considered
as linguistic variables and these are expressed in positive triangular intuitionistic fuzzy numbers. To evaluate the
importance of the criteria and the ratings of alternatives with respect to various criteria, the decision makers can
use the linguistic variables.
Consider, a decision committee members has 𝛽 persons, then with respect to each criterion the importance of
the criteria and the rating of alternatives can be calculated as
1 1
𝛽
𝑥̃𝑖𝑗 = [𝑥̃𝑖𝑗
+ 𝑥̃𝑖𝑗2 + ⋯ + 𝑥̃𝑖𝑗 ]
𝛽
1 1
𝛽
𝑤
̃𝑗 = [𝑤
̃ +𝑤
̃𝑗2 + ⋯ + 𝑤
̃𝑗 ]
𝛽 𝑗
𝛽
𝛽
Where, 𝑥̃𝑖𝑗 and 𝑤
̃𝑗 are the rating and the importance weight of the 𝛽 decision committee member.
A fuzzy multi-criteria group decision-making problem can be expressed in matrix format as
𝐶1
𝐶2
𝐶3
… 𝐶𝛾
𝐴1 𝑥̃11 𝑥̃12 𝑥̃13 … 𝑥̃1𝛾
𝐴2 𝑥̃21 𝑥̃22 𝑥̃23 …𝑥̃2𝛾
̃ = 𝐴3 𝑥̃31 𝑥̃32 𝑥̃33 …𝑥̃3𝛾
𝐷
⋮ ⋮
⋮
⋮
… ⋮
𝐴𝛽 [𝑥̃𝛽1 𝑥̃𝛽2 𝑥̃𝛽3 … 𝑥̃𝛽𝛾 ]
Where, 𝑖 = 1,2,3 … 𝛽 𝑎𝑛𝑑 𝑗 = 1,2,3 … 𝛾
̃ = [𝑤
𝑊
̃1 , 𝑤
̃2 , 𝑤
̃3 , … , 𝑤
̃𝛾 ]
where, 𝑥̃𝑖𝑗 ∀ 𝑖, 𝑗 𝑎𝑛𝑑 𝑤
̃𝑗 = 1,2,3, … , 𝛾 are linguistic variables. These linguistic variables can be described by
′
triangular intuitionistic fuzzy numbers, 𝑥̃𝑖𝑗 = (𝑎𝑖𝑗 , 𝑏𝑖𝑗 , 𝑐𝑖𝑗 ; 𝑎𝑖𝑗
, 𝑏𝑖𝑗 , 𝑐𝑖𝑗′ )
Now, we calculate the normalized interval of Intuitionistic fuzzy decision matrix as follows:
′
We transform each Intuitionistic fuzzy number 𝑥̃𝑖𝑗 = (𝑎𝑖𝑗 , 𝑏𝑖𝑗 , 𝑐𝑖𝑗 ; 𝑎𝑖𝑗
, 𝑏𝑖𝑗 , 𝑐𝑖𝑗′ ) into a normalized interval as
follows:
2
2
1 (𝑎′3 − 𝑎′1 )(𝑎2 − 2(𝑎′ 3 ) − 2(𝑎′ 2 )) + (𝑎3 − 𝑎2 )(𝑎1 + 𝑎2 + 𝑎3 ) + 3(𝑎′ 3 − 𝑎′1 )
[
]
3
(𝑎′3 − 𝑎′1 ) + (𝑎3 − 𝑎2 )
̃𝑖𝑗 is normalized interval of intuitionistic fuzzy decision matrix.
Let 𝑁
Then, construct the weighted normalized fuzzy decision matrix as follows:
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̃𝑖𝑗 . 𝑤
𝑣̃𝑖𝑗 = 𝑁
̃𝑗 ,
𝑖 = 1,2,3, … , 𝛽 𝑎𝑛𝑑 𝑗 = 1,2,3, … , 𝛾
Where 𝑣̃𝑖𝑗 is weighted normalized interval of intuitionistic decision matrix.
Now, determine the positive ideal solution and negative ideal solution
𝐴+ = 𝐹𝑉 − 𝑃𝐼𝑆 𝑎𝑛𝑑 𝐴− = 𝐹𝑉 − 𝑁𝐼𝑆.
Then, the separation measures of each alternative are calculated by using the formula
𝑛

𝑆𝑖+

2

= √∑(𝑣𝑖𝑗 − 𝑣𝑗+ ) , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ∈ 𝐼𝑚

… … … … … . (2)

𝑗=1
𝑛

𝑆𝑖−

2

= √∑(𝑣𝑖𝑗 − 𝑣𝑗− ) , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 ∈ 𝐼𝑚

… … … … … . (3)

𝑗=1

Now, the closeness coefficient of each alternative are calculated as follows:
𝑆𝑖+
𝑐𝑐𝑖 = −
, 𝑖 = 1,2,3, … , 𝛽
. … … … … . . (4)
(𝑆𝑖 + 𝑆𝑖+ )
Finally, according to the closeness coefficient, the ranking orders of all alternatives are determined and select the
best among a set of feasible alternatives.
IV. Numerical Example
Here, we solve the problem discussed in [16], we use the new approach of ranking order of fuzzy soft TOPSIS
for multi criteria decision making problem in intuitionistic fuzzy environment.
Now suppose that a software company wants to hire a software engineer. After Preliminary screening three
candidate { 𝐴1 , 𝐴2 , 𝐴3 } have remained as alternative for further evaluation. A committee of three decision
makers 𝐷1 , 𝐷2 , 𝑎𝑛𝑑 𝐷3 has been formed to conduct the interview and to select the most suitable candidate.
The three possible alternatives can be evaluated under five criteria:
(1) Emotional steadiness ( 𝐶1 ),
(2) Oral communication skill ( 𝐶2 ),
(3) Personality ( 𝐶3 ),
(4) Past experience ( 𝐶4 ),
(5) Self confidence ( 𝐶5 ).
The new approach is applied to solve this problem.
The computational procedure is summarized as follows:
Step 1: The important weights are given by the decision-makers which were shown in table 1 and rating of
criteria with linguistic terms was shown in table 2. The decision makers use the linguistic variables (table 1 and
table 2) to assess and evaluate the importance of the criteria and rating of alternatives with respect to each
criterion as given in [16].
Very Low (VL)
Low (L)
Medium Low (ML)
Medium (M)
Medium High (MH)
High (H)
Very High (VH)

(0,0,0.1;0,0,0.2)
(0,0.1,0.3;0,0.1,0.4)
(0.1,0.3,0.5;0.05,0.3,0.55)
(0.3,0.5,0.7;0.2,0.5,0.8)
(0.5,0.7,0.9;0.45,0.7,0.95)
(0.7,0.9,0.1;0.6,0.9,0.1)
(0.9,0.1,0.1;0.8,0.1,0.1)

Table 1: Linguistic variables for the importance weight of each criteria
Very Poor (VP)
Poor (P)
Medium Poor (MP)
Fair (F)
Medium Good (MG)
Good (G)
Very Good (VG)

(0,0,1;0,0,2)
(0,1,3;0,1,4)
(1,3,5;0.5,3,5.5)
(3,5,7;2,5,8)
(5,7,9;4.5,7,9.5)
(7,9,1;6,9,1)
(9,1,1;8,1,1)

Table 2: Linguistic variable for the rating of criteria
Step 2: we calculate the normalized interval of intuitionistic fuzzy decision matrix by using formula (1),
𝑨𝟏
𝑨𝟐
𝑨𝟑

𝑪𝟏
7.5100
7.9697
7.6274

𝑪𝟐
6.8425
9.4444
8.3333

𝑪𝟑
7.3308
9.1288
8.3333

𝑪𝟒
9.1288
9.4444
8.3333

𝑪𝟓
5
8.3333
7.9697

Table 3: Normalized interval of intuitionistic fuzzy decision matrix
Step 3: Constructing the weighted normalized interval of intuitionistic fuzzy decision matrix as follows:
̃𝑖𝑗 . 𝑤
𝑣̃𝑖𝑗 = 𝑁
̃𝑗
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𝑨𝟏
𝑨𝟐
𝑨𝟑

𝑪𝟏
6.2581
6.6412
6.3559

𝑪𝟐
6.4621
8.9193
7.8700

𝑪𝟑
6.4540
8.0370
7.3366

𝑪𝟒
8.6212
8.9193
7.8700

𝑪𝟓
3.1500
5.2500
5.0209

Table 4: Weighted normalized interval of intuitionistic fuzzy decision matrix
Step 4: Now, determine the positive ideal solution and negative ideal solution
𝐴+ = 𝐹𝑉 − 𝑃𝐼𝑆 𝑎𝑛𝑑 𝐴− = 𝐹𝑉 − 𝑁𝐼𝑆
We get,
̂1𝑤+ = 6.6412, 𝐷
̂2𝑤+ = 8.9193, 𝐷
̂3𝑤+ = 8.0370, 𝐷
̂4𝑤+ = 8.9193, 𝐷
̂5𝑤+ = 5.2500}
𝐴+ = {𝐷
−
𝑤−
𝑤−
𝑤−
𝑤−
̂1 = 6.2581, 𝐷
̂2 = 6.4621, 𝐷
̂3 = 6.4540, 𝐷
̂4 = 7.8700, 𝐷
̂5𝑤− = 3.1500}
𝐴 = {𝐷
Step 5: The separation measures of each alternative are calculated by using the formulae(2) and (3),
𝑨𝟏
𝑨𝟐
𝑨𝟑

𝑺+𝒊
3.6317
0
1.6812

𝑺−𝒊
0.7512
3.7685
2.4813

Table 5: Separation measures of each alternative
Step 6: The closeness coefficient of each alternative are calculated so that the rank was allotted to the three
candidates according to the closeness coefficient. Finally, the ranking order is 𝐴1 , 𝐴3 𝑎𝑛𝑑 𝐴2 . Obviously, the
best selection is candidate 1(𝐴1 ).
𝑨𝟏
𝑨𝟐
𝑨𝟑

Closeness
Coefficient
0.8286
0
0.4039

Rank
1
3
2

Table 6: Closeness coefficient and rank of each alternative
A. Comparison with other methods
Surendra Singh Gautam et al.
Mahdavi et al.
Proposed method

Ranking Order
𝑨𝟑 > 𝑨𝟏 > 𝑨𝟐
𝑨𝟏 > 𝑨𝟑 > 𝑨𝟐
𝑨𝟏 > 𝑨𝟑 > 𝑨𝟐

Table 7: Comparison table
V. Conclusion
In this paper, a new approach is given, which is an effective and simple method to solve the multi-criteria
decision-making problem under intuitionistic fuzzy environment. The new approach is presented in this paper
which is easier for the reader to understand and gives the same result as discussed in [7]. This method can be
applied to any real life situations where the decision maker can take the best decision of their own.
Conflict of interests: The author declared no conflict of interests.
References
[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]

Atanassov, K. T. 1986. Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, 87–96.
Abo-Sinna, M. A. and Amer, A. H. 2005. Extensions of TOPSIS for multi-objective large-scale nonlinear programming
problems, Applied Mathematics and Computation, 162(1), 243–256.
Boran, F. E., Genc, S., Kurt, M., and Akay, D. 2009. A multi-criteria intuitionistic fuzzy group decision making for supplier
selection with TOPSIS method. Expert Systems with Applications, 36:11363–11368.
Chai, J., Liu, J. N. K. and Xu, Z. 2013. A rule-based group decision model for warehouse evaluation under interval-valued
intuitionistic fuzzy environments, Expert Systems with Applications, 40(6), 1959–70.
Xu, Z., Zhang, X. 2013. Hesitant fuzzy multi- attribute decision making based on TOPSIS with incomplete weight information,
Knowl- Based Syst, 52:53–64.
Chen, T. C. 2000. Extensions of the topsis for group decision-making under fuzzy environment, Fuzzy Sets and Systems, 114, 19.
Mahdavi, I., Mahdavi-Amiri, N.,Heidarzade, A. and Nourifar, R. 2008. Designing a model of fuzzy TOPSIS in multiple criteria
decision making, Applied Mathematics and Computation, 206, 607-617.
Izadikhan, M. 2011. Group decision making process
for supplier selection with TOPSIS method under intervalvalued
intuitionistic fuzzy numbers, Hindawi Publishing corporation advances in fuzzy systems.
H.J. Zimmermann, Fuzzy Set Theory and its Applications, 2nd edn., Kluwer Academic Publishers, Boston=Dordrecht= London,
1991.
L.A. Zadeh, Fuzzy sets, Inform. and Control 8 (1965) 338–353.
L.A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning, Inform. Sci. 8 (1975) 199–249(I),
301–357(II).
J. Teghem, Jr., C. Delhaye, P.L. Kunsch, An interactive decision support system (IDSS) for multi-criteria decision aid, Math.
Comput. Modeling 12:10=11 (1989) 1311–1320.
R.E. Bellman, L.A. Zadeh, Decision-making in a fuzzy environment, Management Sci. 17 (4) (1970) 141–164.

ICOMAC 2019-098; © 2019, AIJRSTEM All Rights Reserved

Page 269

Snekaa and Porchelvi, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 266-270.
[14]
[15]
[16]
[17]
[18]

J.J. Buckley, Fuzzy hierarchical analysis, Fuzzy Sets and Systems 17 (1985) 233–247.
H.M. Hsu, C.T. Chen, Fuzzy hierarchical weight analysis model for multi-criteria decision problem, J. Chinese Inst. Industrial
Eng. 11 (3) (1994) 129–136.
Surendra Singh Gautam, Abhishekh, and S.R. Singh, TOPSIS for Multi Criteria Decision Making in Intuitionistic Fuzzy
Environment, International Journal of Computer Applications (2016), Volume 156-No 8, 42-49.
A.K. Shaw, and T. K. Roy, Some arithmetic operations on Triangular Intuitionistic Fuzzy Number and its application on
reliability evaluation, International Journal of Fuzzy Mathematics and Systems (2012), Volume 2, No 4, 363-382.
Hassan Mishmast Nehi, and Hamid Reza Maleki,Intuitionistic Fuzzy Numbers and It’s Applications in Fuzzy Optimization
Problem, http://www.wseas.us/e-library/conferences/2005athens/cscc/papers/497-721.pdf.

ICOMAC 2019-098; © 2019, AIJRSTEM All Rights Reserved

Page 270

American International Journal of
Research in Science, Technology,
Engineering & Mathematics

Available online at http://www.iasir.net

ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629
AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by
International Association of Scientific Innovation and Research (IASIR), USA
(An Association Unifying the Sciences, Engineering, and Applied Research)

On Fuzzy Strongly Hyperconnected Spaces
1

Thangaraj Ganesan and 2Dharmasaraswathi Sundaramoorthy

1

Professor and Head, 2Research Scholar, Department of Mathematics
Thiruvalluvar University
Serkkadu, Vellore, Tamilnadu,
INDIA

Abstract: In this paper, the concept of fuzzy strongly hyperconnected space is introduced and studied.
Several characterizations of fuzzy strongly hyperconnected spaces are established.
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I. Introduction
In order to deal with uncertainties, the idea of fuzzy sets and fuzzy set operations was introduced by
L.A.Zadeh[22] in 1965. By applying the fuzzy set notions to general topology, C.L.Chang[8] introduced the
theory of fuzzy topological spaces. The paper of Chang paved the way for the subsequent tremendous growth of
the numerous fuzzy topological concepts.The concept of hyperconnectedness in topological spaces has been
introduced by Steen and Seebach[12]. Thereafter several authors have devoted their work to investigate the
various properties of hyperconnectedess in general topology. In 2002, Caldaset al.[7] have defined fuzzy
hyperconnectedness in fuzzy topological space. In 2017, T.M.Al-shami [1] introduced the concept of strongly
hyperconnected spaces in classical topology. The purpose of this paper is to introduce and study fuzzy strongly
hyperconnected spaces in fuzzy topology. Several characterizations of fuzzy strongly hyperconnected spaces are
established. The condition under which fuzzy strongly hyperconnected spaces become fuzzy Baire spaces, fuzzy
P-spaces, fuzzy almost P-spaces, are obtained.
II. Preliminaries
In order to make the exposition self-contained, some basic notions and results used in the sequel are given. In
this work by (X,T) or simply by X, we will denote a fuzzy topological space due to Chang (1968). Let X be a
non-empty set and I, the unit interval [0,1]. A fuzzy set λ in X is a function from X into I .The null set 0 is the
function from X into I which assumes only the value 0 and the whole fuzzy set 1 is the function from X into I
which takes the value 1 only.
Definition 2.1:[8]
Let (X, T) be a fuzzy topological space and λ be any fuzzy set in (X,T). The interior and the closure of λ are
defined respectively as follows:
(i). int ( )
{ / μ λ , μ T}
(ii). cl ( )
˄{ / ≤ μ,1
T}.
More generally, for a family {𝜆𝑖 ∈∕ 𝑖 ∈ 𝐼} of fuzzy sets in (X, T), the union 𝜓 =∨𝑖 (𝜆𝑖 ) and the intersection 𝛿 =
∧𝑖 (𝜆𝑖 ) are defined respectively as 𝜓(𝑥) = 𝑠𝑢𝑝𝑖 {𝜆𝑖 (𝑥), 𝑥 ∈ 𝑋 and 𝛿(𝑥) = 𝑖𝑛𝑓𝑖 {𝜆𝑖 (𝑥), 𝑥 ∈ 𝑋}.
Lemma 2.1: [4]
For a fuzzy set λof a fuzzy topological space X,
(i)
1 − Int (𝜆) = Cl (1− 𝜆),
(ii)
1 − Cl (𝜆) = Int (1 – 𝜆).
Definition 2.2: [10]A fuzzy topological space (X,T) is called a fuzzy extremally disconnected space if λ

T

implies that cl(λ) T.
Definition 2.3: [5]
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(i) A fuzzy set λ in a fuzzy topological space (X,T) is called a fuzzy Fσ - set in (X,T) if λ = ⋁∞
𝑖=1(λi ),
where 1 − λi ∈ T fori ∈ I.
(ii) A fuzzy set λin a fuzzy topological space (X,T) is called a fuzzy Gδ - set in (X,T) if λ = ⋀∞
i=1(λi ),
whereλi ∈ T for i ∈ I.
(iii) A fuzzy topological space (X,T) is called a fuzzy submaximal space if for each fuzzy set in (X,T)
such that cl(λ) = 1, then λ ∈ Tin (X,T).
Definition 2.4: [15]
(i). A fuzzy set λ in a fuzzy topological space (X,T) is called fuzzy nowhere dense if there exists
nonon-zero fuzzy open set μ in (X,T) such that μ <cl(λ). That is., int[cl(λ)]=0, in (X,T).
(ii). A fuzzy set λ in a fuzzy topological space (X,T), is called fuzzy dense if there exists no fuzzy
closed set μ in (X,T) such that λ μ 1. That is., cl(λ) = 1, in (X,T).
(iii). A fuzzy set λ in a fuzzy topological space (X,T) is called fuzzy first category set if λ = ⋁𝑖=1(λi ),
where (λi )′ 𝑠 are fuzzy nowhere dense sets in (X,T). Any other fuzzy set in (X,T) is said to be of fuzzy second
category.
(iv). A fuzzy topological space (X,T) is called fuzzy first category if 1X = ⋁𝑖=1(λi ), where (λi )′s are
fuzzy nowhere dense sets in (X,T). A fuzzy topological space which is not of fuzzy first category is said to be of
fuzzy second category.
Definition 2.5: [14]A fuzzy topological space (X,T) is called a fuzzy P – space if each fuzzy 𝐺𝛿 - set in (X,T) is
a fuzzy open set in (X,T).
Definition 2.6: [7]A fuzzy topological space (X, T) is said to be fuzzy hyperconnected, if every non-null fuzzy
open subset of (X,T) is fuzzy dense set in (X,T). That is., a fuzzy topological space (X,T) is hyperconnected if
cl(μi ) = 1, for all μi ∈ T.
Definition 2.7: [16]
(i). A fuzzy topological space (X,T) is called a fuzzy open hereditarily irresolvable space if
𝑖𝑛𝑡[𝑐𝑙(𝜆)] ≠0, for any non - zero fuzzy set λ in (X,T).
(ii). A fuzzy topological space (X,T) is called a fuzzy resolvable space if there exists a fuzzy dense set
λ in (X,T) such that 1− λ is also a fuzzy dense set in (X,T). Otherwise (X,T) is called a fuzzy irresolvable space.
Definition 2.8: [2]
(i). A fuzzy topological space (X,T) is called a fuzzy almost P-space if for every non – zero fuzzy Gδ set λ in (X,T), int (λ) ≠ 0, in (X,T).
(ii). A fuzzy topological space (X,T) is called a fuzzy almost GP-space if int(λ) ≠ 0, for each non - zero
fuzzy dense and fuzzy Gδ -set λ in (X,T). That is., (X,T) is a fuzzy almost GP-space, if for each non - zero fuzzy
Gδ - set λ in (X,T), with cl(λ) = 1, int(λ) ≠ 0.
Definition 2.9: [3]
(i). Let λ be a fuzzy first category set in (X,T). Then 1  is called a fuzzy residual set in (X, T).
′
(ii). A fuzzy topological space (X,T) is called afuzzy Baire space ifint(⋁∞
i=1(λi )) = 0, where(λi ) 𝑠are
fuzzy nowhere dense sets in (X,T).
(iii). A fuzzy topological space (X,T) is called a fuzzy nodec space, if every non-zero fuzzy nowhere
dense set is fuzzy closed in (X,T). That is., if λ is a fuzzy nowhere dense set in (X,T), then 1 − λ ∈ T.
Definition 2.10: [18]A fuzzy set λ in a fuzzy topological space (X,T) is called fuzzy σ - nowhere dense set if λ
is a fuzzy Fσ - set in (X,T) such that int(λ) = 0.
Definition 2.11: [11]
(i) A fuzzy set λ in a fuzzy topological space (X,T) is called a fuzzy strongly nowhere dense set, if
∧(1− ) is a fuzzy nowhere dense set in (X,T). That is.,  is a fuzzy strongly nowhere dense set in (X,T) if
int{cl [ ∧ (1− )]}= 0, in (X,T).
(ii) A fuzzy set λ in a fuzzy topological space (X,T) is called a fuzzy strongly first category set if λ =
⋀N
i=1 (λi ),where( λi )’s are fuzzy strongly nowhere dense sets in (X,T).Any other fuzzy set in (X,T) is said to be
a fuzzy strongly second category set in (X,T).
(iii) A fuzzy topological space (X,T) is called a fuzzy strongly Baire space if cl(⋀∞
i=1(λi )) = 1 , where
(λi )’s are fuzzy strongly nowhere dense sets in (X,T).
Definition 2.12: [21]
(i) A fuzzy topological space (X, T) is called a fuzzy almost resolvable space if (⋁∞
𝑖=1(λi )) = 1, where
the fuzzy sets ( λi)’s in (X,T) are such that int(λi) = 0. Otherwise (X,T) is called a fuzzy almost
irresolvable space.
(ii) A fuzzy topological space (X,T) is called a fuzzy extraresolvable space, if whenever λ i and λj(i ≠ j)
are fuzzy dense sets in (X,T), then λi ˄ λjis a fuzzy nowhere set in (X,T). That is., (X,T) is a fuzzy
extraresolvable if int[cl(λi ˄ λj)]=0, (i ≠ j) where cl(λi) = 1 and cl(λj) = 1, in (X,T).
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Definition 2.13: [17]A fuzzy topological space (X,T) is called a fuzzy perfectly disconnected space, if for any
two non-zero fuzzy sets λ and μ defined on X with λ ≤ 1 ‒ μ, cl(λ) ≤ 1 ‒ cl(μ) in (X,T).
Definition 2.14: [19]If λ is a fuzzy somewhere dense set in a fuzzy topological space (X,T), then 1‒λ is called a
fuzzy complement of fuzzy somewhere dense set in (X,T). It is denoted as fuzzy cs dense set in (X,T).
Theorem 2.1: [3]Let (X,T) be a fuzzy topological space. Then the following are equivalent:
(1). (X,T) is a fuzzy Baire space.
(2). Int(λ) = 0, for every fuzzy first category set λ in (X,T).
(3). Cl(µ) = 1, for every fuzzy residual set µ in (X,T).
Theorem 2.2: [9] Every fuzzy hyperconnected space (X,T) is a fuzzy extremally disconnected.
Theorem 2.3: [13] If (X,T) is an fuzzy open hereditarily irresolvable space, then int(λ) =0, for any non – zero
fuzzy set λ in (X,T), implies that intcl(λ) = 0.
Theorem 2.4: [17]If (X,T) is a fuzzy perfectly disconnected space, then (X,T) is a fuzzy extremally
disconnected space.
Theorem 2.5: [2]
(i) If a fuzzy topological space (X,T) is a fuzzy almost P-space, then (X,T) is a fuzzy second category
space.
(ii) If a fuzzy topological space (X,T) is a fuzzy almost GP-space, then (X,T) is a fuzzy weakly
Volterra space.
Theorem 2.6: [11]
(i) If λ is a fuzzy residual set in a fuzzy extra-resolvable space (X,T), then int(λ)=0 in (X,T).
(ii) If λ is a fuzzy σ - nowhere dense set in a fuzzy topological space (X,T), then 1‒λ is a fuzzy residual
set in (X,T).
(iii) If λ is a nowhere dense set in a fuzzy topological space (X,T), then λ is a fuzzy strongly nowhere
dense set in (X,T).
(iv) If δ is a residual set in a fuzzy strongly Baire space (X,T), then int(δ)=0 in (X,T).
Theorem 2.7: [19]If λ is a fuzzy residual set in a fuzzy P-space (X,T), then λ is a fuzzy somewhere dense set in
(X,T).
Theorem 2.8: [20] If the fuzzy topological space (X,T) is a fuzzy submaximal and fuzzy hyperconnected
space, then (X,T) is a fuzzy Volterra space.
III. Fuzzy Strongly hyperconnected spaces
Definition 3.1:
A fuzzy topological space (X,T) is called a fuzzy strongly hyperconnected space, if the following
conditions hold:
(i)
If λ is a fuzzy dense set in (X,T), then λ is a fuzzy open set in (X,T), and
(ii)
if λ is a fuzzy open set in (X,T), then λ is a fuzzy dense set in (X,T).
Example 3.1: Let X = {a, b, c}. Then the fuzzy sets α, β and γ are defined on X as follows:
α : X →[0,1] defined as α(a) = 0.6,
α(b) = 0.9,
α(c) = 0.8.
β: X → [0,1] defined as β(a) = 0.7,
β(b) = 0.8,
β(c) = 0.9.
γ: X → [0,1] defined as γ(a) = 0.8,
γ(b) = 0.6,
γ(c) = 0.7.
Then, T = {0, α, β, γ, α˅β, α˅γ, β˅γ, α˄β, α˄γ, β˄γ, α˅(β˄γ), γ˅(α˄β), β˄(α˅γ), α˅(β˅γ), 1}, is a fuzzy
topology on X. On computation one can see that all the fuzzy open sets are fuzzy dense sets in (X,T) and all the
fuzzy dense sets are fuzzy open sets in (X,T). Hence (X,T) is a fuzzy strongly hyperconnected space.
Example 3.2: Let X = {a, b, c}. Then the fuzzy sets α, β, γ and η are defined on X as follows:
α: X →[0,1] defined as
α(a) = 0.6,
α(b) = 0.9,
α(c) = 0.8.
β: X → [0,1] defined as β(a) = 0.7,
β(b) = 0.8,
β(c) = 0.9.
γ: X → [0,1] defined as γ(a) = 0.8,
γ(b) = 0.6,
γ(c) = 0.7.
η: X → [0,1] defined as η(a) = 0.4,
η(b) = 0.6,
η(c) = 0.7.
Then, T = {0, α, β, γ, α˅β, α˅γ, β˅γ, α˄β, α˄γ, β˄γ, α˅(β˄γ), γ˅(α˄β), β˄(α˅γ), α˅(β˅γ), 1}, is a fuzzy
topology on X. On computation one can see that all are fuzzy open sets are fuzzy dense sets in (X,T) and cl(η) =
1, but η T implies that (X,T) is not a fuzzy strongly hyperconnected space.
Proposition 3.1: If (X,T) is a fuzzy strongly hyperconnected space, then
(i)
(X,T) is a fuzzy hyperconnected space,
(ii)
(X,T) is a fuzzy submaximal space.
Proof.
(i)
Let μ be a fuzzy open set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, the
fuzzy open set μ is a fuzzy dense set in (X,T) and hence (X,T) is a fuzzy hyperconnected
space.
(ii)
Let λ be a fuzzy dense set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, the
fuzzy dense set λ is a fuzzy open set in (X,T) and hence (X,T) is a fuzzy submaximal space.
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Remark 3.1: A fuzzy strongly hyperconnected space is a fuzzy hyperconnected space but a fuzzy
hyperconnected space need not be a fuzzy strongly hyperconnected space. For, in example 3.2, all the fuzzy
open sets are fuzzy dense set in (X,T), but it is not a fuzzy strongly hyperconnected space, since cl(η) = 1 but η
T.
Remark 3.2: A fuzzy strongly hyperconnected space is a fuzzy submaximal space but a fuzzy submaximal
space need not be a fuzzy strongly hyperconnected space. For, consider the following example.
Example 3.3: Let X = {a, b, c}. Then, the fuzzy sets α, β and γ are defined on X as follows:
α: X → [0,1] defined as α(a) = 0.4,
α(b) = 0.6,
α(c) = 0.5.
β: X → [0,1] defined as β(a) = 0.5,
β(b) = 0.5,
β(c) = 0.6.
γ: X → [0,1] defined as γ(a) = 0.6,
γ (b) = 0.4,
γ (c) = 0.5.
Then, T={0, α , β, γ, α˅β, α˅γ, β˅γ, α˄β, α˄γ, β˄γ, α˅(β˄γ), γ˅(α˄β), β˄(α˅γ), α˅(β˅γ), 1}is a fuzzy topology
on X. On computation, the fuzzy dense sets in (X,T) are α, α˅β, α˅γ and β˅γ and they are fuzzy open sets in
(X,T) and hence (X,T) is a fuzzy submaximal space. But (X,T) is not a fuzzy strongly hyperconnected space,
since cl(α)=α ∈ T and cl(α) ≠ 1.
Proposition 3.2: A fuzzy topological space (X,T) is a fuzzy submaximal space if and only if (X,T) is a fuzzy
nodec and fuzzy open hereditarily irresolvable space.
Proof.Let λ be a fuzzy dense set in (X, T). Then cl(λ) = 1 , in (X,T). Now int(1 ‒ λ) = 1 ‒ cl(λ) = 0, in (X,T).
Since (X,T) is a fuzzy open hereditarily irresolvable space, int(1‒λ)=0, in (X,T) implies that intcl(1‒λ)=0. Then
(1‒λ) is a fuzzy nowhere dense set in (X,T). Also, since (X,T) is a fuzzy nodec space, the fuzzy nowhere dense
set (1‒λ) is a fuzzy closed set in (X,T). Then λ is a fuzzy open set in (X,T). Hence, the fuzzy dense set λ is a
fuzzy open set in (X,T). Therefore, (X,T) is a fuzzy submaximal space.
Conversely, let (X,T) be a submaximal space and let µ be a fuzzy nowhere dense set in (X,T). Then
intcl(µ)=0 in (X,T). But int(μ) ≤ intcl(μ) in (X,T) implies that int(μ) ≤ 0 in (X,T). That is., int(μ)=0 in (X,T).
Now cl(1‒μ)=1‒int(μ)=1‒0=1 in (X,T). Then (1‒μ) is a fuzzy dense set in (X,T). Since (X,T) is a fuzzy
submaximal space, the fuzzy dense set (1‒μ) is a fuzzy open set in (X,T). Then, μ is a fuzzy closed set in (X,T).
Hence the fuzzy nowhere dense set μ is a fuzzy closed set in (X,T). Therefore (X,T) is a fuzzy nodec space.
Let δ be a fuzzy somewhere dense set in (X,T). Then, int[cl(δ)]≠0 in (X,T). It has to be claimed that
int(δ)≠0 in (X,T). Assume the contrary. Suppose that int(δ)=0 in (X,T). Then, cl(1‒δ)=1‒int(δ)=1‒0=1 in (X,T),
and hence 1‒δ will be a fuzzy dense set in (X,T). Since (X,T) is a fuzzy submaximal space, 1‒δ will be a fuzzy
open set in (X,T) and then δ will be a fuzzy closed set in (X,T) and cl(δ) = δ in (X,T) and then it will be
int[cl(δ)]=int(δ)=0, in (X,T). This shows that int[cl(δ)]=0 in (X,T), a contradiction to intcl(δ)≠0, in (X,T).
Hence it must be that int(δ)≠0 in (X,T). Hence for each fuzzy somewhere dense set δ in (X,T), int(δ)≠0 in (X,T).
Therefore, (X,T) is a fuzzy open hereditarily irresolvable space.
Proposition 3.3: If (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a fuzzy nodec, fuzzy
hyperconnected and fuzzy open hereditarily irresolvable space.
Proof.Let (X,T) be a fuzzy strongly hyperconnected space. Then, by proposition 3.1, (X,T) is a fuzzy
submaximal and fuzzy hyperconnected space. Since (X,T) is a fuzzy submaximal space, by proposition 3.2,
(X,T) is a fuzzy nodec and fuzzy open hereditarily irresolvabe space. Hence (X,T) is a fuzzy nodec, fuzzy
hyperconnected and fuzzy open hereditarily irresolvable space.
Proposition 3.4: In a fuzzy strongly hyperconnected space (X,T),
(i)
If λ is a fuzzy open set in (X,T), then λ is a fuzzy dense set in (X,T).
(ii)
If μ is a fuzzy nowhere dense set in (X,T), then μ is a fuzzy closed set in (X,T).
(iii)
If int (δ) = 0, for a non–zero fuzzy set δ in (X,T), then intcl(δ)=0, in (X,T).
Proof.
(i)
Let λ be a fuzzy open set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, the
fuzzy open set λ is a fuzzy dense set in (X,T).
(ii)
Let μ be a fuzzy nowhere dense set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected
space, by proposition 3.3, (X,T) is a fuzzy nodec space. Hence the fuzzy nowhere dense set μ
is a fuzzy closed set in (X,T).
(iii)
Let int(δ)=0, for a non-zero fuzzy set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected
space, by proposition 3.3, (X,T) is a fuzzy open hereditarily irresolvable space, and hence by
theorem 2.3, int(δ)=0 implies that intcl(δ)=0, in (X,T).
Proposition 3.5: If int(δ)=0, for a non-zero fuzzy set δ in a fuzzy strongly hyperconnected space (X,T), then 1‒δ
is a fuzzy open and fuzzy dense set in (X,T).
Proof.Let δ be a fuzzy set defined on X such that int(δ) = 0, in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, by proposition 3.4 (iii), intcl(δ)=0 , in (X,T). Then, δ is a fuzzy nowhere dense set and
hence, by proposition 3.4 (ii), δ is a fuzzy closed set in (X,T). Then, 1‒δ is a fuzzy open set in (X,T). Now
cl(1-δ)=1‒ int(δ)=1‒ 0=1, implies that 1‒ δ is a fuzzy dense set in (X,T). Hence (1‒ δ) is a fuzzy open and fuzzy
dense set in (X,T).

ICOMAC 2019-101; © 2019, AIJRSTEM All Rights Reserved

Page 274

Ganesan and Sundaramoorthy, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special
Issue of 5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 271-279.

Proposition 3.6: If λ is a fuzzy dense set in a fuzzy strongly hyperconnected space, then 1 ‒ λ is a fuzzy
nowhere dense set in (X,T).
Proof.Let λ be a fuzzy dense set in (X,T). Then, cl(λ) = 1 in (X,T).Since (X,T) is a fuzzy strongly
hyperconnected space, λ is a fuzzy open set in (X,T) and hence 1‒ λ is a fuzzy closed set in (X,T). Then,
cl(1‒λ)=1‒λ, in (X,T). This implies that intcl(1 ‒ λ) = int(1‒λ) = 1‒ cl(λ) = 1 ‒ 1 = 0, in (X,T). Hence 1‒λ is a
fuzzy nowhere dense set in (X,T).
Proposition 3.7: If λ = ⋀∞
i=1 (λi ), where ( λi )’s are fuzzy dense sets in a fuzzy strongly hyperconnected space
(X,T), then 1 ‒ λ is a fuzzy first category set in (X,T).
Proof.Let λ = ⋀∞
i=1(λi ), where (λi ) (i = 1 to ∞) be fuzzy dense sets in (X,T). Then, by proposition 3.6, (1‒ λi )’s
∞
are fuzzy nowhere dense sets in (X,T). Now⋁∞
𝑖=1(1‒ λ𝑖 ) is a fuzzy first category set in (X,T). But ⋁𝑖=1(1 ‒ λ𝑖 )
∞
= 1 ‒ ⋀i=1 (λi ) = 1‒ λ. Thus 1‒ λ is a fuzzy first category set in (X,T).
Proposition 3.8: If λ = ⋀∞
i=1 (λi ), where (λi )’s are fuzzy dense sets in a fuzzy strongly hyperconnected space
(X,T), then λ is a fuzzy residual set in (X,T).
Proof.Let λ = ⋀∞
i=1 (λi ), where (λi )’s fuzzy dense sets in (X,T). Since (X,T) is a fuzzy strongly hyperconnected
space, by proposition 3.7, 1 ‒ λ is a fuzzy first category set and hence λ is a fuzzy residual set in (X,T).
Proposition 3.9: If λ and µ are any two non-zero fuzzy open sets in a fuzzy strongly hyperconnected space
(X,T), then λ ˄ µ ≠ 0, in (X,T).
Proof.Suppose that λ ˄ μ = 0 where λ, μ ∈ T. Then, λ ≤ 1 ‒ μ in (X,T). This implies that cl(λ)≤ cl(1‒μ), in
(X,T). Since (X,T) is a fuzzy strongly hyperconnected space, the fuzzy open set λ is a fuzzy dense set in (X,T).
Then 1 ≤ cl(1‒μ) in (X,T). That is., cl(1‒μ)=1 and then by lemma 2.2, 1‒ int(μ)=1 in (X,T). This will imply that
int(μ)=0, a contradiction to μ ∈ T for which int(μ)=μ≠0. Hence, λ ˄ µ = 0, in (X,T).
Proposition 3.10: If int(λ)=0 and int(µ)=0 for any two non-zero fuzzy sets defined on X in a fuzzy strongly
hyperconnected space (X,T), then int(λ ˅ µ) = 0, in (X,T).
Proof.Let λ and µ be two non-zero fuzzy sets defined on X such that int(λ)=0 and int(µ)=0 in (X,T). It is
claimed that int(λ˅µ)=0. Assume the contrary and suppose that int(λ˅µ)≠0 in (X,T). Then, there exists a fuzzy
open set δ in (X,T) such that δ ≤ λ ˅ μ. Then cl(δ) ≤ cl(λ˅µ) in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, for the fuzzy open set δ in (X,T), cl(δ) = 1, in (X,T). This implies that 1 ≤ cl( λ ˅ μ) in
(X,T). That is, cl (λ ˅ μ) = 1, in (X,T).
If cl(λ) = 1, in the fuzzy strongly hyperconnected space (X,T), then λ will be a fuzzy open set in (X,T)
for which int(λ) = λ and this will contradict the fact that int(λ) = 0. Hence cl(λ) ≠ 1 ,in (X,T). Similarly, cl(μ)
≠ 1, in (X,T).
Now 1‒ cl(λ) ≠ 0 and 1‒cl(µ) ≠ 0 in (X,T) and [1‒cl(λ)]˄[1‒cl(μ)] = 1 ‒ [cl(λ) ˅ cl(µ)] = 1 ‒ cl(λ˅µ) =
1 ‒ 1 = 0. Thus, 1 ‒ cl(λ) and 1 ‒ cl(µ) are non-zero fuzzy open sets in (X,T) with [1‒ cl( λ)] ˄ [1‒ cl(µ)] = 0.
But this is a contradiction [by proposition 3.9]. Hence int(λ˅µ) = 0, in (X,T).
Proposition 3.11: If λ is a fuzzy cs dense set in a fuzzy strongly hyperconnected space (X,T), then int(λ)=0, in
(X,T).
Proof.Let λ be a fuzzy cs dense set in (X,T). Then, 1‒ λ is a fuzzy somewhere dense set in (X,T) and thus intcl(1
‒ λ) ≠ 0 in (X,T). This implies that 1 ‒ clint(λ) ≠ 0 and then clint(λ) ≠ 1 in (X,T).Thus, int(λ) is not a fuzzy dense
set in (X,T). Then, there exists a non - zero fuzzy closed set μ in (X,T) such that int(λ) < μ < 1 in (X,T). This
implies that 1 ‒ int(λ) > (1 ‒ μ) and then, cl[1‒int(λ)] > cl(1 ‒ μ) in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, the fuzzy open set 1‒ μ is a fuzzy dense set in (X,T) and hence cl(1‒ μ) = 1 in (X,T).
This implies that 1≤ cl[1‒ int(λ)] in (X,T). That is, cl[1 ‒ int(λ)] = 1 in (X,T) and then 1 ‒ int[int(λ)] = 1 and thus
int[int(λ)] = 0. Hence int(λ) = 0 (since intint(λ) = int(λ) ) in (X,T).
Proposition 3.12: If λ and μ are fuzzy cs dense sets in a fuzzy strongly hyperconnected space (X,T), then
int(λ˅μ) = 0, in (X,T).
Proof. Let λ and μ be fuzzy cs dense sets in (X,T). Then, by proposition 3.11, int(λ) = 0 and int(μ) = 0 in (X,T).
Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.10, int(λ˅μ) = 0, in (X,T).
Proposition 3.13: If λ and μ are fuzzy cs dense sets in a fuzzy strongly hyperconnected space (X,T), then λ and
μ are fuzzy closed sets in (X,T).
Proof. Let λ and μ be fuzzy cs dense sets in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, by
proposition 3.12, int(λ˅μ) = 0, in (X,T). Then, 1‒ int(λ˅μ) = 1 and hence cl[1‒(λ ˅ μ)] = 1 in (X,T). This implies
that cl[(1‒ λ) ˄ (1‒ μ)]=1 in (X,T). But cl[(1‒λ)˄(1‒ μ)] ≤ cl(1‒ λ) ˄ cl(1‒ μ) in (X,T). This implies that 1 ≤ cl(1
‒λ) ˄cl(1 ‒μ) in (X, T). That is, cl(1 ‒ λ) ˄ cl(1 ‒ μ) = 1, in (X,T). Then, cl(1 ‒ λ) = 1 and cl(1 ‒ μ ) = 1, in
(X,T). Since (X,T) is a fuzzy strongly hyperconnected space, 1‒ λ and 1‒ μ are fuzzy open sets in (X,T) and
then λ and μ are fuzzy closed sets in (X,T).
Proposition 3.14: If λ and μ are fuzzy somewhere dense sets in a fuzzy hyperconnected space (X,T), then λ and
μ are fuzzy open sets in (X,T).
Proof.Let λ and μ be fuzzy somewhere dense sets in (X,T). Then 1‒λ and 1‒μ are fuzzy cs dense sets in (X,T).
Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.13, 1‒λ and 1‒μ are fuzzy closed sets in
(X,T) and hence λ and μ are fuzzy open sets in (X,T).
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Proposition 3.15: If λ and μ are fuzzy somewhere dense sets in a fuzzy strongly hyperconnected space (X,T),
then λ ˄ μ is a fuzzy somewhere dense set in (X,T).
Proof. Let λ and μ be fuzzy somewhere dense sets in (X,T). Since (X,T) is a fuzzy strongly hyperconnected
space, by proposition 3.14, λ and μ are non -zero fuzzy open sets in (X,T). Then λ ˄ μ is a non-zero fuzzy open
set in (X,T). Then, by proposition 3.9 int(λ˄μ) = λ˄μ ≠ 0, in (X,T). Now, int(λ ˄ μ) ≤ int[cl( λ ˄ μ)] implies that
intcl(λ˄μ) ≠ 0 in (X,T) and hence λ ˄ μ is a fuzzy somewhere dense set in (X,T).
Proposition 3.16: If λ and μ are fuzzy cs dense sets in a fuzzy strongly hyperconnected space (X,T), then λ˅μ
is a fuzzy cs dense set in (X,T).
Proof.Let λ and μ be fuzzy cs dense sets (X,T). Then 1 ‒ λ and 1 ‒ μ are fuzzy somewhere dense sets in (X,T).
Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.15, (1‒λ)˄(1‒μ) is a fuzzy somewhere
dense set in (X,T). Then, 1 ‒ (λ˅μ) is a fuzzy somewhere dense set in (X,T) and hence λ ˅ μ is a fuzzy cs dense
set in (X,T).
Proposition 3.17: If λ is a fuzzy somewhere dense set in a fuzzy strongly hyperconnected space (X,T), then λ is
a fuzzy dense set in (X,T).
Proof.Let λ be a fuzzy somewhere dense set in (X,T). Then int[cl(λ)] ≠ 0 in (X,T). Then, 1‒int[cl(λ)] ≠ 1 in
(X,T). This implies that clint(1‒λ) ≠ 1 in (X,T). Then, int(1‒λ) is not a fuzzy dense set in (X,T) and hence there
exists a non-zero fuzzy closed set μ in (X,T) such that int(1‒λ)< μ<1 in (X,T). That is., 1‒cl(λ)< μ < 1, in (X,T).
This implies that 1 ‒ μ ≤ cl(λ), in (X,T). Then cl(1 ‒ μ) ≤ cl [cl(λ)] = cl(λ), in (X,T). Since (X,T) is a fuzzy
strongly hyperconnected space, the fuzzy open set 1 ‒ μ is a fuzzy dense set in (X,T) and hence cl(1‒μ)=1 in
(X,T). This implies that 1 ≤ cl(λ) in (X,T). That is, cl(λ) = 1 in (X,T). Hence λ is a fuzzy dense set in (X,T).
Proposition 3.18: In a fuzzy strongly hyperconnected space (X,T), each non-zero fuzzy set is either a fuzzy
nowhere dense set or fuzzy dense set in (X,T).
Proof.Let λ be a non-zero fuzzy set in (X,T). Then, cl(λ) is a non-zero fuzzy closed set in (X,T). Then, either
int[cl(λ)] = 0 or int[cl(λ)] ≠ 0 , in (X,T).
(i)
If int[cl(λ)] = 0 in (X,T), then λ is a fuzzy nowhere dense set in (X,T).
(ii)
If int[cl(λ)] ≠ 0 in (X,T), then λ is a fuzzy somewhere dense set in (X,T). Since (X,T) is a
fuzzy strongly hyperconnected space, by proposition 3.17, the fuzzy somewhere dense set λ
is a fuzzy dense set in (X,T).
Proposition 3.19: If λ is a fuzzy residual set in a fuzzy extra-resolvable and fuzzy strongly hyperconnected
space (X,T), then λ is a fuzzy nowhere dense set in (X,T).
Proof.Let λ be a fuzzy residual set in (X,T). Since (X,T) is a fuzzy extra-resolvable space, by theorem 2.6 (i),
int(λ)=0 in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.4, int[cl(λ)] = 0 in
(X,T) and thus λ is a fuzzy nowhere dense set in (X,T).
Proposition 3.20: If λ is a fuzzy σ-nowhere dense set in a fuzzy extra-resolvable and fuzzy strongly
hyperconnected space (X,T), then 1 ‒ λ is a fuzzy nowhere dense set in (X,T).
Proof.Let λ be a fuzzy σ-nowhere dense set in (X,T). Then, by theorem 2.6 (ii), (1‒ λ) is a fuzzy residual set in
(X,T). Since (X,T) is a fuzzy extra-resolvable and fuzzy strongly hyperconnected space, by proposition 3.19, (1
‒ λ) is a fuzzy nowhere dense set in (X,T).
Proposition 3.21: If λ is a fuzzy first category set in (X,T) such that cl(λ) = 1 in a fuzzy strongly
hyperconnected space (X,T), then there exists a fuzzy nowhere dense Gδ -set µ in (X,T) such that µ ≤ 1 ‒ λ .
Proof. Let λ be a fuzzy first category set in (X,T) such that cl(λ) = 1 in (X,T). Then, λ = ⋁∞
𝑖=1( λ 𝑖 ),where (λi )’s
are fuzzy nowhere dense sets in (X,T). Now 1‒ cl(λi ) is a fuzzy open set in (X,T). Let µ = ⋀∞
i=1 [1 − cl(λi )]
∞
∞
Then µ is a fuzzy Gδ - set in (X,T). Now, µ = ⋀∞
i=1[1 − cl(λi )] = 1‒⋁i=1 cl( λ i ) ≤ 1‒⋁𝑖=1( λ 𝑖 ) =1‒λ, in (X,T).
That is., µ ≤ 1‒λ in (X,T). Then, int(µ) ≤ int (1‒ λ) implies that int(µ) ≤ 1 ‒ cl(λ) = 1 ‒ 1 = 0. That is., int(µ)=0
in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.4, int[cl(µ)] = 0, in (X,T).
Hence, there exists a fuzzy nowhere dense Gδ - set µ in (X,T) such that µ ≤ 1 ‒ λ.
Proposition 3.22: If λ is a fuzzy set defined on X such that int(λ) = 0 in a fuzzy strongly hyperconnected space
(X,T), then λ is a fuzzy strongly nowhere dense set in (X,T).
Proof. Let λ be a fuzzy set defined on X such that int(λ)=0 in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, by proposition 3.4, λ is a fuzzy nowhere dense set in (X,T). Then, by theorem 2.6 (iii), λ
is a fuzzy strongly nowhere dense set in (X,T).
Proposition 3.23: If λ = ⋁∞
𝑖=1(λ𝑖 ), where int(λ𝑖 )=0 in a fuzzy strongly hyperconnected space (X,T), then λ is a
fuzzy first category set in (X,T).
Proof.Suppose that λ = ⋁∞
𝑖=1(λ𝑖 ), where int( λ𝑖 )=0 in (X,T). Since (X,T) is a fuzzy strongly hyperconnected
space by proposition 3.4, int[cl(λ𝑖 )]=0 in (X,T) and hence (λ𝑖 )’s are fuzzy nowhere dense sets in (X,T). Hence
λ = ⋁∞
𝑖=1(λ𝑖 ), where (λ𝑖 )’s are fuzzy nowhere dense set in (X,T) implies that λ is a fuzzy first category set in
(X,T).
Proposition 3.24: If δ is a fuzzy residual set in a fuzzy strongly Baire and fuzzy strongly hyperconnected space
(X,T), then δ is a fuzzy nowhere dense set in (X,T).
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Proof.Let δ be a fuzzy residual set in (X,T). Since (X,T) is a fuzzy strongly Baire space, by theorem 2.6 (iv),
int(δ)=0 in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.4, int[cl(δ)] = 0 in
(X,T) and hence δ is a fuzzy nowhere dense set in (X,T).
Proposition 3.25: If λ is a fuzzy residual set in a fuzzy strongly hyperconnected and fuzzy P-space, then λ is a
fuzzy dense set in (X,T).
Proof. Let λ be a fuzzy residual set in (X,T). Since (X,T) is a fuzzy P-space, by theorem 2.7, λ is a fuzzy
somewhere dense set in (X,T). Also, (X,T) is a fuzzy strongly hyperconnected space, by proposition 3.17, λ is a
fuzzy dense set in (X,T)
IV. Fuzzy strongly Hyperconnected spaces and other fuzzy topological spaces
Proposition 4.1: If int[⋁∞
𝑖=1(λi )] = 0, where (λi )’s (i = 1 to ∞) are the fuzzy sets defined on X in a fuzzy strongly
hyperconnected space (X,T), then (X,T) is a fuzzy Baire space.
∞
∞
Proof.Let ( λ𝑖 )’s be the fuzzy sets defined on X. Now ⋁∞
𝑖=1 int(λi )≤ int[⋁𝑖=1(λ𝑖 )], implies that ⋁𝑖=1 int(λi ) = 0
and then int(λ𝑖 )=0 in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, int(λ𝑖 ) = 0 in (X,T), implies,
by proposition 3.4, that int[cl(λ𝑖 )] = 0 in (X,T). That is., (λ𝑖 )’s are fuzzy nowhere dense sets in (X,T). Thus
int[⋁∞
𝑖=1(λ𝑖 )] = 1, where (λ𝑖 )’s are fuzzy nowhere dense sets in (X,T), implies that (X,T) is a fuzzy Baire space.
Proposition 4.2: If (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a fuzzy irresolvable space.
Proof.Let δ (≠ 1) be a fuzzy set defined on X such that int(δ)=0 in (X,T). Then, cl(1‒δ) = 1‒int(δ) = 1 ‒ 0 = 1.
Hence 1 ‒ δ is a fuzzy dense set in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, the fuzzy dense
set 1 ‒ δ is a fuzzy open set and then δ is a fuzzy closed set and cl(δ) = δ ≠ 1, in (X,T). Hence (X,T) is a fuzzy
irresolvable space.
Remark 4.1: But the converse of the above need not be true. That is, a fuzzy irresolvable space need not be a
fuzzy strongly hyperconnected space. For, consider the following example.
Example 4.1: Let X = {a, b, c}. Then the fuzzy sets α, β and γ are defined on X as follows.
α: X → [0,1] defined as α(a) = 0.25,
α(b) = 0, α(c) = 0.
β: X → [0,1] defined as β(a) = 0.75,
β(b) = 0.5,
β(c) = 0.
γ: X → [0,1] defined as γ(a) = 0.8,
γ(b) = 0, γ(c) = 1.
Then, clearly T = {0, α, β, 1} is a fuzzy topology on X. The fuzzy dense sets in (X,T) are γ and 1 and cl(1 ‒ γ ) =
1 ‒ α ≠ 1. Hence (X,T) is a fuzzy irresolvable space. But (X,T) is not a fuzzy strongly hyperconnected space,
since for the fuzzy dense set in (X,T), γ T.
Proposition 4.3: If (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a fuzzy extremally
disconnected space.
Proof: Let (X,T) be a fuzzy strongly hyperconnected space. Then (X,T) is a fuzzy hyperconnected and fuzzy
submaximal space. By theorem 2.2, the fuzzy hyperconnected space (X,T) is a fuzzy extremally disconnected
space.
The following example show that fuzzy extremally disconnected space need not be a fuzzy strongly
hyperconnected spaces.
Example 4.2: Let X = {a, b, c}. Then, the fuzzy sets α, β, γ and δ are defined on X as follows:
α: X → [0,1] defined as α(a) = 0.4,
α(b) = 0.6,
α(c) = 0.5.
β: X → [0,1] defined as β(a) = 0.5,
β(b) = 0.5,
β(c) = 0.6.
γ: X → [0,1] defined as γ(a) = 0.6,
γ (b) = 0.4,
γ (c) = 0.5.
δ: X → [0,1] defined as δ(a) = 0.5,
δ(b) = 0.4,
δ(c) = 0.6.
Then,T = {0,α , β, γ, α˅β, α˅γ, β˅γ, α ˄β, α ˄γ, β˄γ, α˅(β˄γ), γ˅(α˄β), β˄(α˅γ), α˅(β˅γ), 1} is a fuzzy
topology on X. On computation cl(α) = α ∈ T, cl(γ) = γ ∈ T, cl(α˄β) = α˄β ∈ T, cl(α˄γ) = α˄γ ∈ T, cl(β˄γ) =
β˄γ ∈ T, cl[β˄(α˅γ)] = β˄(α˅γ) ∈ T, cl[α˅(β˄γ)] = α˅(β˄γ) ∈ T, cl[γ˅(α˄β)] = γ˅(α˄β) ∈ T and α˅β, α˅γ, β˅γ,
α˅β˅γ are fuzzy dense sets in (X,T) and hence cl(α˅β) ∈ T, cl(α˅γ) ∈ T,cl( β˅γ) ∈ T,cl( α˅β˅γ) ∈ T. Hence
(X,T) is a fuzzy extremally disconnected space cl(δ) = 1 but δ T implies that (X,T) is not a fuzzy strongly
hyperconnected space.
Remark 4.2: In view of the theorem 2.2, and 2.4, and proposition 4.3, one will have the following result.

Fuzzy perfectly disconnected space
Fuzzy extremally disconnected space
Fuzzy perfectly disconnected space
Fuzzy strongly hyperconnected space
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Proposition 4.4: If (X,T) is a fuzzy almost resolvable and fuzzy strongly hyperconnected space, then (X,T) is a
fuzzy first category space.
Proof.Let (X T) be a fuzzy almost resolvable space. Then ⋁∞
𝑖=1(𝜆𝑖 ) = 1, where (𝜆𝑖 )′𝑠 are fuzzy sets defined on
X such that 𝑖𝑛𝑡(𝜆𝑖 ) = 0 in (X,T). Since (X,T) is a fuzzy strongly hyperconnected space, 𝑖𝑛𝑡(𝜆𝑖 ) = 0 in (X,T)
implies by proposition 3.4, that 𝑖𝑛𝑡[𝑐𝑙(𝜆𝑖 )] = 0 in (X,T) and hence (𝜆𝑖 )′𝑠 are fuzzy nowhere dense sets in
(X,T). Thus ⋁∞
𝑖=1(𝜆𝑖 ) = 1, where (𝜆𝑖 )′𝑠 are fuzzy nowhere dense sets in (X,T), implies that (X,T) is a fuzzy first
category space.
Proposition 4.5: If (X,T) is a fuzzy almost resolvable and fuzzy strongly hyperconnected space, then (X,T) is
not a fuzzy Baire space.
Proof. Let (X,T) be a fuzzy almost resolvable and fuzzy strongly hyperconnected space. Then, by proposition
4.4, (X,T) is a fuzzy first category space. Then ⋁∞
𝑖=1(𝜆𝑖 ) = 1, where (𝜆𝑖 )′𝑠 are fuzzy nowhere dense sets in
(X,T). Then, int [⋁∞
𝑖=1(𝜆𝑖 )] =int(1) = 1 ≠ 0 and hence (X,T) is not a fuzzy Baire space.
Proposition 4.6: If cl[⋀∞
i=1(λi )]=1, where (λi )’s are fuzzy σ-nowhere dense sets in a fuzzy extra-resolvable and
fuzzy strongly hyperconnected space (X,T), then (X,T) is a fuzzy Baire space.
Proof.Let (λi )’s be fuzzy σ-nowhere dense sets in (X,T). Since (X,T) is a fuzzy extra-resolvable and fuzzy
strongly hyperconnected space, by proposition 3.20, (1‒ λi )’s are fuzzy nowhere dense sets in (X,T). Now
∞
∞
cl[⋀∞
i=1(λi )] =1, implies that 1 − 𝑐𝑙[⋀𝑖=1(𝜆𝑖 )] = 0 and then int[1 − ⋀𝑖=1(𝜆𝑖 )] = 0 in (X,T). This implies that
∞
∞
int[⋁i=1(1‒ λi )]=0, in (X,T). Then, int[⋁i=1(1‒ λi )]=0, where (1 − 𝜆𝑖 )′𝑠 are fuzzy nowhere dense sets in (X,T),
implies that (X,T) is a fuzzy Baire space.
Proposition 4.7: If each non-zero fuzzy Gδ-set is a fuzzy dense set in a fuzzy strongly hyperconnected space
(X,T), then
(i)
(X,T) is a fuzzy P-space.
(ii)
(X,T) is a fuzzy almost P-space.
(iii)
(X,T) is a fuzzy second category space.
Proof.
(i). Let λ be a fuzzy Gδ-set in (X,T) such that cl(λ)=1. Since (X,T) is a fuzzy hyperconnected space, by
proposition 3.1, the fuzzy dense set is a fuzzy open set in (X,T) and hence (XT) is a fuzzy P-space.
(ii). The proof follows from (i), and from the fact that each fuzzy P-space is a fuzzy almost P-space.
(iii). Let λ be a fuzzy Gδ–set in (X,T) such that cl(λ)=1 in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, by (ii), (X,T) is a fuzzy almost P-space. Then, by theorem 2.5(i), (X,T) is a fuzzy second
category space.
′
Proposition 4.8: If cl[⋀∞
i=1(λi )]=1, where (𝜆𝑖 ) 𝑠 are fuzzy first category sets in a fuzzy strongly hyperconnected
space (X,T), then (X,T) is a fuzzy Baire space.
∞
Proof.Suppose that cl[⋀∞
i=1(λi )] = 1, where (λi )’s are fuzzy first category sets in (X,T). Then 1‒cl[⋀i=1(λi )] =0
∞
∞
and then int[1‒( ⋀i=1(λi ) ]=0 in (X,T). This implies that 𝑖𝑛𝑡[⋁𝑖=1(1 − 𝜆𝑖 ) = 0] -----(1), in (X,T). Since
∞
∞
cl[⋀∞
i=1(λi )] ≤ ⋀i=1 cl(λi ), then 1 ≤ ⋀i=1 cl (λi ), in (X,T). This implies that 𝑐𝑙(𝜆𝑖 ) = 1, in (X,T). Thus, (𝜆𝑖 )′𝑠
are fuzzy first category sets such that 𝑐𝑙(𝜆𝑖 ) = 1 in the fuzzy strongly hyperconnected space (X,T). Then, by
proposition 3.21, there exists fuzzy nowhere dense fuzzy G δ–sets (𝜇𝑖 ) in (X,T) such that 𝜇𝑖 ≤ 1 − 𝜆𝑖 in (X,T).
∞
∞
∞
Then, 𝑖𝑛𝑡[⋁∞
𝑖=1(𝜇𝑖 )] ≤ 𝑖𝑛𝑡[⋁𝑖=1(1 − 𝜆𝑖 )] in (X,T). Then, from (1) 𝑖𝑛𝑡[⋁𝑖=1(𝜇𝑖 )] = 𝑖𝑛𝑡[⋁𝑖=1(1 − 𝜆𝑖 )] = 0 in
]
(𝜇
)
(X,T). Thus, 𝑖𝑛𝑡[⋁∞
=
0,
where
(𝜇
)
are
fuzzy
nowhere
dense
sets
in
(X,T)
implies
that (X,T) is a
𝑖
𝑖=1 𝑖
fuzzy Baire space.
Remark 4.3: If a fuzzy topological space (X,T) has a non-zero fuzzy nowhere dense fuzzy Gδ-set, then (X,T) is
not a fuzzy almost P-space.
In view of the above remark, one will have the following result.
Proposition 4.9: If a fuzzy first category sets are fuzzy dense sets in a fuzzy strongly hyperconnected space
(X,T), then (X,T) is not a fuzzy almost P-space.
Proof. The proof follows from the proposition 4.8, and the remark 4.3.
Proposition 4.10: If a fuzzy topological space (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a
fuzzy almost GP-space.
Proof.Let λ be a non–zero fuzzy dense and fuzzy 𝐺𝛿 - set in (X,T). Since (X,T) is a fuzzy strongly
hyperconnected space, the fuzzy dense set is a fuzzy open set in (X,T) and hence int(λ)=λ≠0, in (X,T) and hence
(X,T) is a fuzzy almost GP-space.
Proposition 4.11: If a fuzzy topological space (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a
fuzzy Volterra space.
Proof. The proof follows from proposition 3.1, and the theorem 2.8.
Proposition 4.12: If a fuzzy topological space (X,T) is a fuzzy strongly hyperconnected space, then (X,T) is a
fuzzy weakly Volterra space.
Proof. The proof follows from proposition 4.10, and the theorem 2.5(ii).
Proposition 4.13: If (X,T) is a fuzzy strongly hyperconnected space and fuzzy P-space, then (X,T) is a fuzzy
Baire space.
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Proof.Let λ be a fuzzy residual set in (X,T). Then, by proposition 3.25, λ is a fuzzy dense set in (X,T). Then, by
theorem 2.1, (X,T) is a fuzzy Baire space.
Proposition 4.14: If each non-zero fuzzy 𝐺𝛿 - set is a fuzzy dense set in a fuzzy strongly hyperconnected space
(X,T), then (X,T) is a fuzzy Baire space.
Proof. Let (X,T) be a fuzzy strongly hyperconnected space in which each non-zero fuzzy Gδ -set is a fuzzy
dense set in (X,T). Then, by proposition 4.7, (X,T) is a fuzzy P-space. Thus, (X,T) is a fuzzy strongly
hyperconnected and fuzzy P-space. Then, by proposition 4.13, (X,T) is a fuzzy Baire space.
V. Conclusion
In this paper, several characterizations of fuzzy strongly hyperconnected spaces are established. It is
observed that fuzzy somewhere dense sets are fuzzy dense sets in fuzzy strongly hyperconnected spaces. It is
established that fuzzy residual sets in fuzzy extra-resolvable (or fuzzy strongly Baire) and fuzzy strongly
hyperconnected spaces are fuzzy nowhere dense sets. The existence of fuzzy nowhere dense G δ-set is
established in fuzzy strongly hyperconnected spaces by means of fuzzy dense, fuzzy first category sets. Also it
is established that fuzzy strongly hyperconnected spaces are fuzzy nodec, fuzzy hyperconnected and fuzzy open
hereditarily irresolvable spaces. The condition under which fuzzy strongly hyperconnected spaces become fuzzy
Baire spaces, fuzzy P-space, are obtained. Also it is observed that fuzzy strongly hyperconnected spaces are
fuzzy irresolvable spaces, fuzzy extremally disconnected spaces fuzzy Volterra spaces and weakly Volterra
spaces.
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1.

Introduction

In 1965, Zadeh [27] introduced the concept of fuzzy set as a method of finding uncertainty. In 1986,
the idea of intuitionistic fuzzy set was introduced by Atanassov [1] which is a generalization of fuzzy set. In
recent years there has been an increasing interest in mathematical aspects of intuitionistic fuzzy sets. To use this
concept in topology and analysis, many authors have extensively developed the theory of intuitionistic fuzzy
sets and applications. Later this concept is used to define in intuitionistic fuzzy topological spaces are introduced
by coker. In general, the theory of intuitionistic fuzzy sets is the generalization of fuzzy sets. Several researches
have shown interest in the intuitionistic fuzz set theory and successfully applied in many other field. Fuzzy
application in almost every direction of mathematics such as arithmetic, topology, graph theory, probability
theory, logic etc.
In this paper, the notion of intuitionistic L-fuzzy generalized α- closed sets is introduce and also the
theorems and operations of intuitionistic L-fuzzy generalized α- closed sets and Intuitionistic L- Fuzzy
connected and compact spaces are stated and proved.
2.

Preliminaries

Definition: 2.1
Let (𝐿𝑋 ,𝛿) be an L- fuzzy topological space and 𝛼 ∈ 𝑀(𝐿) and 𝐴 ∈ 𝐿𝑋 . A is called an 𝜶-closed set, if for
any ∈ 𝑋 ,
𝐴̅(𝑥) ≥ 𝛼 ⟹ 𝐴(𝑥) ≥ 𝛼.
The set of all 𝛼- closed sets in (𝐿𝑋 ,𝛿) is denoted by 𝐶𝛼 (𝛿) . Clearly, ∀𝛼 ∈ 𝑀(𝐿) , 𝛿′ ⊂ 𝐶𝛼 (𝛿) .
Definition: 2.2
A map 𝑓: 𝐿𝑋 ⟶ 𝐿𝑌 is called fuzzy α-closed if the image of every α- closed set in 𝐿𝑋 is α- closed set in 𝐿𝑌 .
Definition: 2.3
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Let L be a fuzzy lattice. α ∈ L is called a union- irreducible element of L (or a molecule), if for arbitrary
a,b ∈ L, We have
𝛼 ≤ 𝑎⋁𝑏 ⟹ 𝛼 ≤ 𝑎 𝑜𝑟 𝛼 ≤ 𝑏 .
The set of all the non zero union - irreducible element of L is denoted by M(L). The set of all molecules of
a fuzzy lattice 𝐿𝑋 is denoted by 𝑀∗ (𝐿𝑋 ).
Definition: 2.4
Let X be a non-empty ordinary set, L be a fuzzy lattice, 𝛿 ⊂ 𝐿𝑋 . 𝛿 is called a L-fuzzy topology on X , and
(𝐿𝑋 , 𝛿) is called an L-fuzzy topological space, if 𝛿 satisfies the following three conditions:
(LFT1) 0 , 1 ∈ 𝛿.
(LFT2) ⩝ 𝒜 ⊂ 𝛿,⋁ 𝒜 ∈ 𝛿.
(LFT2) ⩝ U,V ∈ δ, U∧ 𝑉 ∈ 𝛿 .
Particularly, when L= [0,1] call an L-fuzzy topological space (𝐿𝑋 , 𝛿 ) and fuzzy topological space is
denoted by (X,𝛿).
Each fuzzy mapping 𝑓: 𝐿𝑋 ⟶ 𝐿𝑌 for 𝐴 ∈ 𝐿𝑋 , 𝐵 ∈ 𝐿𝑌 , x∈ 𝑋, y∈ 𝑌.
𝑓(𝐴)(𝑦) = ⋁{𝐴(𝑥): 𝑥 ∈ 𝑋, 𝑓(𝑥) = 𝑦}, 𝑓 −1 (𝐵)(𝑥) = 𝐵(𝑓(𝑥)).
The element of 𝛿 are called L- fuzzy open sets.
A fuzzy set K is called L- fuzzy closed sets , if 𝐾 𝐶 ∈ 𝛿 . We denote by 𝛿 c the collection of all Lfuzzy closed set in this L- fuzzy topological space.
i) αc∈ 𝛿 c .
ii) if K,M ∈ 𝛿 c , then K⋁𝑀 ∈ 𝛿 c .
iii) if {Kj : j ∈ 𝛿 }∈ 𝛿 c then ⋀{Kj : j ∈ 𝛿}∈ 𝛿 c .
Definition: 2.5
An intuitionistic L- fuzzy topology on a non-empty set X is a family τ of intuitionistic fuzzy sets in X
satisfying the following axioms
(T1)0~ , 1~ ∈ τ
(T2) G1 ∩G2 ∈ 𝜏 for any G1 ,G2 ∈ τ
(T3)∪ Gi∈ 𝜏 for any arbitrary family {Gi :Gi∈ 𝜏, 𝑖 ∈ I}
In this case the pair (X, τ) is called an intuitionistic L- fuzzy topological space and intuitionistic fuzzy set in τ is
known as intuitionistic L- fuzzy open set
in X.
Definition: 2.6
Let (𝐿𝑋 , 𝛿) be an L- fuzzy topological space, and 𝛼 ∈ 𝑀(𝐿), and 𝜆 ∈ 𝐿𝑋 . 𝜆 is called an fuzzy generalized
α-closed set, if 𝑐𝑙𝛼 (𝜆)≤ 𝜇. Whenever λ≤ 𝜇 and 𝜇 is fuzzy α1- open.
Definition: 2.7
Let (𝐿𝑋 , 𝛿) be an L- fuzzy topological space, and 𝛼 ∈ 𝑀(𝐿), and 𝜆 ∈ 𝐿𝑋 . 𝜆 is called an L-fuzzy generalized
α-closed set, if 𝑐𝑙𝛼 (𝜆)≤ 𝜇. Whenever λ≤ 𝜇 and 𝜇 is L-fuzzy 𝛼′- open.
Definition: 2.8
Let (𝐿𝑋 , 𝛿) be an L- fuzzy topological space, and 𝛼 ∈ 𝑀(𝐿), and 𝐴 ∈ 𝐿𝑋 . 𝐴′ is called a L-fuzzy 𝜶′ - open
set iff A is called a L-fuzzy 𝛼- closed set.
Definition: 2.9
Let ( 𝑋 , 𝛿 ) be a fuzzy topological space. (X ,T) is said to be topologically generated fuzzy compact
space (countably compact) if there exist a compact topology 𝛿 on X such that 𝛿 =𝜔(𝐼) = ℱ. Where ℱ is the set
of all continuous function from ( 𝑋 , 𝛿 ) to I.
Definition: 2.10
Let ( 𝐿𝑋 , 𝛿 ) be a L-fuzzy topological space. (X ,T) is said to be topologically generated L- fuzzy compact
space (Countably compact) if there exist a compact topology 𝛿 on X such that 𝛿 =𝜔(𝐼) = ℱ. Where ℱ is the set
of all continuous function from ( 𝑋 , 𝛿 ) to I.

Definition: 2.11
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A fuzzy topological space X is said to be fuzzy connected if it has no proper clopen set (closed and
open set). A fuzzy set 𝜆 in X is proper if 𝜆 ≠ 0 if 𝜆 ≠ 1 clopen.
Definition: 2.12
A L-fuzzy topological space X is said to be L-fuzzy connected if it has no proper clopen set (closed
and open set). A L-fuzzy set 𝜆 in X is proper if 𝜆 ≠ 0 if 𝜆 ≠ 1 clopen.

3.

INTUITIONISTIC L-FUZZY GENERALIZED α-CLOSED SET AND ITS APPLICATIONS

Definition: 3.1
Let (𝐿𝑋 , 𝛿) be an Intuitionistic L- fuzzy topological space, and 𝛼 ∈ 𝑀(𝐿), and 𝜆 ∈ 𝐿𝑋 . 𝜆 is called an
Intuitionistic L-fuzzy generalized α-closed set, if 𝑐𝑙𝛼 (𝜆)≤ 𝜇. Whenever λ≤ 𝜇 and 𝜇 is Intuitionistic L-fuzzy 𝛼′open.
Definition: 3.2
Let (𝐿𝑋 , 𝛿) be an Intuitionistic L- fuzzy topological space, and 𝛼 ∈ 𝑀(𝐿), and 𝐴 ∈ 𝐿𝑋 . 𝐴′ is called a
Intuitionistic L-fuzzy 𝜶′ - open set iff A is called an Intuitionistic L-fuzzy 𝛼- closed set.
Theorem: 3.3
If λ1 and λ2 are Intuitionistic L-fuzzy generalized 𝛼-closed sets then λ1 ⋁λ2 is a Intuitionistic L-fuzzy
generalized α-closed sets.
Proof:
We have to prove, λ1 ⋁ λ2 is Intuitionistic L- fuzzy generalized α-closed sets.
Given, let λ1 is a Intuitionistic L-fuzzy generalized α-closed set and let λ2 is a Intuitionistic L-fuzzy generalized
α-closed set.
By using definition of Intuitionistic L-fuzzy generalized α-closed sets
𝑐𝑙𝛼 (𝜆1 ⋁𝜆2 ) = 𝑐𝑙𝛼 (𝜆1 )⋁ 𝑐𝑙𝛼 (𝜆2 )
Hence, λ1 ⋁ λ2 is a Intuitionistic L-fuzzy generalized α-closed sets.
Example: 3.4
The intersection of two Intuitionistic L-fuzzy generalized α – closed sets is not generally a Intuitionistic Lfuzzy generalized α-closed sets.
Let X={x1, x2, x3,}. Define f1 f2 f3 : X⟶ 𝐿, where L=[0,1] as follows
f 1=0x ; f2 =1x ; f3 (x2)=f3(x3)=0 ; f3(x1)=1.
Clearly, 𝛿 = { f1 f2 f3 } is a Intuitionistic L-fuzzy topological on X .
Define, λ1 , 𝜆 2 : X⟶ 𝐿, where L=[0,1] as follows :
λ1 (x1) = λ1 (x2) =1, λ1 (x3) =0.
λ2 (x1) = λ2 (x3) =1, λ2 (x2) =0.
Since 𝑐𝑙𝛼 (𝜆1 ) ≤ 1𝑥 , 1𝑥 ∈ 𝛿 and 𝛿 ⊆ 𝑂𝛼′ (𝛿). It follows that λ1 is Intuitionistic L-fuzzy generalized α –
closed sets. Similarly, λ2 is Intuitionistic L-fuzzy generalized α – closed sets. But λ1⋀ λ2=𝑓3 is not Intuitionistic
L-fuzzy generalized 𝛼-closed set.
Theorem: 3.5
If λ is Intuitionistic L-fuzzy generalized α-closed sets and λ≤ 𝜇 ≤ 𝜆̅ , then 𝜇 is Intuitionistic L-fuzzy
generalized α- closed sets.
Proof:
Given, λ is Intuitionistic L- fuzzy generalized α-closed sets and λ≤ 𝜇 ≤ 𝜆̅.
To prove, 𝜇 isntuitionistic L-fuzzy generalized α- closed sets.
Let 𝛽 be Intuitionistic L- fuzzy 𝛼′-open set such that 𝛽 ≥ 𝜇.
Since 𝜇 ≥ 𝜆 , 𝛽 ≥ 𝜆 and 𝜆 is called Intuitionistic L-fuzzy generalized α- closed sets.
It follows that 𝛽 ≥ 𝜆̅. But 𝜆̅ ≥ 𝜇̅ , since 𝜆̅ ≥ 𝜇 and so 𝛽 ≥ 𝜇̅ .
Since 𝜇̅ is α- closed sets, 𝑐𝑙𝛼 (𝜇) ≤ 𝛽.
Hence 𝜇 is Intuitionistic L-fuzzy generalized α- closed set.
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Definition: 3.6
Let ( 𝐿𝑋 , 𝛿 ) be a Intuitionistic L-fuzzy topological space. (X ,T) is said to be topologically generated
Intuitionistic L- fuzzy compact space (Countably compact) if there exist a compact topology 𝛿 on X such that 𝛿
=𝜔(𝐼) = ℱ. Where ℱ is the set of all continuous function from ( 𝑋 , 𝛿 ) to I.
Definition: 3.7
A Intuitionistic L-fuzzy topological space X is said to be Intuitionistic L-fuzzy connected if it has no
proper clopen set (closed and open set). A L-fuzzy set 𝜆 in X is proper if 𝜆 ≠ 0 if 𝜆 ≠ 1 clopen.
Theorem: 3.8
Let (𝑋,T) be Intuitionistic L-fuzzy countably compact (L-fuzzy compact) and 𝛿 ∉ 𝑇. Then (X, 𝑇(𝛿)) is
Intuitionistic L-fuzzy countably (L-fuzzy compact) iff 1 − 𝛿 is Intuitionistic L-fuzzy countably compact in
(X,T).
Proof:
Given, Let (X,T(𝛿)) be Intuitionistic L- fuzzy countably compact and 𝛿 ∉ 𝑇.
Assume that, (X, 𝑇(𝛿)) is Intuitionistic L-fuzzy countably.
To prove, 1 − 𝛿 is Intuitionistic L-fuzzy countably compact in (X,T).
We prove the theorem only for countably compact case.
Suppose (X , 𝑇(𝛿)) is Intuitionistic L-fuzzy countably.
Since, 1 − 𝛿 is closed in ( 𝑋, 𝑇(𝛿)), it is countably compact in ( 𝑋, 𝑇(𝛿)).
Then 1 − 𝛿 is Intuitionistic L-fuzzy countably compact in (X,T).
Since, 𝑇 ⊂ 𝑇(𝛿).
Conversely,
Assume that, 1 − 𝛿 is Intuitionistic L-fuzzy countably compact in (X,T).
To prove, (X , 𝑇(𝛿)) is Intuitionistic L-fuzzy countably.
Suppose, sup {[𝜆𝑖 ⋁(𝜇𝑖 ⋀𝛿)]} = 1.
1≤𝑖≤∞

Then, sup {𝜆𝑖 } ≥ 1 − 𝛿 and since 1 − 𝛿 is Intuitionistic L-fuzzy countably compact there exist a
1≤𝑖≤𝑁

natural number N such that sup {𝜆𝑖 } ≥ 1 − 𝛿−∈.
1≤𝑖≤∞

Where, ∈ > 0 given arbitrary.
But, sup {𝜆𝑖 ⋁𝜇𝑖 } = 1 and thus there exist a natural number M such that
1≤𝑖≤∞

sup {𝜆𝑖 ⋁𝜇𝑖 } = 1.

1≤𝑖≤𝑀

Then 𝛿 ≤ sup {𝜆𝑖 ⋁(𝜇𝑖 ⋀𝛿)} and it follows that
1≤𝑖≤𝑀

(1 − 𝛿) − 𝜖 + 𝛿 <

sup {𝜆𝑖 ⋀(𝜇𝑖 ⋀𝛿)}.

1≤𝑖≤𝑀+𝑁

As 𝜖 is arbitrary the result follows,
Hence, ( X, 𝑇(𝛿)) is Intuitionistic L-fuzzy countably.
Theorem: 3.9
Let (𝐿𝑋 ,T) be an Intuitionistic L-fuzzy topological space and 𝐴 ⊂ 𝑋 be such that,
1) 𝜇𝐴 ∉ 𝑇
2) 𝜇𝐴 is not Intuitionistic L-fuzzy closed.
3) (A , 𝑇⁄𝐴) and (X-A ,𝑇⁄𝑋 − 𝐴) are Intuitionistic L-fuzzy connected subspaces.
Then (X,T(𝜇𝐴 )) is Intuitionistic L-fuzzy connected.
Proof:
Let (𝐿𝑋 ,T) be an Intuitionistic L-fuzzy topological space and 𝐴 ⊂ 𝑋.
Given, 1) 𝜇𝐴 ∉ 𝑇
2) 𝜇𝐴 is not Intuitionistic L-fuzzy closed.
3) (A , 𝑇⁄𝐴) and (X-A ,𝑇⁄𝑋 − 𝐴) are Intuitionistic L-fuzzy connected subspaces.
To prove, (X,T(𝜇𝐴 )) is Intuitionistic L-fuzzy connected.
Suppose, 𝜆1 ⋁(𝜇1 ⋀𝜇𝐴 ) and 𝜆2 ⋁(𝜇2 ⋀𝜇𝐴 ) are non-zero Intuitionistic L-fuzzy open set of T(𝜇𝐴 ) such
that,
𝜆1 ⋁(𝜇1 ⋀𝜇𝐴 ) + 𝜆2 ⋁(𝜇2 ⋀𝜇𝐴 ) =1 for 𝜆1 , 𝜆2 , 𝜇1 , 𝜇2 ∈ 𝑇
i.e) M+N= 1, where M=𝜆1 ⋁(𝜇1 ⋀𝜇𝐴 )
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N=𝜆2 ⋁(𝜇2 ⋀𝜇𝐴 ).
Hence,
M≠ 𝜇𝐴 , N≠ 𝜇𝐴 . Therefore,
M ⋀ 𝜇𝐴 ≠ 𝑂 and N ⋀ 𝜇𝐴 ≠ 𝑂
⇒ M− 𝜇𝐴 ≠ 𝑂 and N – 𝜇𝐴 ≠ 𝑂
Case (i)
Suppose,( A , 𝑇⁄𝐴) is not Intuitionistic L-fuzzy connected subspace.
Now, 𝑀⁄𝐴= M ⋀ 𝜇𝐴 = 𝜆1 ⋁ 𝜇1 ⁄𝐴 ≠ 𝑂.
Similarly, 𝑁⁄𝐴= N ⋀ 𝜇𝐴 = 𝜆2 ⋁ 𝜇2 ⁄𝐴 ≠ 𝑂.
𝜆1 ⋁ 𝜇1 ⁄𝐴 + 𝜆2 ⋁ 𝜇2 ⁄𝐴 = 1
This contradicts the fact that (A ,𝑇⁄𝐴) is Intuitionistic L-fuzzy connected.
Hence, (X,T(𝜇𝐴 )) is Intuitionistic L-fuzzy connected.
Case (ii)
Suppose that, (X-A ,𝑇⁄𝑋 − 𝐴) is not Intuitionistic L-fuzzy connected subspace.
By using definition,
(X-A ,𝑇⁄𝑋 − 𝐴) is Intuitionistic L-fuzzy connected subspace.
This gives rise to a contradiction to the fact that (X-A ,𝑇⁄𝑋 − 𝐴) is Intuitionistic L-fuzzy
connected subspace.
Hence, (X,T(𝜇𝐴 )) is Intuitionistic L- fuzzy connected.
4. Conclusion
Last three decades were very productive for fuzzy mathematics and the result literature has observed
the fuzzy application in almost every direction of mathematics such as Topology, Graph Theory, Real
analysis, functional analysis, etc.In this work a general analysis has been done to reveal the links between
the fuzzy generalized properties and the generalized 𝛼- closed set. The analysis can be used to form some
new L-fuzzy 𝛼- closed set.There is a future scope to study compactness, connectedness and seperation
axioms in L-fuzzy generalized 𝛼- closed sets.
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Abstract: The World is facing lot of problems due to natural disasters for which industries are partly
responsible while disposing specially the chemical waste materials, though industrialization contributes to
the growth of economy of the nation. The customers are satisfied only with perfect quality items from
industries. Industries face the problem of either disposing or reworking of items. In this paper fuzzy and
Intuitionistic fuzzy inventory models are formulated which includes inspection cost and safety disposal cost
using methods like burning which ensures environment protection with illustrative example and sensitivity
analysis.
Keywords: Perfect quality items, Triangular fuzzy number, Intuitionistic fuzzy number, Inspection Cost,
Safety Disposal Cost, Environment Production

I. Introduction
The applications of Inventory control help the smooth functioning of Industries. Especially in production
inventory problem, precautionary measured need to be taken to product environment while disposing wastages
especially chemical and harmful wastages. At the sometime the customer are satisfied if they receive perfect
quality items. In industries, there are problems of disposing wastages and harmful by products. In some cases
defective items can subject to minor repair work within a short period of time. The defective take longer time.
The defective items can be identified only subjecting the whole lot for screening. There are many disposal
methods like incineration, landfill, decomposing and burning. In case of burning the ashes should be disposed
careful as it can’t pollute water, land and air. In case of incineration, educational institutions and Industries have
incinerations to dispose their waste. But this involves installation cost. Industries earn revenue by converting
waste into energy like renewable fuel. Bernadette and Yuri [4] discussed the environment comparison of land
filling
II. Literative Review
In traditional Economic Order Quantity (EOQ) all the items are assumed to be good quality items which are not
possible. Zhang and Gerchak [18] considered the case of defective items. Sawakhande et al [17] explored the
possibility of producing fuel from bio degradable waste. Schrady was developed EOQ model with instantaneous
production and waste disposal. Ritcher [11] converted study Saadany[2] work into production, remanufacturing
and waste disposal problem. The item cannot be remanufactured are disposed. A number of disposal methods
are available, but the proper method has to be selected t minimize the cost of disposal and the environmental
effects for which LCA is preferred due to its systematic approach and the frame work of waste hierarchy which
is widely accepted by the decision makers in Industries[3]. Salameh [16] in his paper has formulated a simple
inventory model in which the defective items which are expressed as the percentage (p) of lot size y with a
known probability density function are sold as a single batch at a discounted price after 100% percent f
screening and also total profit per unit time is determined. In this paper model is modified by the inclusion of
inspection cost of defective items, cost of remanufacture and the cost of incineration. Also in addition it is
assumed that the defectives of a known proportion were present in produced/ received lot. In this paper fuzzy
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and Intuitionistic fuzzy inventory models are formulated which includes inspection cost and safety disposal cost
using methods like burning which ensures environment protection with illustrative example and sensitivity
analysis.
III. Definitions
Fuzzy Number
A fuzzy subset of the real line R with membership function
(x): R→ [0, 1]is called a fuzzy number if
i. is normal, (i.e.) there exist an element x0
Such that A (x0) =1
ii) is fuzzy convex,
[λ x1 + (1-λ) x2]≥
(x1)^
iii)

(x2), x1,x2R

(x) is upper continuous

iv) Supp is bounded, where supp ={xR : (x) > 0}
Triangular Fuzzy Number
A fuzzy number of the universe of discourse U may be characterized by a triangular distribution function
parameterized by a triplet (a1,a2,a3)
The membership function of the fuzzy number A is defined as,
0,

x< a1

(x) =

Arithmetic operations of fuzzy numbers
Suppose = (a1,a2,a3)and = (b1,b2,b3) are two triangular fuzzy numbers
(i)

+

= (a1,a2,a3) + (b1,b2,b3) = (a1+ b1, a2+ b2, a3+ b3)

(ii)

×

= (a1,a2,a3) × (b1,b2,b3) = (a1b1, a2b2, a3b3)

(iii)
iv)
÷

-

= (-b3,-b2,-b1) then the subtraction of

from

is

= (a1,a2,a3) - (b1,b2,b3) = (a1 – b3, a2 – b2, a3 – b1)
=

=(

)

= (a1,a2,a3) ÷ (b1,b2,b3) = (a1 /b3, a2 /b2, a3 /b1)

v) If a€ R then α = (αa1, αa2, αa3) if α ≥ 0
α = (αa3, αa2, αa1) if α ≤ 0
Intuitionistic Fuzzy Set: Let a set X be fixed. An IFS
(x)>: xX}, where the

(x): X): X→ [0, 1] [0, 1] and

in X is an object having the form = {<x,

(x),

(x): ): X→[0, 1]define the degree of membership and

degree of non-membership respectively of the element xX to the set ,which is a subset of the set X, for every
element of xX,0≤
(x)+ (x)≤1
Intuitionistic Fuzzy Number
Intuitionistic Fuzzy Number: An IFN is defined as is defined as follows:
(λx1 + (1-λ) x2) ≤ Max ( (x1), (x2)) ¥ x1, x2R, λ[0,1]
A triangular Intuitionistic fuzzy number:
= (a1,a2,a3; , ) is a subset of Intuitionistic fuzzy set on the set of real number R whose membership and
non-membership are defined as follows:
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0,

otherwise

1,

otherwise

Arithmetic Operations of Triangular Intuitionistic Fuzzy Number
If = (a1, a2, a3) ( ,a2, ) and = (b1,b2,b3) ( ,b2, ) are two TIFNs, then
i) Addition of two TIFN is
+ = (a1+b1, a2+b2, a3+b3) (
ii) Subtraction of two TIFN

+

- = (a1-b3, a2-b2, a3-b1)( iii) Multiplication of two TIFN

, a2-b2,

×

= (a1b1, a2b2, a3b3) (

iv) If TIFN

= (a1,a2,a3)(

, a2+b2,

, a2b2,
, a2,

-

+

) is also TIFN.

) is also TIFN.

) is also TIFN.

) and y= ka (with k>0 ) then

=k

v) Division of two TIFN is
=

,

)(

) is also TIFN.

Defuzzification for Triangular Fuzzy Number
The defuzzification value for a triangular fuzzy number (a 1, a2, a3) is given by

Defuzzification for Triangular Intuitionistic Fuzzy Number
Let Ă = (a1, a2, a3) ( , a2, ) be a triangular intuitionistic fuzzy number. Then the signed distance of can be
calculated as follows
=

IV. Model Formulation
Problem Description
A lot size Y is delivered instantaneously with a purchasing price of c per unit and an ordering cost of K. It is
assumed that the each lot received contains a known percentage of defectives p, after 100% of screening
imperfect items is separated from the good items. The imperfect items based on degree of imperfectness are
burnt into ashes of disposed.
Notations
The following notations are used in following when developing the mathematical model
Q Order Size
c
Unit variable cost
K Fixed cost of placing an order
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̅ Fixed cost of placing an order in fuzzy environment
𝐾
̃ Fixed cost of placing an order in intuitionistic fuzzy environment
𝐾
p
Percentage of defective items in Q
q
Percentage of defective items those are suitable for reuse
r
Percentage of defective items those are suitable for recycle
i
Percentage of defective items those are subjected to incineration (1-p-r)
s
Unit selling cost of items of good quality
v
Unit selling cost of defective items that are categorized as reusable (v < s)
R
Unit cost of Recycling
R1 Unit selling cost of recycled items (R1> R)
L
Unit cost of disposal by the method of incineration
L1 Revenue earned per unit
X
Screening rate
d
Unit screening rate
d1
Unit screening rate of defective items
e
Emission caused while burning
𝑒̅
Emission caused while burning in fuzzy environment
𝑒̃
Emission caused while burning in intuitionistic fuzzy environment
T
Cycle Length
h
Holding cost per unit
ℎ̅
Holding cost per unit in fuzzy environment
ℎ̃
Holding cost per unit in intuitionistic fuzzy environment
D
Demand
Assumptions
1. The demand is constant
2. No shortages are not allowed
3. The items should be reused, reworked and incinerated (burned) are expressed as the percentage of imperfect
items.
4. The lead time is assumed to zero
5. Planning horizon is infinite.
V. Mathematical Model
In salameh (16) model to avoid shortages it is considered as
Dt≤ N(Q,p) , Where is assumed as the number of good items in each order, p is the percentage of defective
items in y is restricted to
𝐷
𝐷
1i.e) p≤ 1𝑋
𝑋
Let TR(Y) and TC(Y) are the total revenue and the total cost per cycle respectively. TR(Y) is the addition of
the total sales volume of good quality, reusable items, reworked items and the revenue from the incineration of
non-repairable items.
TR(Y) = sQ (1 − p) + qpQ + 𝑅1 rqQ + 𝐿1 ipQ
The TC(Y) is the addition of procurement cost per cycle, screening rate per cycle , holding rate per cycle,
screening rate of defective item per cycle, remanufacturing rate per cycle, rate of incineration per cycle.
𝑄(1 − 𝑝)𝑇 𝑝𝑄2
TC(Y) = 𝐾 + 𝑐𝑄 + 𝑑𝑌 + 𝑑1 𝑝𝑄 + 𝑒 + ℎ∗ [
+
] + 𝑅𝑟𝑝𝑄 + 𝐿𝑖𝑝𝑄
2
𝑋
The total profit per cycle = The total revenue per cycle - The total cost per cycle.
TP(Y) = TR(Y) - TC(Y)
𝑝𝑄2

𝑄(1−𝑝)𝑇

TP(Y) = sQ (1 − p) + qpQ + 𝑅1 rqQ + 𝐿1 ipQ − { 𝐾 + 𝑐𝑄 + 𝑑𝑌 + 𝑑1 𝑝𝑄 + 𝑒 + ℎ∗ [
+
] + 𝑅𝑟𝑝𝑄 +
2
𝑋
𝐿𝑖𝑝𝑄}
The total profit per unit of time is given by,
ℎ𝑄
ℎ𝑄
TPU(Y) = 𝐷 ∗ (𝑠 − 𝑞 − 𝑅1 𝑟 − 𝐿1 i + Li + 𝑑1 + + 𝑅𝑟) + 𝐷 ∗ (𝑞 + 𝑅1 𝑟 + 𝐿1 i − Li − 𝑑1 − − 𝑅𝑟 − 𝑐 − 𝑑 −
𝑋

𝐾
𝑄

𝑒

− )

1

𝑄 (1−𝑝)

−

𝑋

ℎ𝑄(1−𝑝)
2

𝜕𝑇𝑃𝑈(𝑌)
𝜕
ℎ𝑄
=
[𝐷 ∗ (𝑠 − 𝑞 − 𝑅1 𝑟 − 𝐿1 i + Li + 𝑑1 +
+ 𝑅𝑟)
𝜕𝑄
𝜕𝑄
𝑋
ℎ𝑄
𝐾 𝑒
1
ℎ𝑄(1 − 𝑝)
+ 𝐷 ∗ (𝑞 + 𝑅1 𝑟 + 𝐿1 i − Li − 𝑑1 −
− 𝑅𝑟 − 𝑐 − 𝑑 − − )
−
]
𝑋
𝑄 𝑄 (1 − 𝑝)
2
hD hD
1
𝐾
𝑒
𝐷
ℎ ℎ𝑝
TPU(Y) =
−
(
) + [ 2 + 2] (
)− +
(1 − 𝑝)
𝑋
𝑋 (1 − 𝑝)
𝑄
𝑄
2 2
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The objective is to determine the optimal quantity.
𝜕𝑇𝑃𝑈(𝑌)
The Necessary condition is
=0
𝜕𝑄

2𝐷(𝐾 + 𝑒)
𝑄∗ = √
ℎ(1 − 𝑝)2
If p=0 and e=0 and it reduces the classical EOQ model.
2𝐷(𝐾)
𝑄∗ = √
ℎ
FUZZY ENVIRONMENT
The holding cost, fixed cost and emission cost are considered in the fuzzy environment as follows,
Holding cost ℎ̅ = (h1, h2, h3)
̅ = (𝐾1 , 𝐾2 , 𝐾3 )
Fixed cost 𝐾
Emission cost 𝑒̅ = (𝑒1 , 𝑒2 , 𝑒3 )
EOQ in fuzzy environment is,
𝟏 𝟐𝑫(𝑲𝟏 + 𝒆𝟏 ) 𝟐𝑫(𝑲𝟐 + 𝒆𝟐 ) 𝟐𝑫(𝑲𝟑 + 𝒆𝟑 )
𝑭(𝑸∗ ) = √ [
+
+
]
𝟒 𝒉𝟏 (𝟏 − 𝒑)𝟐
𝒉𝟐 (𝟏 − 𝒑)𝟐
𝒉𝟑 (𝟏 − 𝒑)𝟐
INTUITIONISTIC FUZZY ENVIRONMENT
The holding cost, fixed cost and emission cost are considered in the fuzzy environment as follows,
Holding cost ℎ̃ = (h1, h2, h3) ( ℎ1 ′ , ℎ2 , ℎ3 ′ )
̃ = (𝐾1 , 𝐾2 , 𝐾3 ) ( 𝐾1 ′ , 𝐾2 , 𝐾3 ′ )
Fixed cost
𝐾
Emission cost 𝑒̃ = (𝑒1 , 𝑒2 , 𝑒3 ) 𝑒1 ′ , 𝑒2 , 𝑒3 ′ )
EOQ in Intuitionistic fuzzy environment is,
𝟏 𝟐𝑫(𝑲𝟏 + 𝒆𝟏 )
𝟐𝑫(𝑲𝟐 + 𝒆𝟐 )
𝟐𝑫(𝑲𝟑 + 𝒆𝟑 )
𝟐𝑫( 𝑲𝟏 ′ + 𝒆𝟏 ′ ) 𝟐𝑫( 𝑲𝟑 ′ +) 𝒆𝟑 ′
𝑭(𝑸∗∗ ) = √ [
+
𝟒
(
)
+
]
+
[
+
]
𝟖 𝒉𝟏 (𝟏 − 𝒑)𝟐
𝒉𝟐 (𝟏 − 𝒑)𝟐
𝒉𝟑 (𝟏 − 𝒑)𝟐
(𝟏 − 𝒑)𝟐
𝒉𝟑 ′ (𝟏 − 𝒑)𝟐
VI. Numerical Analysis
In a company, consider the inventory situation the stock is replenishment instantly with Q units of which not all
are of the desired quality items.
The parameters are given in the problem.
D= 20 unit /day, c = Rs.10 / unit, K=Rs. 30/ cycle, s= Rs. 25/unit, h = Rs. 10/day , R= Rs. 4/Unit, e = Rs.
5/cycle, R1 = Rs.27/unit, L =Rs. 2/unit, R1= Rs. 35/unit, X= Rs. 1/unit, d = Rs. 0.4/unit, p= 0.05,q=0.5, r=0.3,
i=0.2
Then the optimum value of Q that maximizes
𝑄∗ = √

2 ∗ 20(30 + 5)
10(1 − 0.05)2

= 12.45490
In fuzzy environment the optimum value of Q that maximizes,
Holding cost ℎ̅ = (h1, h2, h3) = (8, 10, 13)
̅
Fixed cost 𝐾
= (𝐾1 , 𝐾2 , 𝐾3 )= (27.5, 30, 33)
Emission cost 𝑒̅ = (𝑒1 , 𝑒2 , 𝑒3 ) = (3, 5, 6.8)
F (𝑄 ∗ ) = 12.3987
In Intuitionistic fuzzy environment the optimum value of Q that maximizes,
Holding cost ℎ̃ = (h1, h2, h3) ( ℎ1 ′ ,ℎ2 , ℎ3 ′ )= (8, 10, 13) (7.2,10,14.2)
̃
Fixed cost 𝐾
= (𝐾1 , 𝐾2 , 𝐾3 ) ( 𝐾1 ′ , 𝐾2 , 𝐾3 ′ ) = (27.5, 30, 33) (25.5, 30, 34)
Emission cost 𝑒̃ = (𝑒1 , 𝑒2 , 𝑒3 ) 𝑒1 ′ , 𝑒2 , 𝑒3 ′ ) = (3, 5, 6.8) (2, 5, 7.5)
𝑭(𝑸∗∗ ) = 𝟏𝟐. 𝟑𝟔𝟗𝟐
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Sensitivity Analysis
D
Holding cost
(h)

Setup cost

Emission cost

(K)

(e)

𝑭(𝑸∗ )

𝑭(𝑸∗∗ )

(8, 10, 13)
(27.5, 30, 33)
(3, 5, 6.8)
13.8619
13.8290
(7.2,10,14.2)
(25.5, 30, 34)
(2, 5, 7.5)
(8, 10, 13)
(27.5, 30, 33)
(3, 5, 6.8)
10.7373
10.7119
15
(7.2,10,14.2)
(25.5, 30, 34)
(2, 5, 7.5)
20
(8, 10, 13)
(3, 5, 6.8)
12.8278
12.7873
(31.5, 32, 34)
(7.2,10,14.2)
(2, 5, 7.5)
(29, 32, 34.5)
20
(8, 10, 13)
(3, 5, 6.8)
12.1136
12.06384
(27.5, 28, 30)
(7.2,10,14.2)
(2, 5, 7.5)
(25, 28, 30.5)
20
(8, 10, 13)
(27.5, 30, 33)
12.9990
12.9635
(6.5, 8, 11.2)
(7.2,10,14.2)
(25.5, 30, 34)
(4.5, 8, 13.1)
20
(8, 10, 13)
(27.5, 30, 33)
12.3095
12.2322
( 3.5,4, 6)
(7.2,10,14.2)
(25.5, 30, 34)
(1, 4, 6.5)
From the sensitivity analysis,

If the Demand increases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity
increase, if it decreases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity decrease

If the setup cost increases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity
increase, if it decreases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity decrease.

If the Emission cost increases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity
increase, if it decreases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity decrease.
25

VII. Conclusion
This paper presents an environmental oriented inventory model which discusses about the benefits that are
gained out of using incineration, the waste disposal method. The numerical example to validate the economic
order quantity also it discussed about the waste disposal method in a particular way. From the sensitivity
analysis, if the Demand increases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity increase,
if it decreases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity decrease. If the setup cost
increases then the optimal fuzzy and Intuitionistic fuzzy optimal order quantity increase, if it decreases then the
optimal fuzzy and Intuitionistic fuzzy optimal order quantity decreases. If the Emission cost increases then the
optimal fuzzy and Intuitionistic fuzzy optimal order quantity increase, if it decreases then the optimal fuzzy and
Intuitionistic fuzzy optimal order quantity decreases.
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Ameliorated Mean Labeling
Silviya Francis
Department of Mathematics,
Gonzage College of arts and science for Women, Kathanpallam,
Krishnagiri District - 6351081, Tamilnadu, INDIA.
Abstract: In this paper, we define a new labeling called Ameliorated Mean Labeling, especially for the
graphs with many edges. The necessary condition for a graph to be Ameliorated Mean graph is 𝑞 ≥ 𝑝 − 1.
Also we study the Ameliorated Mean labeling on few standard graphs like stars, overlapping stars and so
on.
Keywords: Ameliorated Mean graph and overlapping graph of stars
I. Introduction
The necessary condition for a graph to be Mean is that 𝑞 ≥ 𝑝 − 1. The Necessary and Sufficient condition for
overlapping of two star graph, 𝐾1,𝑚 𝐾1,𝑛 and its stepwise decomposition to be a mean graph is |𝑚 − 𝑛| ≤ 3.
II. Definition and Theorem
Ameliorated Mean Graph
A graph with p vertices and q edges is said to be Ameliorated Mean Graph if there exists a function 𝑓 from the
vertex set of 𝐺 to {0,1,2, ⋯ , 𝑞} such that the induced map 𝑓 ∗ from the edge set of 𝐺 to {1,2, ⋯ , 𝑞} defined by
𝑓(𝑢)+𝑓(𝑣)+1
2

𝑖𝑓

𝑜𝑛𝑒 𝑜𝑓 𝑓(𝑢) 𝑎𝑛𝑑 𝑓(𝑣) 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑
𝑡ℎ𝑒 𝑜𝑡ℎ𝑒𝑟 𝑖𝑠 𝑒𝑣𝑒𝑛 ;

𝑓 ∗ (𝑒 = 𝑢𝑣) =
|𝑓(𝑢)−𝑓(𝑣)|

{

2

𝑖𝑓

𝑏𝑜𝑡ℎ 𝑓(𝑢) 𝑎𝑛𝑑 𝑓(𝑣) 𝑎𝑟𝑒 𝑒𝑖𝑡ℎ𝑒𝑟 𝑜𝑑𝑑
𝑜𝑟 𝑒𝑣𝑒𝑛

then the resulting edges get distinct labels from the set {1,2, ⋯ , 𝑞}.
Overlapping or A Bud Graph
Overlapping or a Bud graph of 𝑛 stars is defined as adjoining each pendent vertex of one star with exactly one
pendent vertex of all the other stars, wherelse the non-pendent vertex of each star remains distinct. The degree
of each pendent vertex will be 𝑛 in the overlapping or a bud graph, if the number of pendent vertices of the
adjoining 𝑛 stars are equal.
The overlapping graph of two stars, 𝐾1,𝑚 and 𝐾1,𝑛 is denotes as 𝐾1,𝑚 𝐾1,𝑛 .
Theorem
Overlapping graph of 𝑛 stars, 𝑛 ≥ 2; 𝐾1,𝑚1 𝐾1,𝑚2 . . . 𝐾1,𝑚𝑛 is an Ameliorated Mean Graph if 𝑚1 = 𝑚2 = 𝑚3 =
. . . = 𝑚𝑛 .
Proof. Let 𝐺 = 𝐾1,𝑚1 𝐾1,𝑚2 . . . 𝐾1,𝑚𝑛 . Also, let 𝑚1 = 𝑚2 = 𝑚3 =. . . = 𝑚𝑛 = 𝑚
The vertex and edge set of 𝐺 is depicted as follows,
𝑉(𝐺) = {𝑢𝑖 : 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑚}
𝐸(𝐺) = {𝑢𝑖 𝑣𝑗 : 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚}
𝐺 has 𝑝 and 𝑞 number of vertices and edges respectively, where 𝑝 = 𝑚 + 𝑛 and 𝑞 = 𝑚𝑛
By definition, 𝑓: 𝑉(𝐺) → {0,1, . . . , 𝑞} and 𝑓 ∗ : 𝐸(𝐺) → {1, . . . , 𝑞}
Now we have to label the vertices of 𝐺 distinctly as such they induce distinct edge label.
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Let us use the following notation,
𝑤𝑖 = 𝑓(𝑢𝑖 ) for 1 ≤ 𝑖 ≤ 𝑛
𝑚
𝑠𝑖 = 𝑓(𝑣𝑖 ) for 1 ≤ 𝑖 ≤ ⌊ ⌋
2

𝑚

𝑡𝑗 = 𝑓(𝑣𝑖 ) for ⌊ ⌋ + 1 ≤ 𝑖 ≤ 𝑚 where 𝑗 = 1,2,3, . .. respectively.
2
Case: 1 When 𝑚 is even.
Vertex labeling for overlapping of 𝑛 stars with even 𝑚 is given as follows,
𝑤𝑖 = 𝑞 + 2 − 2𝑖
𝑠𝑗 = 2𝑛(𝑗 − 1)

for
for

𝑡𝑘 = 2𝑛𝑘 − 1

for

1≤𝑖≤𝑛
𝑚
1≤𝑗≤
2
𝑚
1≤𝑘≤
2

Therefore, the induced edge labels are given as follows,
Case: 2 When 𝑚 is odd.
Labeling for overlapping of 𝑛 with even 𝑚 is given as follows,
𝑤𝑖 = 𝑞 + 2 − 2𝑖
𝑠𝑗 = 𝑛(2𝑗 − 1)

for
for

𝑡𝑘
= 𝑛(2𝑘 − 1) − 1

for

1≤𝑖≤𝑛
𝑚
1≤𝑗≤⌊ ⌋
2
𝑚
1≤𝑘≤⌈ ⌉
2

The Edge labels are calculated under the following categories,
• When 𝑛 is even.
- 𝑚 is even.
𝑛𝑚
The edge label 𝑤𝑖 𝑠𝑗 is
+ (1 − 𝑖) + 𝑛(1 − 𝑗) for all 𝑖 and 𝑗.
The edge label 𝑤𝑖 𝑡𝑘 is

2
𝑛𝑚
2

+ (𝑛𝑘 − 𝑖 + 1) for all 𝑖 and 𝑘.

- 𝑚 is odd.
𝑛(𝑚+1)
The edge label 𝑤𝑖 𝑠𝑗 is
− (𝑛𝑗 + 𝑖 − 1) for all 𝑖 and 𝑗.
The edge label 𝑤𝑖 𝑡𝑘 is

2
𝑛(𝑚−1)
2

+ (𝑛𝑘 − 𝑖 + 1) for all 𝑖 and 𝑘.

• When 𝑛 is odd.
- 𝑚 is even.
𝑛𝑚
The edge label 𝑤𝑖 𝑠𝑗 is
+ (1 − 𝑖) + 𝑛(1 − 𝑗) for all 𝑖 and 𝑗.
The edge label 𝑤𝑖 𝑡𝑘 is

2
𝑛𝑚
2

+ (𝑛𝑘 − 𝑖 + 1) for all 𝑖 and 𝑘.

- 𝑚 is odd.
The edge label 𝑤𝑖 𝑠𝑗 is

𝑛(𝑚+1)
2
𝑛(𝑚−1)

− (𝑛𝑗 + 𝑖 − 1) for all 𝑖 and 𝑗.

The edge label 𝑤𝑖 𝑡𝑘 is
+ (𝑛𝑘 − 𝑖 + 1) for all 𝑖 and 𝑘.
2
Thus, it is clear that all vertex and edge labels are distinct. Hence 𝐺 is Ameliorated Mean Graph.
Lemma Overlapping graph of 𝑛 stars, 𝑛 ≥ 2; 𝐾1,𝑚1 𝐾1,𝑚2 . . . 𝐾1,𝑚𝑛 is also Ameliorated Mean Graph if
𝑚1 ≠ 𝑚2 ≠ 𝑚3 ≠. . . ≠ 𝑚𝑛 .
Lemma Stepwise decomposition of Overlapping graphs is an Ameliorated Mean Graph.
Examples may be given to both the lemmas but proving them is a tedious work.
Lemma All 𝑛 star graphs, where 𝑛 ≥ 1 with 𝑛 − 1 wedges is an Ameliorated Mean Graph.
Proposition 2.7 Graphical representation of DNA is an Ameliorated Mean Graph.
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Figure 1: Graphical Representation of DNA
Proof
Graphical representation of DNA is a twisted ladder, that is a twisted 𝑃2 × 𝑃𝑛 graph.
Let 𝐺 = 𝑃2 × 𝑃𝑛 , then the following represents the vertex and edge sets of 𝐺,
𝑉(𝐺) = {𝑢𝑖 : 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛}
𝐸(𝐺) = {𝑢𝑖 𝑢𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖 𝑣𝑖 : 1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖 𝑣𝑖+1 : 1 ≤ 𝑖 ≤ 𝑛 − 1}
Let,
𝑛
𝑠𝑖 denote the vertex label of 𝑢2𝑖−1 , for 𝑖 = 1,2, . . . , ⌈ ⌉
2
𝑛

𝑡𝑖 denote the vertex label of 𝑣2𝑖−1 , for 𝑖 = 1,2, . . . , ⌈ ⌉
𝑛

2

𝑤𝑖 denote the vertex label of 𝑢2𝑖 , for 𝑖 = 1,2, . . . , ⌊ ⌋
2
𝑛

𝑥𝑖 denote the vertex label of 𝑣2𝑖 , for 𝑖 = 1,2, . . . , ⌊ ⌋
2
The vertex label is defined as follows,
𝑠𝑖 = 𝑞 + 6 − 6𝑖

for

𝑡𝑖 = 𝑞 + 5 − 6𝑖

for

𝑤𝑖 = 𝑞 + 3 − 6𝑖

for

𝑥𝑖 = 𝑞 + 2 − 6𝑖

for

𝑛
1≤𝑖≤⌈ ⌉
2
𝑛
1≤𝑖≤⌈ ⌉
2
𝑛
1≤𝑖≤⌊ ⌋
2
𝑛
1≤𝑖≤⌊ ⌋
2

The edge labels are given by following,
𝑛
𝑠𝑖 𝑡𝑖 = 𝑞 + 6 − 6𝑖 for 1 ≤ 𝑖 ≤ ⌈ ⌉
2
𝑛

𝑠𝑖 𝑤𝑖 = 𝑞 + 5 − 6𝑖 for 1 ≤ 𝑖 ≤ ⌊ ⌋
2
𝑛

𝑤𝑖 𝑥𝑖 = 𝑞 + 3 − 6𝑖 for 1 ≤ 𝑖 ≤ ⌊ ⌋
2
𝑛

𝑡𝑖 𝑥𝑖 = 𝑞 + 4 − 6𝑖 for 1 ≤ 𝑖 ≤ ⌊ ⌋
2
We see that, the vertex label and the induced edge labels are distinct. Thus, 𝑃2 × 𝑃𝑛 is an Ameliorated
Mean Graph.
Therefore, the graphical representation of DNA is an Ameliorated Mean Graph.
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Abstract: In this paper, we introduce the notion of vague implicative filter of BL- algebras, and
investigate some important properties with illustrations. Further, we discuss some equivalent conditions
of vague filter. Finally, we obtain necessary and sufficient condition of vague Boolean filter is a vague
implicative filter.
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I. Introduction
In the classical set, there are only two possibilities for any elements: in or not in the set. Hence the
values of elements in a set are only one of 0 and 1.Therefore, this theory cannot handle the data with ambiguity
and uncertainty. Zadeh [12] introduced fuzzy set theory in 1965 to handle such ambiguity and uncertainty by
generalizing the notion of membership in a set. In a fuzzy set 𝐴 each element 𝑥 is associated with a point-value
(𝑥) selected from the unit interval [0, 1], which is termed the grade of membership in the set. This membership
degree contains the evidences for both supporting and opposing 𝑥. A number of generalizations of Zadeh’s
fuzzy set theory are intuitionistic fuzzy theory, L-fuzzy theory, and vague theory. Gau and Buehrer[4] proposed
the concept of vague set in 1993, by replacing the value of an element in a set with a subinterval of [0, 1].
Namely, there are two membership functions: a truth membership function 𝑡𝑆 and a false membership
function 𝑓𝑆 , where 𝑡𝑆 (𝑥) is a lower bound of the grade of membership of x derived from the “evidence of x” and
𝑓𝑆 (𝑥) is a lower bound on the negation of x derived from the “evidence against x” and 𝑡𝑆 (𝑥) + 𝑓𝑆 (𝑥) ≤ 1. Thus,
the grade of membership in vague set S is subinterval [𝑡𝑆 (𝑥), 1 − 𝑓𝑆 (𝑥)] of [0, 1]. The vague set theory
improves description of the objective real world, becoming a promising tool to deal with inexact, uncertain, or
vague knowledge. Many researchers have applied this theory to many situations, such as fuzzy control,
decision-making, knowledge discovery, and fault diagnosis. Jun and Park [6] introduced the notion of vague
ideal in pseudo MV-algebras and Broumand Saeid [2] introduced the notion of vague BCK/BCI-algebras.
Recently, the authors [10, 11] introduced the definitions of vague filter, prime filter and Boolean filter in
BL- algebras and investigate some properties with illustrations.
The aim of this paper, we introduce the notion of vague implicative filter of BL- algebras, and
investigate some important properties with illustrations. Further, we discuss some equivalent conditions of
vague filter. Finally, we obtain necessary and sufficient condition of vague Boolean filter is a vague implicative
filter.
II. Preliminaries
In this section, we recall some basic knowledge of BL- algebras, vague sets and vague filters and their properties
which are helpful to develop the main results.
Definition 2.1[5]. A BL-algebra is an algebra (𝐴, ∨, ∧, ∗, →, 0, 1) of type (2, 2, 2, 2, 0, 0) such that
(i)
(𝐴, ∨, ∧, 0, 1) is a bounded lattice,
(ii)
(𝐴, ∗, 1)is a commutative monoid,
(iii)
" ∗ " and " → " form an adjoint pair, that is, 𝑧 ≤ 𝑥 → 𝑦 if and only if
𝑥 ∗ 𝑧 ≤ 𝑦,
(iv)
𝑥 ∧ 𝑦 = 𝑥 ∗ (𝑥 → 𝑦),
(𝑥 → 𝑦) ∨ (𝑦 → 𝑥) = 1 for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
(v)
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Proposition 2.2[7]. In a BL- algebra 𝐴, the following properties hold for all 𝑥, 𝑦, 𝑧 ∈ 𝐴,
(i)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)
(xv)
(xvi)

𝑦 → (𝑥 → 𝑧) = 𝑥 → (𝑦 → 𝑧) = (𝑥 ∗ 𝑦) → 𝑧,
1 → 𝑥 = 𝑥,
𝑥 ≤ 𝑦 if and only if 𝑥 → 𝑦 = 1,
𝑥 ∨ y = ((𝑥 → 𝑦) → 𝑦) ∧ ((𝑦 → 𝑥) → 𝑥),
𝑥 ≤ 𝑦 implies 𝑦 → 𝑧 ≤ 𝑥 → 𝑧,
𝑥 ≤ 𝑦 implies 𝑧 → 𝑥 ≤ 𝑧 → 𝑦,
𝑥 → 𝑦 ≤ (𝑧 → 𝑥) → (𝑧 → 𝑦),
𝑥 → 𝑦 ≤ (𝑦 → 𝑧) → (𝑥 → 𝑧),
𝑥 ≤ (𝑥 → 𝑦) → 𝑦,
𝑥 ∗ (𝑥 → 𝑦) = 𝑥 ∧ y,
𝑥∗𝑦 ≤𝑥∧𝑦
𝑥 → 𝑦 ≤ (𝑥 ∗ 𝑧) → (𝑦 ∗ 𝑧),
𝑥 ∗ (𝑦 → 𝑧) ≤ 𝑦 → (𝑥 ∗ 𝑧),
(𝑥 → 𝑦) ∗ (𝑦 → 𝑧) ≤ 𝑥 → 𝑧,
(𝑥 ∗ 𝑥 − ) = 0,
𝑥 → 𝑦 − = 𝑦 → 𝑥 − = 𝑥 −− → 𝑦 − = (𝑥 ∗ 𝑦)− .

Note. In the sequel, we shall use 𝐴 to denote as BL- algebras and the operation ∨, ∧, ∗ have priority towards
the operations " → ".
Note. In a BL- algebra 𝐴, we can define 𝑥 − = 𝑥 → 0 for all 𝑥 ∈ 𝐴.
Definition 2.3[1, 3, 4]. A vague set 𝑆 in the universe of discourse 𝑋 is characterized by two membership
functions given by
(i)
A truth membership function 𝑡𝑆 : 𝑋 → [0, 1],
(ii)
A false membership function 𝑓𝑆 : 𝑋 → [0, 1].
Where 𝑡𝑆 (𝑥) is lower bound of the grade of membership of x derived from the ‘evidence for x’, and 𝑓𝑆 (𝑥) is a
lower bound of the negation of x derived from the ‘evidence against x’ and 𝑡𝑆 (𝑥)+𝑓𝑆 (𝑥) ≤ 1. Thus the grade of
membership of x in the vague set 𝑆 is bounded by a subinterval [𝑡𝑆 (𝑥), 1 − 𝑓𝑆 (𝑥)] of [0, 1].
The vague set 𝑆 is written as 𝑆 = {(𝑥, [ 𝑡𝑆 (𝑥), 𝑓𝑆 (𝑥)])/𝑥 ∈ 𝑋}, where the interval [𝑡𝑆 (𝑥), 1 − 𝑓𝑆 (𝑥)] is called
the value of x in the vague set 𝑆 and denoted by 𝑉𝑆 (𝑥).
Definition 2.4[4]. A vague set 𝑆 of a set 𝑋 is called
(i)
the zero vague set of 𝑋 if 𝑡𝑆 (𝑥) = 0 and 𝑓𝑆 (𝑥) = 1 for all 𝑥 ∈ 𝑋,
(ii)
the unit vague set of 𝑋 if 𝑡𝑆 (𝑥) = 1 and 𝑓𝑆 (𝑥) = 0 for all 𝑥 ∈ 𝑋,
(iii)
the 𝛼- vague set of 𝑋 if 𝑡𝑆 (𝑥) = 𝛼 and 𝑓𝑆 (𝑥) = 1 − 𝛼 for all 𝑥 ∈ 𝑋, where 𝛼 ∈ (0, 1).
Definition 2.5[4]. Let 𝑆 be a vague set of 𝑋 with truth membership function 𝑡𝑆 and the false membership
function 𝑓𝑆 . For any 𝛼, 𝛽 ∈ [0, 1], the (𝛼, 𝛽)-cut of the vague set 𝑋 is crisp subset 𝑆(𝛼,𝛽) of the set 𝑋 by 𝑆(𝛼,𝛽) =
{𝑉(𝑥) ≥ [𝛼, 𝛽]/𝑥 ∈ 𝑋}. Obviously, 𝑆(0,0) = 𝑋.
Definition 2.6[4]. Let 𝐷[0, 1] denote the family of all closed subintervals of [0, 1]. Now we define refined
maximum (rmax) and “ ≥ " on elements 𝐷1 = [𝑎1 , 𝑏1 ] and 𝐷2 [𝑎2 , 𝑏2 ] of 𝐷[0, 1] as 𝑟𝑚𝑎𝑥 (𝐷1 , 𝐷2 ) =
[max{𝑎1 , 𝑎2 } , max{𝑏1 , 𝑏2 }]. Similarly, we can define ≤, = and rmin.
Definition 2.7[8]. A filter of a BL- algebra 𝐴 is a nonempty subset F of 𝐴 such that for all 𝑥, 𝑦 ∈ 𝐴,
(i)
If 𝑥, 𝑦 ∈ 𝐹, then 𝑥 ∗ 𝑦 ∈ 𝐹,
(ii)
If 𝑥 ∈ 𝐹 and 𝑥 ≤ 𝑦, then 𝑦 ∈ 𝐹.
Proposition 2.8[8]. Let 𝐹 be a nonempty subset of a BL- algebra 𝐴. Then F is a filter of 𝐴 if and only if the
following conditions hold
(i)
1 ∈ 𝐹,
(ii)
𝑥, 𝑥 → 𝑦 ∈ 𝐹 implies 𝑦 ∈ 𝐹 for all 𝑥, 𝑦 ∈ 𝐴.
A filter F of a BL-algebra A is proper if 𝐹 ≠ 𝐴.
Definition 2.9[8]. Let 𝐹 be a filter of a BL-algebra 𝐴 . 𝐹 is called an implicative filter if it satisfies
𝑥 → (𝑧 − → 𝑦) ∈ 𝐹 and 𝑦 → 𝑧 ∈ 𝐹 imply 𝑥 → 𝑧 ∈ 𝐹 for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
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Definition 2.10[10]. Let 𝑆 be vague set of a BL-algebra 𝐴 is called a vague filter of 𝐴 if it satisfies the following
axioms
(i)
𝑉𝑆 (1) ≥ 𝑉𝑆 (𝑥),
(ii)
𝑉𝑆 (𝑦) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → 𝑦), 𝑉𝑆 (𝑥)} for all 𝑥, 𝑦 ∈ 𝐴.
Proposition 2.11[10]. Let 𝑆 be vague set of BL-algebra 𝐴 is a vague filter of 𝐴 if and only if the following hold
if for all 𝑥, 𝑦 ∈ 𝐴,
(i)
𝑡𝑆 (1) ≥ 𝑡𝑆 (𝑥) and 1 − 𝑓𝑆 (1) ≥ 1 − 𝑓𝑆 (𝑥),
(ii)
𝑡𝑆 (𝑦) ≥ min{𝑡𝑆 (𝑥 → 𝑦), 𝑡𝑆 (𝑥)} and,
1 − 𝑓𝑆 (𝑦) ≥ min{1 − 𝑓𝑆 (𝑥 → 𝑦), 1 − 𝑓𝑆 (𝑦)}.
Proposition 2.12[9]. Let 𝑆 be a vague set of BL- algebra 𝐴. Let 𝑆 be a vague filter of 𝐴. The following hold if
for all 𝑥, 𝑦, 𝑧 ∈ 𝐴,
(i)
If 𝑉𝑆 (𝑥 → 𝑦) = 𝑉𝑆 (1), then 𝑉𝑆 (𝑥) ≤ 𝑉𝑆 (𝑦),
(ii)
𝑉𝑆 (𝑥 ∧ 𝑦) = 𝑟𝑚𝑖𝑛 {𝑉𝑆 (𝑥), 𝑉𝑆 (𝑦)},
(iii)
𝑉𝑆 (𝑥 ∗ 𝑦) = 𝑟𝑚𝑖𝑛 {𝑉𝑆 (𝑥), 𝑉𝑆 (𝑦)},
(iv)
𝑉𝑆 (0) = 𝑟𝑚𝑖𝑛 {𝑉𝑆 (𝑥), 𝑉𝑆 (𝑥 − )},
(v)
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛 {𝑉𝑆 (𝑥 → 𝑦), 𝑉𝑆 (𝑦 → 𝑧)},
(vi)
𝑉𝑆 (𝑥 → 𝑦) ≤ 𝑉𝑆 (𝑥 ∗ 𝑧 → 𝑦 ∗ 𝑧),
(vii)
𝑉𝑆 (𝑥 → 𝑦) ≤ 𝑉𝑆 ((𝑦 → 𝑧) → (𝑥 → 𝑧)),
(viii)
𝑉𝑆 (𝑥 → 𝑦) ≤ 𝑉𝑆 ((𝑧 → 𝑥) → (𝑧 → 𝑦)).
Definition 2.13[11]. Let 𝑆 be a non-constant vague filter of BL- algebra 𝐴. 𝑆 is called vague prime filter, if it
satisfies 𝑉𝑆 (𝑥 ∨ 𝑦) ≤ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥), 𝑉𝑆 (𝑦)} for all 𝑥, 𝑦 ∈ 𝐴.
Definition 2.14[11]. Let a vague set 𝑆 be a vague filter of 𝐴. 𝑆 is called a vague Boolean filter if
𝑉𝑆 (𝑥 ∨ 𝑥 − ) = 𝑉𝑆 (1) for all 𝑥 ∈ 𝐴.
III. Vague implicative filter
In this section we introduce a notion of vague implicative filter and investigate some related properties.
Definition 3.1. Let 𝑆 be a vague filter of BL- algebra 𝐴. 𝑆 is called a vague implicative filter, if it satisfies
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → (𝑧 − → 𝑦), 𝑉𝑆 (𝑦 → 𝑧)} for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
Example 3.2.
and 3.2:

Let 𝐴 = {0, 𝑎, 𝑏, 1}. The binary operations " ∗ " and " → " given by the following tables 3.1
∗
0
a
b
1

0
0
0
0
0

a
0
0
a
a

b
0
a
b
b

1
0
b
b
1

→
0
a
b
1

0
1
a
0
0

a
1
1
a
a

b
1
1
1
b

1
1
1
1
1

Table 3.1: " ∗ " operator
Table 3.2: " → " operator
Then (𝐴, ∨, ∧, ∗, →, 0, 1) is a BL- algebra. Define a vague set 𝑆 of 𝐴 as follows:
𝑆 = {(0, [0.2, 0.5]), (𝑎, [0.2, 0.5]), (𝑏, [0.2, 0.5]), (1, [0.7, 0.7])}. It is easily verify that 𝑆
implicative filter of 𝐴.
Proposition 3.3. Let 𝑆 be a vague filter of BL- algebra 𝐴. The following are equivalent
(i)
𝑆 is a vague implicative filter
(ii)
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)
(iii)
𝑉𝑆 (𝑥 → 𝑧) = 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)
(iv)
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑦 → (𝑥 → (𝑧 − → 𝑧))), 𝑉𝑆 (𝑦)}.
Proof. (i) ⇒ (ii): Let 𝑆 be a vague filter, then from
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → (𝑧 − → 𝑦), 𝑉𝑆 (𝑦 → 𝑧)} for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
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Replace 𝑦 by 𝑧 in (3.1), we get 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → (𝑧 − → 𝑧), 𝑉𝑆 (𝑧 → 𝑧)}
= 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → (𝑧 − → 𝑧), 𝑉𝑆 (1)}
= 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧). [From (i) of definition 2.10]
Thus (ii) is satisfied.
(ii) ⇒ (iii): Let (ii) be hold. Since 𝑥 → 𝑧 = 1 → (𝑥 → 𝑧) ≤ 𝑧 − → (𝑥 → 𝑧) = 𝑥 → (𝑧 − → 𝑧), from (i) of the
proposition 2.12, we have 𝑉𝑆 (𝑥 → 𝑧) ≤ 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧).
From (ii), we get 𝑉𝑆 (𝑥 → 𝑧) = 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧). Thus (iii) is satisfied.
(iii) ⇒ (iv): Let (iii) be hold. Since 𝑆 is a vague filter,
then 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑦 → (𝑥 → (𝑧 − → 𝑧))), 𝑉𝑆 (𝑦)}.
From (iii), we have 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑦 → (𝑥 → (𝑧 − → 𝑧))), 𝑉𝑆 (𝑦)}.
Thus (iv) is satisfied.
(iv) ⇒ (i): Let 𝑆 be a vague filter, which satisfies
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑦 → (𝑥 → (𝑧 − → 𝑧))), 𝑉𝑆 (𝑦)} for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
From (v) of proposition 2.12, we have
𝑉𝑆 (𝑥 ∗ 𝑧 − → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 ∗ 𝑧 − → 𝑦))), 𝑉𝑆 (𝑦 → 𝑧)}.
That is, 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (𝑥 → (𝑧 − → 𝑦))), 𝑉𝑆 (𝑦 → 𝑧)}.
On other hand, from (iv), we have 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 (1 → (𝑥 → (𝑧 − → 𝑧))), 𝑉𝑆 (1)}.
That is, 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)).
Thus, 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 ((𝑥 → (𝑧 − → 𝑦))), 𝑉𝑆 (𝑦 → 𝑧)} for all 𝑥, 𝑦, 𝑧 ∈ 𝐴.
Therefore, 𝑆 is a vague implicative filter. Hence, (i) is satisfied.
Proposition 3.4. Let 𝑆 be a vague filter of 𝐴. 𝑆 is a vague Boolean filter if and only if 𝑆 is a vague implicative
filter.
Proof. Let 𝑆 is a vague Boolean filter. Then from the definition 2.9, we have
𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑟𝑚𝑖𝑛{𝑉𝑆 ((𝑧 ∨ 𝑧 − ) → (𝑥 → 𝑧)), 𝑉𝑆 (𝑧 ∨ 𝑧 − )}
= 𝑟𝑚𝑖𝑛{𝑉𝑆 ((𝑧 ∨ 𝑧 − ) → (𝑥 → 𝑧)), 𝑉𝑆 (1)}
= 𝑉𝑆 ((𝑧 ∨ 𝑧 − ) → (𝑥 → 𝑧))
= 𝑉𝑆 ((𝑧 → (𝑥 → 𝑧)) → (𝑥 → 𝑧)) ∧ (𝑧 − → (𝑥 → 𝑧)))
= 𝑉𝑆 (𝑧 − → (𝑥 → 𝑧))
= 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)).
It follows that 𝑉𝑆 (𝑥 → 𝑧) ≥ 𝑉𝑆 (𝑥 → (𝑧 − → 𝑧)). From the proposition 3.3, 𝑆 is a vague implicative filter.
Conversely, Let 𝑆 be a vague implicative filter. Then from the (iii) of proposition 3.3 and (xvi) of proposition
2.2, we have 𝑉𝑆 ((𝑥 − → 𝑥) → 𝑥) = 𝑉𝑆 ((𝑥 − → 𝑥) → (𝑥 − → 𝑥) = 𝑉𝑆 (1)
and 𝑉𝑆 ((𝑥 → 𝑥 − ) → 𝑥 − ) =
−)
−−
−
−
−
𝑉𝑆 ((𝑥 → 𝑥 → (𝑥 → 𝑥 )) = 𝑉𝑆 ((𝑥 → 𝑥) → (𝑥 → 𝑥)) = 𝑉𝑆 (1). From (iv) of proposition 2.2, we have
𝑉𝑆 (𝑥 ∨ 𝑥 − ) = 𝑉𝑆 ((𝑥 → 𝑥 − ) → 𝑥 − ) ∧ 𝑉𝑆 ((𝑥 − → 𝑥) → 𝑥) = 𝑉𝑆 (1). Thus, 𝑆 is a vague Boolean filter.
IV. Conclusion
In the present paper, we have introduced the notion of a vague implicative filter of BL- algebras, and investigate
some related properties. Moreover, we have obtained some necessary and sufficient conditions for vague filter,
implicative filter and Boolean filter of BL- algebras.
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Abstract: In this paper, an organization subjected to a random exit of personnel due to policy decisions taken
by the organization is considered; there is an associated loss of manpower if a person quits the organization.
As the exit of personnel is unpredictable, a recruitment policy involving two thresholds, optional and
mandatory is suggested to enable the organization to plan its decision on appropriate univariate policy of
recruitment. Based on shock model approach, two mathematical models are constructed using an appropriate
univariate policy of recruitment. The analytical expressions for mean and variance of time to recruitment is
obtained for model I when i) loss of man hours forms an order statistics ii) inter-decision times are sequence
of independent and non-identically distributed exponential random variables iii) optional and mandatory
thresholds having extended exponential distribution. In model II, optional and mandatory thresholds follows
SCBZ Property.
Keywords:Manpower planning, hypo-exponential distribution, order statistics, extended exponential
distribution, SCBZ property.
I. Introduction
Exit of personnel which is in other words known as wastage is an important aspect in the study of man
power planning. Many models have been discussed using different kinds of wastages and different types of
distributions. In [5], for a single grade man power system with a mandatory exponential threshold for the loss of
man power, the authors have obtained the system performance measures namely mean and variance of time to
recruitment when the inter-decision times form an order statistics. Since the number of exits in every policy
decision-making epoch is unpredictable and the time at which the cumulative loss of man-hours crossing a
single threshold is probabilistic, the organization has left with no choice except making recruitment immediately
upon threshold crossing. In [2], for a single grade man power system, the author has introduced the concept of
alertness in the recruitment policy which involves two thresholds optional and mandatory,she obtained mean
and variance of time to recruitment under different conditions. In [8],[9] and [10], for a two grade man power
system involving optional and mandatory thresholds, the authors have obtained mean and variance of time to
recruitment according as thresholds are exponential random variable or geometric random variable and extended
exponential random variable when inter-decision times form an order statistics. In [3], the authors have studied
the system characteristics using different univariate policies of recruitment and by assuming different types of
thresholds and wastages.
Recently in [6], the authors have obtained mean and variance of time to recruitment for a two graded
manpower system with a univariate policy of recruitment involving (i) loss of manpower and inter-decisions
times are independent and non-identically distributed exponential random variables (ii) thresholds optional and
mandatory follows exponential random variables. In [7], the authors have obtained mean and variance of time
to recruitment for a two graded manpower system with a univariate policy of recruitment involving (i) loss of
man hours are independent and non-identically distributed exponential random variables(ii) inter-decisions
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times are exchangeable and constantly correlated (iii) thresholds optional and mandatory follows exponential
random variables.
The objectives of the present paper is to study the problem of time to recruitment for a two graded
manpower systems and to obtain mean and variance of time to recruitment using CUM univariate recruitment
policy for exponential thresholds with loss of manpower having order Statistics and inter-decision times having
independent and non-identically distributed exponential random variables with thresholds having extended
exponential distribution and SCBZ property. The analytical results are numerically illustrated and the influence
of nodal parameters on the mean and variance of time to recruitment is studied.
II. Notations
Xi
: Loss of manpower due to the ith decision epoch i=1,2,3…forming an Order statistics with parameter c.
X(1),X(2),X(3), …X(n) are the order statistics selected from the sample X1,X2,X3, … Xn respectively
with𝑋(1) ≤ 𝑋(2) ≤ 𝑋(3) ≤ ⋯ 𝑋(𝑛)
Gk(.)
: Distribution function of Xi , gk(.) : Probability density function of Xi
X(1)
: Smallest order Statistic,
gx(1) : Probability density function of X(1)
X(n)
: Largest order Statistic,
Gx(n) : Probability density function of X(n)
Uk
: A continuous random variables denoting inter-decision times between (k-1)th & kth decision epochs,
k=1,2,3…forming a sequence of independent and non-identically distributed exponential random
variables with parameters 𝛼𝑖 , (𝛼𝑖 >0).
Ni(.)
:Cumulative distribution function of U k. Rk: Waiting time upto k decisions
Fk(.)
: Probability distribution function of Rk .fk(.)
: Probability density function of R
k

We note that Fk(t) =



k

bi(1-𝑒

−𝛽𝑖 𝑡

) , fk(t) =

i 1



bi𝛽𝑖 𝑒 −𝛽𝑖 𝑡 ,

i 1

k

fk*(s)=



bi

𝛽𝑖

𝛽𝑖 +𝑠

i 1

k

, 𝑏𝑖 =


j 1
j i

𝛽𝑗
𝛽𝑗 −𝛽𝑖

, i=1,2,…k

Y 1, Y 2
Z1, Z2

: Continuous random variables denoting optional thresholds for grade1 and 2 respectively.
: Continuous random variables denoting mandatory thresholds for grade1and 2 respectively.
It is assumed that Max Y = Max (Y1, Y2) and Max Z = Max (Z1, Z2) with Y1 < Z1 and Y2 < Z2 .
W
: Continuous random variable denoting time to recruitment in the organization.
p
: Probability that the organization is not going for recruitment whenever the total loss of manpower
crosses optional threshold Y.
Vk(t)
: Probability that exactly k-decisions are taken in [0, t)
L(.)
: Distribution function of W,
l (.)
: probability density function of W
l*(.)
: Laplace transform of l(.)
E(W) : Expected time to recruitment, V(W) : Variance of time to recruitment
CUM policy: Recruitment is done whenever the cumulative loss of manpower crosses the mandatory
threshold. The organization may or may not go for recruitment if the cumulative loss of manpower crosses
the optional threshold.
III. Main Results
The survival function of W is given by


P(W>t) =


k 0



Vk(t) P(Sk<Y) +



Vk(t) P(SkY) P(Sk<Z) p

(1)

k 0

Model I : Thresholds follows extended exponential distributed random variables
Y1,Y2 : Continuous random variables denoting optional thresholds for grade 1 and 2 follows
Extended exponential distribution with parameters 𝜆1 𝑎𝑛𝑑𝜆2 respectively.
Z1,Z2 : Continuous random variables denoting mandatory thresholds for grade 1 and 2follows
Extended exponentialdistribution with parameters 𝜇1 and 𝜇2 respectively.
Conditioning upon Sk and using the law of total probability it can be shown that
∞
P(Sk<Y)
= ∫0 𝑃(𝑆𝑘 < 𝑌|𝑆𝑘 = 𝑥)𝑔𝑘 (𝑥)𝑑𝑥
∞

= ∫0 [1 − (1 − 𝑒 −𝜆1 𝑥 )2 (1 − 𝑒 −𝜆2𝑥 )2 ]𝑔𝑘 (𝑥)𝑑𝑥
= 2𝑔𝑘∗ (𝜆1 )+2𝑔𝑘∗ (𝜆2 )–4𝑔𝑘∗ (𝜆1 +𝜆2 )+2𝑔𝑘∗ (2𝜆1 +𝜆2 )+2𝑔𝑘∗ (𝜆1 +2𝜆2 )- 𝑔𝑘∗ (2𝜆1 ) − 𝑔𝑘∗ (2𝜆2 )– 𝑔𝑘∗ (2𝜆1 +2𝜆2 )
P(Sk < Y) = 2D1+2D2 – 4D3+2D7+2D8-D9-D10-D11
(2)
Similarly
P(Sk<Z) =2𝑔𝑘∗ (𝜇1 )+2𝑔𝑘∗ (𝜇2 ))–4𝑔𝑘∗ (𝜇1 +𝜇2 ))+2𝑔𝑘∗ (2𝜇1 +𝜇2 )+2𝑔𝑘∗ (𝜇1 +2𝜇2 )- 𝑔𝑘∗ (2𝜇1 ) − 𝑔𝑘∗ (2𝜇2 )– 𝑔𝑘∗ (2𝜇1 +2𝜇2 )
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P(Sk < Z) = 2D4+2D5 – 4D6+2D12+2D13-D14-D15-D16
(3)
where D1=𝑔𝑘∗ (𝜆1 ), D2 =𝑔𝑘∗ (𝜆2 ) , D3 =𝑔𝑘∗ (𝜆1 +𝜆2 ), D4 =𝑔𝑘∗ (𝜇1 ), D5 =𝑔𝑘∗ (𝜇2 ) , D6 =𝑔𝑘∗ (𝜇1 +𝜇2 ), D7 =𝑔𝑘∗ (2𝜆1 +𝜆2 ) ,
D8 = 𝑔𝑘∗ (𝜆1 +2𝜆2 ), D9 = 𝑔𝑘∗ (2𝜆1 ), D10 = 𝑔𝑘∗ (2𝜆2 ) , D11 =𝑔𝑘∗ (2𝜆1 +2𝜆2 ), D12 =𝑔𝑘∗ (2𝜇1 +𝜇2 ) ,D13 = 𝑔𝑘∗ (𝜇1 +2𝜇2 ),
D14 = 𝑔𝑘∗ (2𝜇1 ), D15 = 𝑔𝑘∗ (2𝜇2 ) ,D16 =𝑔𝑘∗ (2𝜇1 +2𝜇2 ) ,
Using (2) and (3) in (1) it can be shown that


V

P(W>t) =

( t ) { (2D1+2D2 – 4D3+2D7+2D8-D9-D10-D11)+p[1- (2D1+2D2 – 4D3+2D7+2D8- D9-D10-D11)]

k

k 0

[2D4+2D5 – 4D6+2D12+2D13-D14-D15-D16]}


P(W>t)=

V

k

k 0

( t ) {(2D1+2D2–4D3+2D7+2D8-D9-D10-D11)+p(2D4+2D5–4D6+2D12+2D13-D14-D15-D16)

-p(2D1+2D2–4D3+2D7+2D8-D9-D10-D11) (2D4+2D5– 4D6+2D12+2D13-D14-D15-D16)}
(4)
𝑑
*
From renewal theory and using L(t) = 1- P(W>t) and l(t) = L(t), l (s) = Laplace transform of l(t), we get
𝑑𝑡



l*(s) =



∗
[𝑓𝑘+1
(s) -𝑓𝑘∗ (s)]{(2D1+2D2–4D3+2D7+2D8-D9-D10-D11)+p(2D4+2D5–4D6+2D12+2D13-D14-D15-D16)

k 0

-p(2D1+2D2–4D3+2D7+2D8-D9-D10-D11) (2D4+2D5– 4D6+2D12+2D13-D14-D15-D16)}
It is known that
E(W) =

(5)

d

  l* (s)
 ds
s 0

(6)

 d2 * 
l (s)
2
 ds
s0

(7)

E(W2) = 

Var(W) = E(W2) – (E(W))2
(8)
Assume that the wastage form the population {Xi} follows order statistics G(t)= 1−𝑒 −𝑐𝑡 , g(t)= 𝑐𝑒 −𝑐𝑡 .
Let {Xi} i=1,2,3….n be a sample of size n selected for this population. The random variables X(1),X(2),X(3),
…X(n) are not independent. For r=1,2,3…n, the probability density function of X(n) is given by
𝑖−1

𝑔𝑥(𝑖) (𝑡) = 𝑖(𝑛𝐶𝑖 )(𝐺(𝑡)) 𝑔(𝑡)(1 − 𝐺(𝑡))𝑛−𝑖 , i=1,2,3….n, where g(t)= G'(t)
First Order
Suppose g(t)= gx(1)(t)
From (9) it can be shown that
nc
gx(1)(t) = nc𝑒 −𝑛c𝑡 , g*(s)= gx(1)*(s)=
𝑛c+𝑠
Using (10) in (5), it can be shown that
nc
nc
nc
gx(1)*(𝜆1 )=
= 𝑀1 ,gx(1)*(𝜆2 )=
= 𝑀2 ,gx(1)*(𝜆1 + 𝜆2 )=
= 𝑀3 ,
𝑛c+𝜆1

nc

*

gx(1) (2𝜆1 + 𝜆2 )=
nc

*

gx(1) (2𝜆2 )=
Similarly
gx(1)*(𝜇1 )=

𝑛c+(2𝜆1 +𝜆2 )

nc

= 𝑀4 ,gx(1)*(𝜇2 )=

gx(1)*(2𝜇1 + 𝜇2 )=
gx(1)*(2𝜇2 )=

= 𝑀7 , gx(1) (𝜆1 + 2𝜆2 )=

= 𝑀10 ,gx(1) (2𝜆1 + 2𝜆2 )=

nc

nc
𝑛c+(2𝜇1 +𝜇2 )

𝑛c+2𝜇2

nc

*

nc

*

𝑛c+2𝜆2

𝑛c+𝜇1

𝑛c+𝜆2

nc
𝑛c+𝜇2

𝑛c+𝜆1 +𝜆2

𝑛c+(𝜆1 +2𝜆2 )

𝑛c+(2𝜆1 +2𝜆2 )

= 𝑀15 , gx(1)*(2𝜇1 + 2𝜇2 )=

nc

(10)

nc
𝑛c+2𝜆1

= 𝑀9 ,

= 𝑀11

= 𝑀5 , gx(1)*(𝜇1 + 𝜇2 )=

= 𝑀12 ,gx(1)*(𝜇1 + 2𝜇2)=

= 𝑀8 ,gx(1)*(2𝜆1 )=

(9)

nc

nc
𝑛c+𝜇1 +𝜇1

𝑛c+(𝜇1 +2𝜇2 )

𝑛c+(2𝜇1 +2𝜇2 )

= 𝑀6 ,

= 𝑀13 , gx(1)*(2𝜇1 )=

nc
𝑛c+2𝜇1

= 𝑀14 ,

= 𝑀16

Inter-decision times follows hypo-exponential distribution and from (5), (6) and (7) it can be shown that


E(W) =


k 0

1
𝛽𝑘+1

{(2M1+2M2–4M3+2M7+2M8-M9-M10-M11)+p(2M4+2M5 – 4M6+2M12+2M13-M14-M15-M16)

-p(2M1+2M2–4M3+2M7+2M8-M9-M10-M11) (2M4+2M5– 4M6+2M12+2M13-M14-M15-M16)}
Equation (11) gives meantime to recruitment for first order.


E(W2)= 2


k 0

1
𝛽𝑘+1 2

(11)

{(2M1+2M2–4M3+2M7+2M8-M9-M10-M11)+p(2M4+2M5 – 4M6+2M12+2M13-M14-M15-M16)

-p(2M1+2M2–4M3+2M7+2M8-M9-M10-M11) (2M4+2M5– 4M6+2M12+2M13-M14-M15-M16)}
Using (11) and (12) in (8), we get variance of time to recruitment for first order.
nth order:
Suppose g(t)= gx(n)(t)
From (9) it can be shown that
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𝑛−1

gx(n)(t)= 𝑛(𝐺(𝑡))
g*x(n)(s)=

𝑔(𝑡)

(13)

𝑛!𝑐 𝑛

(14)

(𝑠+𝑐)(𝑠+2𝑐)(𝑠+3𝑐)……..(𝑠+𝑛𝑐)

*

*

Since g (s)= g
g*x(n)(𝜆1 )=(𝜆

x(n)(s),

using (14) in (5) it can be shown that
𝑛!𝑐 𝑛

1 +𝑐)(𝜆1 +2𝑐)(𝜆1 +3𝑐)……..(𝜆1 +𝑛𝑐)

g*x(n)(𝜆1 + 𝜆2 )=

=

𝑛!𝑐 𝑛
𝑒1

𝑛!𝑐 𝑛

=𝐹1 , g*x(n)(𝜆2 )=(𝜆

𝑛!𝑐 𝑛
2 +𝑐)(𝜆2 +2𝑐)(𝜆2 +3𝑐)……..(𝜆2 +𝑛𝑐)
𝑛!𝑐 𝑛

((𝜆1 +𝜆2 )+𝑐)((𝜆1 +𝜆2 )+2𝑐)((𝜆1 +𝜆2 )+3𝑐)……..((𝜆1 +𝜆2 )+𝑛𝑐)
𝑛!𝑐 𝑛

g*x(n)(2𝜆1 + 𝜆2 )=
g*x(n)(𝜆1 + 2𝜆2 )=

=

𝑒3

((2𝜆1 +𝜆2 )+𝑐)((2𝜆1 +𝜆2 )+2𝑐)((2𝜆1 +𝜆2 )+3𝑐)……..((2𝜆1 +𝜆2 )+𝑛𝑐)
𝑛!𝑐 𝑛

((𝜆1 +2𝜆2 )+𝑐)((𝜆1 +2𝜆2 )+2𝑐)((𝜆1 +2𝜆2 )+3𝑐)……..((𝜆1 +2𝜆2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛
*
g x(n)(2𝜆1 )=(2𝜆
=
=𝐹9 ,
+𝑐)(2𝜆
+2𝑐)(2𝜆
+3𝑐)……..(2𝜆
+𝑛𝑐)
𝑒6
1
1
1
1
𝑛
𝑛
𝑛!𝑐
𝑛!𝑐
g*x(n)(2𝜆2 )=(2𝜆
=
=𝐹10 ,
+𝑐)(2𝜆 +2𝑐)(2𝜆 +3𝑐)……..(2𝜆 +𝑛𝑐)
𝑒
2

2

2

2

+ 2𝜆2 )=

1

g*x(n)(2𝜇1 + 𝜇2 )=

2

1

2

1

=
=

2

1

𝑛!𝑐 𝑛

2

𝑛!𝑐 𝑛
𝑒4
𝑛!𝑐 𝑛

11

((𝜇1 +2𝜇2 )+𝑐)((𝜇1 +2𝜇2 )+2𝑐)((𝜇1 +2𝜇2 )+3𝑐)……..((𝜇1 +2𝜇2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛
g*x(n)(2𝜇1 )=(2𝜇
=
=𝐹14 ,
+𝑐)(2𝜇
+2𝑐)(2𝜇
+3𝑐)……..(2𝜇
+𝑛𝑐)
𝑒14
1
1
1
1
𝑛
𝑛
𝑛!𝑐
𝑛!𝑐
g*x(n)(2𝜇2 )=(2𝜇
=
=𝐹15 ,
+𝑐)(2𝜇 +2𝑐)(2𝜇 +3𝑐)……..(2𝜇 +𝑛𝑐)
𝑒
2

2

g*x(n)(2𝜇1 + 2𝜇2 )=

2

2

𝑛!𝑐 𝑛

𝑒2

=𝐹2 ,

𝑒5

=𝐹7 ,
=𝐹8 ,

7

((2𝜇1 +𝜇2 )+𝑐)((2𝜇1 +𝜇2 )+2𝑐)((2𝜇1 +𝜇2 )+3𝑐)……..((2𝜇1 +𝜇2 )+𝑛𝑐)
𝑛!𝛼 𝑛

g*x(n)(𝜇1 + 2𝜇2 )=

𝑛!𝑐 𝑛

=𝐹3 ,

𝑛!𝑐 𝑛
=
=𝐹11 ,
((2𝜆1 +2𝜆2 )+𝑐)((2𝜆1 +2𝜆2 )+2𝑐)((2𝜆1 +2𝜆2 )+3𝑐)……..((2𝜆1 +2𝜆2 )+𝑛𝑐)
𝑒8
𝑛
𝑛
𝑛
𝑛!𝑐
𝑛!𝑐
𝑛!𝑐
g*x(n)(𝜇1 )=(𝜇
=
=𝐹4 , g*x(n)(𝜇2 )=(𝜇
𝑒9
1 +𝑐)(𝜇1 +2𝑐)(𝜇1 +3𝑐)……..(𝜇1 +𝑛𝑐)
2 +𝑐)(𝜇2 +2𝑐)(𝜇2 +3𝑐)……..(𝜇2 +𝑛𝑐)
𝑛
𝑛!𝑐
𝑛!𝑐 𝑛
g*x(n)(𝜇1 + 𝜇2 )=
=
=𝐹6 ,
((𝜇 +𝜇 )+𝑐)((𝜇 +𝜇 )+2𝑐)((𝜇 +𝜇 )+3𝑐)……..((𝜇 +𝜇 )+𝑛𝑐)
𝑒

g*x(n)(2𝜆1

𝑛!𝑐 𝑛

=

=
=

𝑛!𝑐 𝑛
𝑒12
𝑛!𝑐 𝑛
𝑒13

𝑛!𝑐 𝑛
𝑒10

=𝐹5 ,

=𝐹12 ,
=𝐹13 ,

15

((2𝜇1 +2𝜇2 )+𝑐)((2𝜇1 +2𝜇2 )+2𝑐)((2𝜇1 +2𝜇2 )+3𝑐)……..((2𝜇1 +2𝜇2 )+𝑛𝑐)

=

=

𝑛!𝑐 𝑛
𝑒16

=𝐹16 ,

By the previous model, it can be shown that from (5), (6) and (7), we get


E(W)=


k 0

1
𝛽𝑘+1

{(2F1+2F2–4F3+2F7+2F8-F9-F10-F11)+p(2F4+2F5 – 4F6+2F12+2F13-F14-F15-F16)

-p(2F1+2F2–4F3+2F7+2F8-F9-F10-F11) (2F4+2F5– 4F6+2F12+2F13-F14-F15-F16)}
Equation (15) gives the mean time to recruitment.


E(W2)= 2


k 0

1
𝛽𝑘+1 2

(15)

{(2F1+2F2–4F3+2F7+2F8-F9-F10-F11)+p(2F4+2F5 – 4F6+2F12+2F13-F14-F15-F16)

-p(2F1+2F2–4F3+2F7+2F8-F9-F10-F11) (2F4+2F5– 4F6+2F12+2F13-F14-F15-F16)}
Using (15) and (16) in (8), we get variance of time to recruitment for nth order.

(16)

Numerical Illustrations
The analytical expressions for the performance measures namely mean and variance of the time to recruitment
are analyzed numerically for by varying a parameter at a time and keeping others parameters fixed. The effect of
nodal parameters of inter-decision times are (𝛽2 , 𝛽3 ,𝛽4 , 𝛽5 ,𝛽6 )and loss of manpowerc, n the number of decision
epochs in(0,t] and p on the performance measures are shown in the following tables.
First order
Table 1
The parameters of inter-decision times (𝛽2 , 𝛽3 , 𝛽4 𝛽5 , 𝛽6 ) and p are fixed. The parameter of loss of man hour c
and n the number of decision epochs in (0,t] are vary. 𝛽2 = 0.001, 𝛽3 = 0.007, 𝛽4 = 0.008, 𝛽5 = 0.009,
𝛽6 = 0.010 , p = 0.05,𝜆1 =1.25, 𝜆2 =2.13, 𝜇1 =3.2, 𝜇2 =4.25
n/c
1

2

0.01

0.02

0.03

0.04

0.05

E(W)

28.6580

56.8355

84.5434

111.7923

138.5926

V(W)

4.0195x104

7.8115x104

1.1385x105

1.4750x105

1.7915x105

E(W)

56.8355

111.7923

164.9541

216.3997

266.2034

V(W)

7.8115x104

1.4750x105

2.0888x105

2.6289x105

3.1014x105

ICOMAC 2019-115; © 2019, AIJRSTEM All Rights Reserved

Page 303

Selvi & Jenita , American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 300-308.

3

4

5

E(W)

84.5434

164.9541

241.5023

314.4353

383.9798

V(W)

1.1385x105

2.0888x105

4.0195x105

4.0195x105

4.0195x105

E(W)

111.7923

216.3997

314.4353

406.4449

492.9166

V(W)

1.4750x105

2.6289x105

3.5116x105

4.1652x105

4.6251x105

E(W)

138.5926

266.2034

383.9798

492.9166

593.8806

V(W)

1.7615x105

3.1014x105

4.0213x105

4.6251x105

4.9129x105

Findings :
From the table 1, we observe the following:
1. The mean and variance of the time to recruitment increase as the number of decisions n and loss of man
power care increases simultaneously.
2. If n, the number of decision epochs in (0,t] increases, while the mean and variance of the time to
recruitment increase .
3. As c, loss of man hours increase and mean and variance of the time to recruitment increase.
nth order
Table 2
The parameters of inter-decision times (𝛽2 , 𝛽3 , 𝛽4 𝛽5 , 𝛽6 ) and p are fixed. The parameter of loss of man hour c
and n the number of decision epochs in (0,t] are vary.
𝛽2 = 0.001, 𝛽3 = 0.007, 𝛽4 = 0.008, 𝛽5 = 0.009, 𝛽6 = 0.010 , p = 0.05, 𝜆1 =1.25, 𝜆2 =2.13, 𝜇1 =3.2, 𝜇2 =4.25
n/c
1

2

3

4

5

0.001

0.002

0.003

0.004

0.005

E(W)

246.7982

491.4624

734.0002

974.4196

1.2127x103

V(W)

2.9232x105

4.6187x105

5.1177x105

4.4513x106

4.6499x106

E(W)

0.2474

0.9878

2.2183

3.9362

6.1388

V(W)

354.0345

1.4128x103

3.1700x103

5.6182x103

8.7484x103

E(W)

2.4718x10-4

0.0020

0.0066

0.0157

0.0306

V(W)

0.3538

2.8222

9.4985

22.4524

43.7304

E(W)

2.4695x10-7

3.9365x10-6

1.9855x10-5

6.2519x10-4

1.5207x10-4

V(W)

3.5344x10-4

0.0056

0.0284

0.0895

0.2177

E(W)

2.4672x10-10

7.8583x10-9

5.9399x10-8

2.4915x10-7

1.5687x10-7

V(W)

3.5311x10-7

1.1247x10-5

8.5014x10-5

3.5660x10-4

0.0011

Findings :
From the table 2, we observe the following:
1. If n, the number of decision epochs in (0,t] increases, while the mean and variance of the time to
recruitment decrease.
2. As c, loss of man hours are increase, the average loss of man hours increases and hence mean and
variance of the time to recruitment increase.
Model II: Thresholds follows SCBZ property
Y1,Y2 : The continuous random variables denoting optional thresholds levels for grade 1 and 2 follows SCBZ
property with parameters (𝜃1 ,𝜃2 , 𝜃3 , 𝜃4 , 𝜆1 ,𝜆2 ) respectively.
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Z1,Z2 : The continuous random variables denoting mandatory thresholds levels for grade 1 and 2 follows
SCBZ property with parameters (𝜃5 ,𝜃6 , 𝜃7 , 𝜃8 , 𝜇1 ,𝜇2 ) respectively.
H1(.)
:Distribution function of Y1 , H2(.) :Distribution function of Y2
H3(.)
:Distribution function of Z1,
H4(.) :Distribution function of Z2
As in Rao and Talwalkar (1990),In this section, the distribution of optional Y and mandatory Z are
given by
𝑒 −(𝜃1+𝜆1)𝑦 - q1 𝑒 −𝜃2𝑦 , H2(y) = 1- p2𝑒 −(𝜃3+𝜆2)𝑦 −q2𝑒 −𝜃4𝑦
H1(y) = 1 – p1
h1(y) = (𝜃1 + 𝜆1 )𝑝1 𝑒 −(𝜃1 +𝜆1)𝑦 +𝜃2 q1 𝑒 −𝜃2𝑦 , h2= (𝜃3 + 𝜆2 )p2𝑒 −(𝜃3+𝜆2)𝑦 + 𝜃4 q2𝑒 −𝜃4𝑦
H3(z) = 1 − 𝑝3 𝑒 −(𝜃5+𝜇1)𝑧 − q3𝑒 −𝜃6𝑧 , H4(z) = 1 − 𝑝4 𝑒 −(𝜃7+𝜇2)𝑧 − q4𝑒 −𝜃8𝑧
h3(z) = (𝜃5 + 𝜇1 )𝑝3 𝑒 −(𝜃5 +𝜇1)𝑧 + 𝜃6 q3𝑒 −𝜃6𝑧 , h4(z) = (𝜃7 + 𝜇2 )𝑝4 𝑒 −(𝜃7+𝜇2)𝑧 + 𝜃8 q4𝑒 −𝜃8𝑧
θ −θ
𝜆1
θ −θ
𝜆2
where p1 = 1 2 , q1 =
, p2 = 3 4 , q 2 =
,
p3 =

𝜃1 −𝜃2 +𝜆1
θ5 −θ6

, q3 =

𝜃5 −𝜃6 +𝜇1

𝜃1 −𝜃2 +𝜆1
𝜇1

𝜃5 −𝜃6 +𝜇1

𝜃3 −𝜃4 +𝜆2
θ7 −θ8

, p4 =

𝜃3 −𝜃4 +𝜆2
𝜇2

𝜃7 −𝜃8 +𝜇2

q4 =

𝜃7 −𝜃8 +𝜇2

.

Conditioning upon Sk and using the law of total probability it can be shown that
∞
P(Sk < Y) = ∫0 [1 − 𝐻1 (𝑥) 𝐻2 (𝑥) ]𝑔𝑘 (𝑥)𝑑𝑥
∞
=∫0 [1 − ( 1 − 𝑝1 𝑒 −(𝜃1+𝜆1)𝑥 − 𝑞1 𝑒 −𝜃2𝑥 )(1 − 𝑝2 𝑒 −(𝜃3+𝜆2 )𝑥 − 𝑞2 𝑒 −θ4𝑥 )]𝑔𝑘 (𝑥)𝑑x
= 𝑝1 𝑔𝑘∗ (𝜃1 + 𝜆1 ) + 𝑝2 𝑔𝑘∗ (𝜃3 + 𝜆2 ) + 𝑞1 𝑔𝑘∗ (𝜃2 ) + 𝑞2 𝑔𝑘∗ (𝜃4 )−𝑝1 𝑝2 𝑔𝑘∗ (𝜃1 + 𝜃3 + 𝜆1 + 𝜆2 )
−
𝑝1 𝑞2 𝑔𝑘∗ (𝜃1 + 𝜃4 + 𝜆1 ) − 𝑞1 𝑝2 𝑔𝑘∗ (𝜃2 + 𝜃3 + 𝜆2 ) − 𝑞1 𝑞2 𝑔𝑘∗ (𝜃2 + 𝜃4 )
P(𝑆𝑘 < 𝑌) = 𝑝1 𝑁1 + 𝑝2 𝑁2 + 𝑞1 𝑁3 + 𝑞2 𝑁4 − 𝑝1 𝑝2 𝑁5 − 𝑝1 𝑞2 𝑁6 − 𝑞1 𝑝2 𝑁7 − 𝑞1 𝑞2 𝑁8
Similarly
P(𝑆𝑘 < 𝑍) =𝑝3 𝑔𝑘∗ (𝜃5 + 𝜇1 ) + 𝑝4 𝑔𝑘∗ (𝜃7 + 𝜇2 ) + 𝑞3 𝑔𝑘∗ (𝜃6 ) + 𝑞4 𝑔𝑘∗ (𝜃8 )−𝑝3 𝑝4 𝑔𝑘∗ (𝜃5 + 𝜃7 + 𝜇1 + 𝜇2 )
−𝑝3 𝑞4 𝑔𝑘∗ (𝜃5 + 𝜃6 + 𝜇1 ) − 𝑞3 𝑝4 𝑔𝑘∗ (𝜃6 + 𝜃7 + 𝜇2 ) − 𝑞3 𝑞4 𝑔𝑘∗ (𝜃6 + 𝜃8 )
P(𝑆𝑘 < 𝑍) = 𝑝3 𝑁9 + 𝑝4 𝑁10 + 𝑞3 𝑁11 + 𝑞4 𝑁12 − 𝑝3 𝑝4 𝑁13 − 𝑝3 𝑞4 𝑁14 − 𝑞3 𝑝4 𝑁15 − 𝑞3 𝑞4 𝑁16
Proceeding in the same way as in model I it can be shown that

(17)

(18)



P(W>t)=

V

k

k 0

( t ) {(p1N1+p2N2+q1N3+q2N4- p1p2N5-p1q2N6-q1p2N7-q1q2N8)

+p(p3N9+p4N10+q3N11+q4N12- p3p4N13-p3q4N14-q3p4N15-q3q4N16)
-p(p1N1+p2N2+q1N3+q2N4- p1p2N5-p1q2N6-q1p2N7-q1q2N8)
(p3N9+p4N10+q3N11+q4N12- p3p4N13-p3q4N14-q3p4N15-q3q4N16 )}
(19)
𝑑
*
From renewal theory and using L(t) = 1- P(W>t) and l(t) = L(t), l (s) = Laplace transform of l(t), we get
𝑑𝑡



l*(s) =



∗
[𝑓𝑘+1
(s) -𝑓𝑘∗ (s)] {(p1N1+p2N2+q1N3+q2N4- p1p2N5-p1q2N6-q1p2N7-q1q2N8)

k 0

+p(p3N9+p4N10+q3N11+q4N12- p3p4N13-p3q4N14-q3p4N15-q3q4N16)
-p(p1N1+p2N2+q1N3+q2N4- p1p2N5-p1q2N6-q1p2N7-q1q2N8)
(p3N9+p4N10+q3N11+q4N12- p3p4N13-p3q4N14-q3p4N15-q3q4N16 )}
(20)
where 𝑁1 = 𝑔𝑘∗ (𝜃1 + 𝜆1 ), 𝑁2 = 𝑔𝑘∗ (𝜃3 + 𝜆2 ), 𝑁3 = 𝑔𝑘∗ (𝜃2 ), 𝑁4 = 𝑔𝑘∗ (𝜃4 ), 𝑁5 = 𝑔𝑘∗ (𝜃1 + 𝜃3 + 𝜆1 + 𝜆2 ) ,
𝑁6 = 𝑔𝑘∗ (𝜃1 + 𝜃4 + 𝜆1 ), 𝑁7 = 𝑔𝑘∗ (𝜃2 + 𝜃3 + 𝜆2 ), 𝑁8 = 𝑔𝑘∗ (𝜃2 + 𝜃4 ), 𝑁9 = 𝑔𝑘∗ (𝜃5 + 𝜇1 ), 𝑁10 = 𝑔𝑘∗ (𝜃7 + 𝜇2 ),
𝑁11 = 𝑔𝑘∗ (𝜃6 ), 𝑁12 = 𝑔𝑘∗ (𝜃8 ),𝑁13 = 𝑔𝑘∗ (𝜃5 + 𝜃7 + 𝜇1 + 𝜇2 ) , 𝑁14 = 𝑔𝑘∗ (𝜃5 + 𝜃6 + 𝜇1 ),
𝑁15 = 𝑔𝑘∗ (𝜃6 + 𝜃7 + 𝜇2 ), 𝑁16 = 𝑔𝑘∗ (𝜃6 + 𝜃8 ).
First order:
Suppose g(t)= gx(1)(t)
nc
nc
nc
gx(1)*(𝜃1 + 𝜆1 )=
= 𝑆1 , gx(1)*(𝜃3 + 𝜆2 )=
= 𝑆2 , gx(1)*(𝜃2 )=
= 𝑆3 ,
gx(1)*(𝜃4 )=

nc
𝑛c+𝜃4

𝑛c+(𝜃1 +𝜆1 )

nc

gx(1)*(𝜃1 + 𝜃4 + 𝜆1 )=
*

gx(1) (𝜃2 +

𝑛c+(𝜃1 +𝜃4 +𝜆1 )
nc
𝜃4 )=
= 𝑆8 .
𝑛c+(𝜃 +𝜃 )
2

Similarly
gx(1)*(𝜃5 + µ1 )=
gx(1)*(𝜃8 )=

nc
𝑛c+𝜃8

nc

𝑛c+(𝜃5 +µ1 )

𝑛c+(𝜃1 +𝜃3 +𝜆1 +𝜆2 )

= 𝑆6 , gx(1)*(𝜃2 + 𝜃3 +𝜆2 )=

= 𝑆9 , gx(1)*(𝜃7 + µ2 )=

= 𝑆12 , gx(1)*(𝜃5 + 𝜃7 + µ1 + µ2 )=
nc

gx(1) (𝜃5 + 𝜃6 + µ1 )=

𝑛c+(𝜃5 +𝜃6 +µ1 )
nc
𝜃8 )=
= 𝑆16 .
𝑛c+(𝜃 +𝜃 )
6

𝑛c+𝜃2

= 𝑆5 ,
nc

𝑛c+(𝜃2 +𝜃3 +𝜆2 )

= 𝑆7 ,

4

*

gx(1)*(𝜃6 +

𝑛c+(𝜃1 +𝜆2 )
nc

= 𝑆4 , gx(1)*(𝜃1 + 𝜃3 + 𝜆1 + 𝜆2 )=

nc

𝑛c+(𝜃7 +µ2 )
nc

= 𝑆10 , gx(1)*(𝜃6 )=

𝑛c+(𝜃5 +𝜃7 +µ1 +µ2 )

*

= 𝑆14 , gx(1) (𝜃6 + 𝜃7 +µ2 )=

nc
𝑛c+𝜃6

= 𝑆11 ,

= 𝑆13 ,
nc

𝑛c+(𝜃6 +𝜃7 +µ2 )

= 𝑆15 ,

8

Using above results in (20) and it can be shown that
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l*(s) =



∗
[𝑓𝑘+1
(s) -𝑓𝑘∗ (s)] {(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)

k 0

+p(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16)
-p(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)
(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16 )}
By the previous model, it can be shown that from (5), (6) and (7), we get


E(W)=



1
𝛽𝑘+1

k 0

(21)

{(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)

+p(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16)
-p(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)
(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16 )}
Equation (22) gives mean time to recruitment.


E(W2)= 2


k 0

1
𝛽𝑘+1

2

(22)

{(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)

+p(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16)
-p(p1S1+p2S2+q1S3+q2S4- p1p2S5-p1q2S6-q1p2S7-q1q2S8)
(p3S9+p4S10+q3S11+q4S12- p3p4S13-p3q4S14-q3p4S15-q3q4S16 )}
Using (22) and (23) in (8), we get the variance of time to recruitment for first order.
nth order:
Suppose g(t)= gx(n)(t)
From (14) it can be shown that
𝑛−1
gx(n)(t)= 𝑛(𝐺(𝑡)) 𝑔(𝑡)
By using the fourier Transforms, we get
∞
g*x(n)(s) =𝑛 ∫0 𝑒 −𝑠𝑡 𝑐 𝑒 −𝑐𝑡 (1 − 𝑒 −𝑐𝑡 )𝑛−1 𝑑𝑡
Using the transformation,

(23)

𝑛!𝑐 𝑛

g*x(n)(s)=(𝑠+𝑐)(𝑠+2𝑐)(𝑠+3𝑐)……..(𝑠+𝑛𝑐)

(24)

Since g*(s)= g*x(n)(s), using (24), we get

𝑛!𝑐 𝑛

g*x(n)(𝜃1 + 𝜆1 )=((𝜃

1 +𝜆1 )+𝑐)((𝜃1 +𝜆1 )+2𝑐)((𝜃1 +𝜆1 )+3𝑐)……..((𝜃1 +𝜆1 )+𝑛𝑐)
𝑛!𝑐 𝑛

g*x(n)(𝜃3 + 𝜆2 )=((𝜃
g*x(n)(𝜃2 )=

3 +𝜆2 )+𝑐)((𝜃3 +𝜆2 )+2𝑐)((𝜃3 +𝜆2 )+3𝑐)……..((𝜃3 +𝜆2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛

(𝜃2 +𝑐)(𝜃2 +2𝑐)(𝜃2 +3𝑐)……..(𝜃2 +𝑛𝑐)

=

𝑒19

=𝐹3 , g*x(n)(𝜃4 )=

g*x(n)(𝜃1 + 𝜃3 + 𝜆1 + 𝜆2 )=

=
=

𝑛!𝑐 𝑛

=𝐹1 ,

𝑒17
𝑛!𝑐 𝑛

=𝐹2

𝑒18

𝑛!𝑐 𝑛

(𝜃4 +𝑐)(𝜃4 +2𝑐)(𝜃4 +3𝑐)……..(𝜃4 +𝑛𝑐)
𝑛!𝑐 𝑛

=

𝑛!𝑐 𝑛
𝑒20

=𝐹4

((𝜃1 +𝜃3 +𝜆1 +𝜆2 )+𝑐)((𝜃1 +𝜃3 +𝜆1 +𝜆2 )+2𝑐)((𝜃1 +𝜃3 +𝜆1 +𝜆2 )+3𝑐)……..((𝜃1 +𝜃3 +𝜆1 +𝜆2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛
*
g x(n)(𝜃1 + 𝜃4 + 𝜆1 )=
=
=𝐹6
((𝜃1 +𝜃4 +𝜆1 )+𝑐)((𝜃1 +𝜃4 +𝜆1 )+2𝑐)((𝜃1 +𝜃4 +𝜆1 )+3𝑐)……..((𝜃1 +𝜃4 +𝜆1 )+𝑛𝑐)
𝑒22
𝑛
𝑛
𝑛!𝑐
𝑛!𝑐
g*x(n)(𝜃2 + 𝜃3 + 𝜆2 )=((𝜃
=
=𝐹7 ,
+𝜃 +𝜆 )+𝑐)((𝜃 +𝜃 +𝜆 )+2𝑐)((𝜃 +𝜃 +𝜆 )+3𝑐)……..((𝜃 +𝜃 +𝜆 )+𝑛𝑐)
𝑒
2

g*x(n)(𝜃2

3

+ 𝜃4 )=((𝜃

g*x(n)(𝜃5 + µ1 )=(𝜃

2

2

3

𝑛!𝑐 𝑛

2

2

3

2

2

2 +𝜃4 )+𝑐)((𝜃2 +𝜃4 )+2𝑐)((𝜃2 +𝜃4 )+3𝑐)……..((𝜃2 +𝜃4 )+𝑛𝑐)
𝑛!𝑐 𝑛

5 +µ1 )+𝑐)((𝜃5 +µ1 )+2𝑐)((𝜃5 +µ1 )+3𝑐)……..((𝜃5 +µ1 )+𝑛𝑐)
𝑛!𝑐 𝑛

=

g*x(n)(𝜃7 + µ2 )=((𝜃
g*x(n)(𝜃6 )=

7 +µ2 )+𝑐)((𝜃7 +µ2 )+2𝑐)((𝜃7 +µ2 )+3𝑐)……..((𝜃7 +µ2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛

(𝜃6 +𝑐)(𝜃6 +2𝑐)(𝜃6 +3𝑐)……..(𝜃6 +𝑛𝑐)

g*x(n)(𝜃5 + 𝜃7 + µ1 + µ2 )=
=

𝑛!𝑐 𝑛
𝑒27

g*x(n)(𝜃5 + 𝜃6 + µ1 )=

=

𝑒25

=

𝑛!𝑐 𝑛

𝑒22
𝑛!𝑐 𝑛

=

3

2

𝑛!𝑐 𝑛
𝑒21

=𝐹5

21

=𝐹8

=𝐹9 ,

𝑒23
𝑛!𝑐 𝑛
𝑒24

=𝐹11 , g*x(n)(𝜃8 )=

=𝐹10
𝑛!𝑐 𝑛

(𝜃8 +𝑐)(𝜃8 +2𝑐)(𝜃8 +3𝑐)……..(𝜃8 +𝑛𝑐)
𝑛!𝑐 𝑛

=

𝑛!𝑐 𝑛
𝑒26

=𝐹12

((𝜃5 +𝜃7 +µ1 +µ2 )+𝑐)((𝜃5 +𝜃7 +µ1 +µ2 )+2𝑐)((𝜃5 +𝜃7 +µ1 +µ2 )+3𝑐)……..((𝜃5 +𝜃7 +µ1 +µ2 )+𝑛𝑐)

=𝐹13
𝑛!𝑐 𝑛

((𝜃5 +𝜃6 +µ1 )+𝑐)((𝜃5 +𝜃6 +µ1 )+2𝑐)((𝜃5 +𝜃6 +µ1 )+3𝑐)……..((𝜃5 +𝜃6 +µ1 )+𝑛𝑐)
𝑛!𝑐 𝑛

g*x(n)(𝜃6 + 𝜃7 + µ2 )=((𝜃
g*x(n)(𝜃6 + 𝜃8 )=((𝜃

=

6 +𝜃7 +µ2 )+𝑐)((𝜃6 +𝜃7 +µ2 )+2𝑐)((𝜃6 +𝜃7 +µ2 )+3𝑐)……..((𝜃6 +𝜃7 +µ2 )+𝑛𝑐)
𝑛!𝑐 𝑛
𝑛!𝑐 𝑛

6 +𝜃8 )+𝑐)((𝜃6 +𝜃8 )+2𝑐)((𝜃6 +𝜃8 )+3𝑐)……..((𝜃6 +𝜃8 )+𝑛𝑐)

=

𝑒30

=
=

𝑛!𝑐 𝑛
𝑒28
𝑛!𝑐 𝑛
𝑒29

=𝐹14

=𝐹15 ,

=𝐹16

Using above results in (5) and (6) it can be shown that
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l*(s) =



∗
[𝑓𝑘+1
(s) -𝑓𝑘∗ (s)] {(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)

k 0

+p(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16)
-p(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)
(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16 )}
By the previous model, it can be shown that from (5), (6) and (7), we get

(25)



E(W)=



1
𝛽𝑘+1

k 0

{(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)

+p(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16)
-p(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)
(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16 )}
Equation (26) gives the mean time to recruitment.

(26)



E(W2)=

2
k 0

1
𝛽𝑘+1 2

{(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)

+p(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16)
-p(p1F1+p2F2+q1F3+q2F4- p1p2F5-p1q2F6-q1p2F7-q1q2F8)
(p3F9+p4F10+q3F11+q4F12- p3p4F13-p3q4F14-q3p4F15-q3q4F16 )}
Using equations (26) and (27) in (8), we get variance of time to recruitment for nth order.

(27)

Numerical Illustrations
The analytical expressions for the performance measures namely mean and variance of time to recruitment are
analyzed numerically for by varying a parameter at a time and keeping other parameters fixed. The effect of
nodal parameters of inter-decision times (𝛽1 , 𝛽2 , 𝛽3 𝛽4 , 𝛽5 )and loss of man hour c, n the number of decision
epochs in(0,t] and p on the performance measures are shown in the following tables.
First Order
Table 1
Varying the parameters of loss of man hour c and n the number of decision epochs in (0,t] and fixing the
parameters of inter-decision times (𝛽1 , 𝛽2 , 𝛽3 𝛽4 , 𝛽5 ) and p.
𝜃1 = 0.009, 𝜃2 = 0.0092, 𝜃3 = 0.007, 𝜃4 = 0.0072, 𝜃5 = 0.005, 𝜃6 = 0.0053, 𝜃7 = 0.004, 𝜃8 = 0.0043,
p = 0.05, 𝜆1 =0.25, 𝜆2 =0.33, 𝜇1 = 0.2, 𝜇2 =0.27, 𝛽2 = 0.001, 𝛽3 = 0.007, 𝛽4 = 0.008, 𝛽5 = 0.009, 𝛽6 = 0.010
n/𝒄

1

2

3

4

5

0.006

0.0062

0.0064

0.0066

0.0068

E(W)

882.7888

896.6133

909.9485

922.8180

935.2438

V(W)

4.8417x105

4.7935x105

4.7435x105

4.6918x105

4.6388x105

E(W)

1.1519x103

1.1628x103

1.1732x103

1.1831x103

1.1925x103

V(W)

3.2177x105

3.1212x105

3.0272x105

2.9358x105

2.8471x105

E(W)

1.2717x103

1.2798x103

1.2875x103

1.2948x103

1.3016x103

V(W)

2.0292x105

1.9376x105

1.8502x105

1.7667x105

1.6869x105

E(W)

1.3357x103

1.3419x103

1.3477x103

1.3532x103

1.3583x103

V(W)

1.2753x105

1.1988x105

1.1255x105

1.0562x105

9.9066x104

E(W)

1.3740x103

1.3788x103

1.3834x103

1.3876x103

1.3915x103

V(W)

7.8693x104

7.2273x104

6.6247x104

6.0584x104

5.5258x104

Findings :
From the table 1, we observe the following:
1. If n, the number of decision epochs in (0,t] increases, while the mean and variance of the time to
recruitment increases.
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2. Mean time to recruitment increases and variance of time to recruitment decreases as loss of manpower
increases and on an average the loss of manpower decreases.
nth Order
Table 2
Varying the parameters of loss of man hourc and n the number of decision epochs in (0,t] and fixing the
parameters of inter-decision times (𝛽1 , 𝛽2 , 𝛽3 𝛽4 , 𝛽5 ) and p.
𝜃1 = 0.009, 𝜃2 = 0.0092, 𝜃3 = 0.007, 𝜃4 = 0.0072, 𝜃5 = 0.005, 𝜃6 = 0.0053, 𝜃7 = 0.004, 𝜃8 = 0.0043,
p = 0.05, 𝜆1 =0.25, 𝜆2 =0.33, 𝜇1 = 0.2, 𝜇2 =0.27, 𝛽2 = 0.001, 𝛽3 = 0.007, 𝛽4 = 0.008, 𝛽5 = 0.009, 𝛽6 = 0.010
n/𝒄

2

3

4

5

6

0.006

0.0062

0.0064

0.0066

0.0068

E(W)

333.5940

349.7016

365.9510

382.3350

398.8471

V(W)

3.6617x105

3.7822x105

3.8984x105

4.0103x105

4.1177x105

E(W)

1.5942

1.7230

1.8572

1.9970

2.1422

V(W)

2.2791x103

2.4630x103

2.6547x103

2.8542x103

3.0614x103

E(W)

0.0079

0.0088

0.0098

0.0109

0.0120

V(W)

11.3433

12.6472

14.0500

15.5555

17.1676

E(W)

4.0706x10-5

4.6845x10-5

5.3662x10-5

6.1207x10-5

6.9529x10-5

V(W)

0.0583

0.0670

0.0768

0.0876

0.0995

E(W)

2.1394x10-7

2.5420x10-7

3.0035x10-7

3.5302x10-7

4.1289x10-7

V(W)

3.0619x10-4

3.6382x10-4

4.2987x10-4

5.0526x10-4

5.9094x10-4

Findings:
From the table 2, we observe the following:
1. The mean and variance of the time to recruitment increases as loss of manpower c increases.
2. If n, the number of decision epochs in (0,t] increases, while the mean and variance of the time to
recruitment decreases .
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1

Abstract: Cloud storage has recently popular and millions of users have starts to acquire every day.
Outsourced data should be protected from unauthorized access. Cloud storage offers more powerful
computing infrastructure with a pool of thousands of computers and servers. The users can access the
infrastructure and its services on demand which are remote locations. It helps to minimize the infrastructure
investment and maintenance cost. The major issue focused in cloud computing is data security. Data
security is ensured by the parameters such as confidentiality, integrity, availability, authentication and
authorization. In order to protect the data from unauthorized access, data should be in either encrypted
format or masked format. This paper comprises a confidentiality enabled obfuscation technique named as
CBO (Cube Based Obfuscation), WMRADO (Word Magical Rolling Alpha-Digits Obfuscation) and
MRADO (Magical Rolling Alpha-Digits Obfuscation) which are proposed earlier. Obfuscated text
developed by these approaches can be entirely different when compared to the plain text. Storage cost is
based on the size of data and lifespan of the storage. Among these techniques, MRADO technique highly
minimized the cost while uploading the data to the cloud storage.
Keywords: Cloud Storage; Data Security; Confidentiality; Obfuscation; Cost
I.
Introduction
Cloud storage is an innovative way to store, access and contribute data over the internet. Cloud storage
providers (CSP) maintain hardware, software and it provides opportunity to the users to get extensive storage
and computation capacities, which is invoice based on the actual amount of consumed resources. Storing the
data on the remote server is called as Cloud storage and it is maintained, operated and managed by a CSP.
Another name for Cloud storage is utility storage [1][2]. Computational infrastructure investment and
maintenance cost is highly reduced by the cloud. It provides Anything (X) as a Service (XaaS) where ‘X’
indicates software, OS, server, hardware, storage, etc [3]. Data protection is a crucial security issue for most of
the enterprises. The main issue focused in cloud computing is data security. Data outsourcing brings security
issues in the cloud while move to storage. Confidentiality of data is enabled by using efficient cryptography and
obfuscation technique [4].
Data Masking or Data Obfuscation
Data obfuscation is a technique of data hiding where data is purposely jumbled to prevent from intruders access.
The outcome of obfuscation is an obscured or confused data. Data obfuscation is used for security which makes
it hard to rebuild the plaintext. It is similar to encryption but it uses mathematical calculations or programming
logics [5]. Data obfuscation techniques are used to prevent the intrusion of data stored in the cloud. This strategy
is used by the organization which addresses the data security. Organizations and enterprises are started to use
obfuscation technique to provide security to the data in the cloud. The reason for conducting data obfuscation
processes is to provide de-identified, de-sensitised and anonymised data for application users, business
intelligence, application testing, and outsourcing[6][7].
II.

Motivation

Himani et al. [8] proposed a model which contains encryption and obfuscation techniques are used to protect the
data while transits as well as at rest. Monikandan et al.[9] proposed data obfuscation technique named as
Moncrypt SSA to protect the data from unauthorized access. saha et al.[10] proposed multiple key cryptography
technique to enhance the data security and minimize the cost for cloud storage. Asif et al. [11] proposed
encryption algorithm for data security in the cloud. The proposed hybrid approach uses a data compression
method to reduce the size of original data and then encrypt the data using ASIF Encryption Algorithm.
Balamurugan et al.[12] proposed obfuscation technique for numerical data. This technique uses different
mathematical methods to convert the original data into unintelligible data and minimizes the data size. Rajavel
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et al.[13] proposed cubical scrambling method to represent the text in a cube format. Cube’s rotation type is
defined randomly by generating random sequence.
III. Methodology
Obfuscation is the process of hiding the original value of data. It is a process applied to information to
intentionally make it difficult to reverse without knowing the algorithm that was applied. Data obfuscation is
used for security which makes it hard to reconstruct the plaintext. This technique has recently become popular
for data storage security in cloud storage. Researchers start using obfuscation technique to provide security to
the data in the cloud rather than cryptography techniques. This paper discusses the data obfuscation technique
named as CBO (Cube Based Obfuscation), WMRADO(Word Magical Rolling Alpha-Digits Obfuscation) and
MRADO(Magical Rolling Alpha-Digits Obfuscation) [14][15].
CBO Technique
CBO technique improves classical obfuscation techniques by integrating substitution, transposition and values.
This technique is used to shuffle the original value of data and it should not be reversible. Initially the Word (W)
lists are generated from the plain text(PT). The CBO technique maintain the frequently used words dictionary
(FUWD) and it contains the words like as is, of, the, to, this etc. The PT words are filtered by FUWD. If any
words occurred in FUWD, that words are eliminated from PT is named as tokens. Frequently used words
(FUW) and its position are maintained in frequently used words location (FUWL). The tokens are horizontally
populated inside the Cube. CBO technique takes cube size as 3x3. The obfuscated text will be attained by
rotating the cube.
WMRADO and MRADO Technique
This technique enhances the security by using the corresponding character position value. This technique uses
the Magic Square (MS) matrix which is a size of 8x8. MS is shown in figure 1. The matrix is filled with the
combination of 26 lower case letters a-z, 26 upper case letters A-Z, 10 digits 0-9 and two special characters @,
#. Totally, 64 letters are rolled inside the matrix. The obfuscated text is produced in the combination of
alphabets and digits. To strengthen the security and change the alpha-digits position, seed value is used in this
methodology. Based on the seed, the alpha-digits are traversed inside the matrix. The seed value should be the
integer value and it must be between 0-63. It takes additional time to generate the matrix.
Initially the Word (W) lists are generated from the plain text. In the corresponding lines, characters(C) are
converted to ASCII value and that ASCII(ASC) value is multiplied with that character position where it
appeared in the word. After that, the multiplied value of individual character is added with another character
value and it produces a Numerical Code(NC) to the corresponding word. The look-up table (LT) is generated. It
maintains the line and the corresponding NC value which is derived from the lines. The Modulo Operation
(MO) is performed on NC by 64 to get the remainder and quotient value. The MRADO Square is generated
based on the Seed(S) and it contains alphabets like as small a-z, capital A-Z, digits 0-9,@and #. S is a single
value and it must be an either alphabets or digits. Based on the S value, alphabets and digits are sequentially
placed inside the MRADO square and the traversal is shown in figure 2. Finally, Alpha-Digits values are taken,
according to the remainder of NC value. Finally, the obfuscated text (OT) is attained by the combination of
Alpha-Digits. In WMRADO, obfuscation is done word by word whereas is MRADO, obfuscation is based on
line by line.
Figure1 Magic Square Traversal.
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Figure2 Alpha-Digits Traversal

IV.

Results and Discussion

All the techniques are implemented in Java. The CSP offers different types of Storage as a Service (StaaS) for
users. One of the CSP is Google cloud storage, which is massively scalable, it can store and process hundreds of
terabytes of data. Total cost is calculated by using Google cloud storage cost as shown in Table 1. Google cloud
storage consumes $11 for 1 mb data[16]. Table 1 denotes the size of the existing and proposed obfuscated text.
It is observed that the obfuscated file size is highly reduced in line by line obfuscation method than word by
word obfuscation method. When the file size is 1 mb, MONcrypt technique compresses the obfuscated file size
as 160 kb whereas the CBO, WMRADO and MRADO compresses the size of obfuscated file as 680 kb, 546 kb
and 86 kb. Similarly, when the file size is 5 mb, MONcrypt compresses the obfuscated file size as 802 kb
whereas the CBO, WMRADO and MRADO compresses as 3400 kb, 2732 kb and 426 kb. It is observed that
whenever the plain text file sizes increases from kilo byte to mega byte, the obfuscated file size decreases from
mega byte to kilo byte. The security is high in the both the techniques than the existing MONcrypt technique[9].
The total cost is calculated by using Google cloud storage cost shown in Table 1. Google cloud storage
consumes $11 for 1 mb data. When the file size is 1 mb, MONcrypt technique charges $1.76 whereas the
proposed CBO,WMRADO and MRADO charges $7.31, $5.86 and $0.88 only. Similarly, when the file size is 5
mb, MONcrypt technique charges $8.69 whereas the CBO, WMRADO and MRADO charges $36.52, $29.35
and $4.62 only. It is observed that the proposed MRADO technique reduces the storage cost compared to
MONcrypt technique. From the results, it is observed that the cost is minimized highly in the MRADO
technique. Figure 3 shows the graphical representation of data storage cost for the proposed techniques.
Table 1. Comparison of MONcrypt and MRADO Obfuscation Technique using Variable File Size
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Figure 3. Comparison of Data Storage Cost using MONcrypt, CBO, WMRADO and MRADO
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V.

Conclusion

The organization and enterprises are attracted by the unique and impressive features of cloud storage
environment. The combination of pay-as-you-go with on-demand elastic operation of cloud makes the evolution
of on-premises storage to off-premises storage. The cloud storage reduces the capital and operational
expenditure of users, as the users entrust the responsibilities to the cloud environment. Apart from the benefits,
it consists many security concerns and issues. Confidentiality is considered as the main issue and is to be
addressed by the many of the researchers. This study compares the confidentiality enabled technique named as
CBO, WMRADO and MRADO. These distinct techniques are used different way to produce the cipher text
with the security. The efficiency of cryptographic and obfuscation technique is not only based on the time taken
for encryption and decryption, but also the number of levels used to get the cipher text from a plain text. The
analysis showed that the proposed techniques used distinctive way to produce the obfuscated text from the plain
text which is unpredictable by intruders. Thus these techniques are highly minimized the cost while uploading
the data to the cloud storage.
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Abstract: Cloud computing is an information-based data scattered in different locations in the worldwide
network and does not require any specific place access from different locations. Cloud computing, data
storage and services are very essential to most of the organizations. Here security is the base problem
arising in the cloud environment. Every customer desires to keep the data in a more secured way. Cloud
service providers need to think user’s data need to be safe. Sometimes cloud users are not trusting services
providers. So, here this method provides a solution for user’s data to be safe. Evenbefore entering in the
cloud area, users can encrypt their data and keep in cloud area, irrespective of the trustworthiness of
service providers. Hence, data become safe prior to entering in the cloud area. Normally, in the proposed
method only numerical data are encrypted. Here numerical data are undergoing different types of addition,
division and shuffling. Two keys are applied in different steps. So, this obfuscation method of numeric data
is more secure. Even before the data enterthe cloud, the data may be obfuscated, so the end users need not
worry about data theft by service provider. Also, compared to other technologies, this method is more costeffective and less time-consuming.
Keywords:Cloud computing, Cloud security, Public cloud, Data sharing, Data Protection.
I. Introduction
In the digital and network world, security is becomingmostimportantchallenging line.There have been numerous
incidents in current years in different worldwide organizations.Uber was fined a big amount for a 2016 statistics
breach. Facebook lately found a security trouble that allowed hackers to get admission to information that might
allow them to take over around fifty million bills. The disclosure of non-public information of millions of USA
citizens became affected by a statistics breach at a credit score reporting firm Equifax in the year 2017 [1][2].
Here, everywhere security threat is happening. So, there is a need to find out new solutions in this area and this
answer needsto be updated every year. If the update is not taking place in a particular period of time, normally
the hackers can come under the development also. In the cloud, data are scattered in different places for
different purposes. The cloud computing models can beconsidered as different layers like software as a service,
platform as a service, infrastructure as a service. Most of the work can come under any of these models. [3][4]
As per the security concern, security needs to be considered in all the layers, from cloud service provider to end
user. Different types of high security mechanisms must be used for securing data in motion, as well as data at
rest. Day by day new algorithms are coming from all areas [5]. At the same time hackers are ready to hack the
flow of the algorithm and key. Cloud based system still need development in authentication, authorization,
confidentiality, integrity, audit, availability, security monitoring, identity management, incident response, and
security policy management. If any network system is created with more security, still the network is also
vulnerable in nature.So, every time improvement is needed in this area. Old methods and technique ideas are in
hacker’s hand. [6][7] So, they can find out easily their working procedures and keys. Normally, once they find
out the procedure they are sending to dark web like hackers and intruders group. This procedure will reach
everyone. So, this calls for new development in every particular period of time.
This method is considered as an obfuscation method. Through this obfuscation method, the structure of the
program is transformed in a more difficult manner. Those who don’t know the original functionality find it very
difficult to understand the program pattern. So, hackers can’t get inside the program structure. Among different
methods like encryption, decryption process, obfuscation is also one of the commonly used methods in program
code protection against hackers. But after the arrangement of different techniques, there is enough time left with
the attacker to access the real functionality of the program. So normally the obfuscation technique is attached
ICOMAC 2019-120; © 2019, AIJRSTEM All Rights Reserved

Page 313

Amalarethinam et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 313-316.

with some other program techniques [8][9][10]. Basically, obfuscation is different from encryption. If
encryption is the process of changing the original text into meaningless text or cipher text, in the case of the
decryption the cipher text changes to the original text. However, obfuscation is a practice to make something
difficult to understand. The obfuscated programming code keeps intellectual data, through a reverse engineering
process. This makes it very difficult to understand [11] [12].
One of the obfuscation methods is followed in the proposed method. The original plain text is going through
different types of interchange in the position of the character, thereafter applying the squares of each character
and adding of keys. Finally, it results in a meaningless text. This obfuscation method is normally used for
numerical values. Financial data, students mark sheets, number-based OTP, etc., are areas where this proposed
method can be implemented. This obfuscation method is highly secured compared with other techniques in the
same level. Two keys are used in different places. Those same keys are used in de-obfuscation method also.
This method is symmetric in nature. Each number is going through different types of addition and subtraction.
Lastly, each number's coefficient value is considered as the key. In de-obfuscation method also, each number
has different keys. Thus, this method is a highly secured method.
II. Related Work
Maninder Singh Bajwaet al. [13] proposed data protection in the cloud area. It is involved in two phases and
four entities, phase 1 and 2 uploading and downloading the data, and entities are data owner, CSP, third party
and user. Here data are secured against the unauthorized user with database sharing in the cloud. Once the
authentication is approved through role-based access to decrypt the data and data goes to the data owner. First
data owner verifies the user exploitation digital signature and pass user id detail to third parties. Now, the user is
redirected to third parties. Third party verifies the user id and offers corresponding key piece of user for
decrypting.
Yuan Zhang et al. [14] proposed a method for data integrity in a cloud storage system through obfuscation
method. Here, firstly comes one public verification scheme for the cloud storage to reduce the computation
overhead for the auditor’s side. After then batch verification and data dynamic operations are taking place. So,
the auditor can carry out the multiple tasks at the same time.
Dr.S.Monikandanet al. [15] enhanced the security of data in public cloud storage.Data are encrypted before
entering the cloud storage area. This algorithm works for numerical values.Data outsourcing mostly comes as
the security issue in cloud storage. This may be by service providers or their system issues. Customer data are
leaked without the knowledge of the customer. Prior to the entry of data inpublic cloud, data passes through
different types of calculations. In the middle of calculation different keys are applied. These key values are
incremented at different times. So, here the obfuscation is carried out by different ways. The real data extraction
is very difficult for any intruder or hackers.
III. Problem Definition and Motivation
Cloud security is the most important term in computer networks. In cloud computing, computers are connected
together globally with server client relation.In the internet world, day by day, more applications and websites are
registered. More than 1.7 billion websites are already registered in this world.Soon it is coming as 2 billion
websites. At the same time thousands of hackers are entering in the internet world directly and also through the
dark web [16] [17]. This method aims to think how we can secure data from this complicated world. Many
algorithms came to secure the data at rest.But most of these algorithms are already hacked with their key length
and also their procedure. Once a new algorithm is developed, intruders can also hack the data soon. So, there is
a need to update or develop new strategies at every particular point of time [18]. The proposed new method
called GLObf method which is used for data obfuscation with the highest encryption procedure.
IV. GLObfuc Machnisum to protect data in public cloud storage
A. Data Obfuscation Techniques
Data obfuscation is a method of data hiding where data is purposely scrambled to prevent from unauthorized
access. The result of obfuscation is an unintelligible or confusing data. Data obfuscation techniques are used to
prevent the intrusion of sensitive data stored in the cloud. However, issues have stemmed from an inability to
vigorously prevent security attacks.
B. GLObfus Obfuscation technique
Data obfuscation has been recently popular in the field of security in the cloud. The proposed technique is used
for the data protection without loss of information content.
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Steps involved in the proposed GLObfus are as follows:
1. Clients’ data is in real format.
2. GLObfus only considered the numerical values from the original format.
3. Find the size of real format.
4. Change the position of odd and even.
5. Subtract positional value from corresponding real values.
6. Calculate square for subtracted values in real text.
7. Generate a key new K and apply it on squared values
8. Divide the values by 256 to find the mod.
9. Convert the mod values into ASCII character code.
10. ASCII converted value is the cipher text (CT).
C. Decryption procedure
The de-obfuscation is the inverse procedure of obfuscation. This procedure is raised once the info is rescued
from the general public cloud storage. The key Ki used for obfuscation is additionally used to get the
information from the cloud. The secret is maintained within the users’ aspect. For example, if one-mark sheet of
the students have 75, 78, 56, 75, 98 but after de-obfuscation the entered mark will come as ┘, @, └, A, Q. This
text is totally meaningless text compared to the real text. If comparison with the same character occurs before
de-obfuscation, the same position also appears after de-obfuscation. It gives different meaningless texts. So, the
real hacker or intruder finds it very difficult to ascertain the exact procedure of this obfuscation process.
D. Advantages
There are several advantages of this obfuscation process. One of the main advantages is to protect the trade
secrets through reverse engineering. With low cost and high flexibility, this algorithm can be implemented.
Depending upon the need, the application may be obfuscated. This obfuscation mechanism protects against the
static and dynamic attack, as it is implemented in the cloud. In this case, high level code is implemented in order
to keep the platform independent.

V. Future Work
This proposed method can be added with other methods to develop a framework. This framework can be used for
public cloud related encryption process, in future the same method can be applied to images and videos. Pictures
and videos can convert into ASCII values. That value undergoing through the same proposed method. The
diagrammatical representation of working procedure has given below.

Cloud Application
Obfuscated
Data

Internet

Obfuscation

Client
Data

VI. Conclusion
Through cloud computing, the computers are connected all over the world. Security is coming as the
challenging position in this area. Through this method, security is enhanced. Obfuscation is achieved before
arrival of real data into the server. Through different procedures and shuffling the real data appears more
confused. An obfuscation method with key transferring is performed with the same keys for obfuscation and deobfuscation. So, this method is symmetric in nature. Also, here two keys are applied. After the division of each
number the coefficient value is kept as the second key. In both cases same keys are transferred to de-obfuscation
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also. This mechanism is of low cost and high flexibility. Depending upon the need, the client can adapt this
facility. Also, client need not worry about the data stored in the cloud area of the service provider.
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Abstract: Cloud computing brings revolution in the development of current business model. Most of the Small
and Medium Enterprises (SMEs) uses the cloud in their business for reducing the upfront costs, investments and
increasing flexibility and efficiency. Apart from the business people, many modern IT users also rely on cloud
for various services including storage, computing power, software, network etc. The Cloud Providers offer
these in terms of Infrastructure as a Service (IaaS), Platform as a Service (PaaS) and Software as a Service
(SaaS). Securing data in the cloud is a very challengeable task for the cloud customers. Though the data are
secured properly using cryptographic algorithms by the cloud providers, cloud customers deny relying on the
cloud providers. Cloud customers started to use their own proprietary algorithms for efficient secured storage.
The proprietary algorithms are suitable for key management rather than encrypting the data. This paper
encompasses the proposed algorithms for key generation, key strengthening, and access control procedure
which are compiled as services to the cloud users. These services are depicted as a framework and deployed in
the Microsoft Azure Cloud Environment.
Keywords: Cloud Computing, Security, Services, Framework, Microsoft Azure.
I. Introduction
Most of the users currently prefer storing their large volume of data in the cloud. Security is a major
issue in cloud computing environment. Although Cloud Service Providers (CSPs) achieve security through the
use of cryptographic algorithms, the key is kept under the control of CSPs. Since the key may be misused by
CSPs to decrypt the users’ data, users started to use their proprietary algorithms for securing their sensitive data.
Mostly cloud providers encrypt the data using standard symmetric cryptographic algorithms which have better
speed than the asymmetric algorithms. Some of the symmetric algorithms are AES, DES, Triple DES, Blowfish
etc. Thus the asymmetric and proprietary algorithms are less preferred for data encryption. Thus the keys used
for encryption process can be generated and managed by the asymmetric or proprietary algorithms.
Key generation and management is a vital part in encryption process. Genetic algorithms bring optimal
solution for most of the optimization problems. Thus Key Generation Genetic Algorithm (KGGA) was
proposed to generate an optimal key [1]. The generated key is encrypted using the Asymmetric Addition
Chaining Cryptographic Algorithm (ACCA), a proprietary algorithm to strengthen the key for encryption
process [2]. The encrypted key can be sent to one of the Symmetric key algorithms like AES, DES, Blowfish
etc., for data encryption. A comparative study has been made to identify the well suited algorithm based on its
speed. It is proved that the Blowfish algorithm has better speed than others for data encryption in cloud. The
strength of the security of the Blowfish algorithm is tested mathematically by calculating Mean, Standard
Deviation, Covariance and Correlation Coefficient. These Statistical metrics can be used to identify the
relationship between any two data sets. Thus, these metrics are applied to find the relationship between the plain
text and the cipher text [3].
Apart from this, the cloud user can still enhance the security process by utilizing the access control
mechanisms. This helps to achieve the fine grained access control over the sensitive data of the cloud user.
Once the encrypted data is uploaded in the cloud, the owner of the data does not know where the data is
actually stored. Some suitable fine grained access control mechanisms and permissions are required to restrict
the access of data only to the intended users who are allowed by the owner of the data.
In Key Authentication and Authorization Procedure (KAAP) [4], the policy is set with the specified
attributes by the owners of the data for giving the access control to the intended users. The selected users are
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also given the access permissions based on their attribute values. Thus the encrypted file can be decrypted by
specifying user credentials. Cloud offers service oriented computing on pay-per-use basis. Cloud delivers the
services in three flavors: Software as a Service (SaaS), Platform as a Service (PaaS) and Infrastructure as a
Service (IaaS). Ubiquitous information access, no geography constraints, and peculiar features of cloud
computing has encouraged the IT sector to further extend the cloud horizon beyond IaaS, PaaS, and SaaS. Thus
the phrase “as-a-Service” started evolving mostly in all spheres. This computing is a technological innovation
that has reformed the delivery of resources and services into “as-a-Service” scenario [5][6]. A framework is a
real or conceptual structure intended to serve as a support or guide for building of something that expands the
structure into something useful [7]. The security-as-a-service model can enhance functionality of existing onpremise implementations by working as a hybrid solution [8].
II. Proposed Security Services Framework
A framework has been proposed depicting the services offered by the cloud data owner to the cloud users.
Figure 1 Security Services Framework

Figure 1 portrays the services rendered by the cloud data owner who wishes to store the sensitive data by
providing the security mechanisms.
The framework includes Key Generation as a Service (KGaaS), Key Management as a Service (KMaaS),
Data Protection as a Service (DPaaS), Authentication and Authorization as a Service (AAaaS). KGaaS helps in
generating an optimal key for data encryption. This optimality still enhances the generation process. After the
optimal key is generated, the key can be encrypted using KMaaS. DPaaS accepts the encrypted key for data
encryption using blowfish algorithm. The cloud user can provide authentication and authorization to specific
cloud clients by setting the role of the client, access policies and permissions for decrypting the file. A nonowner of the data called the cloud client can decrypt the data by specifying the owner id, and role of the client.
This is achieved by AAaaS.
III. Deployment Of Services In Microsoft Azure Environment
The above mentioned services are deployed in the cloud provider’s environment i.e. Microsoft Azure’s
environment that can be utilized by the cloud users. Three different services are offered to the users viz., Key
Generation, Key Encryption and Key Authorization and Authentication. Figure 2 shows the screen shot of the
security services deployed in Microsoft Azure.
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Figure 2 Security Services offered in Azure

If the cloud user opts the key generation, then the key for securing the data is generated. Figure 3 depicts the
choice for generating the key.
Figure 3 Key Generation Process

Figure 4 displays the completion of key generation process.
Figure 4 Completion of Key Generation

Figure 5 shows the next option of encrypting the key. The generated key is given for encryption by
specifying the key size as either 128 bits or 192 bits for encryption.
ICOMAC 2019-121; © 2019, AIJRSTEM All Rights Reserved

Page 319

Amalarethinam and Leena., American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue
of 5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 317-323.

Figure 5 Key Encryption Process

Figure 6 confirms the completion of key encryption process.
Figure 6 Completion of Key Encryption Process

The key is encrypted based on the size of bits chosen for encryption.
key.
Figure 7 Encrypted Key

Figure 7 shows the long encrypted

After this process, the encrypted key is given as the key for data encryption. The Blowfish algorithm is used
for encrypting the cloud user's data. This is shown in figure 8.
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Figure 8 Data Encryption Using Blowfish Algorithm

The encrypted content is shown in figure 9.
Figure 9 Encrypted Data

When the user wants to decrypt the encrypted file, then the user can specify the file name for
decryption. Figure 10 shows the page of specifying the decryption file name.
Figure 10 File Decryption Process

Figure 11 depicts the decrypted data.
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Figure 11 Decrypted File

The next process of authorization and authentication is depicted in figure 12. It shows the roles,
policies and access types for whom the access of decryption file is allowed. This is set by cloud owner who
owns the data.
Figure 12 Authentication and Authorization Mechanism

To allow the cloud client, the non-owner of the data, to decrypt the file, the file name to be decrypted, owner
id for which the decryption is allowed and role of the user are prompted. This is shown in figure 13.
Figure 13 File Decryption Access by the Cloud Client

Figure 14 depicts the completion of decryption process when the cloud client is granted permission.
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Figure 14 Permission Granted for the Cloud Client

Now, the cloud clients can access the file according to the permission granted for their respective roles.
IV. Conclusion
The algorithms proposed earlier in our research study have been executed and hosted as services in the
Microsoft Azure Cloud Environment. The algorithms are specifically used for key generation, key encryption
and procedure for key authentication and authorization purposes. The already registered cloud users can utilize
the offered services by specifying the authorization credentials, username and password. The new users can
register themselves and use the services. Thus the security services are offered in a liable and effective way to
secure the cloud users’ data.
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Abstract: A labeling graph G which can be gracefully numbered is said to be graceful labeling. A graph
which admits a fuzzy graceful labeling is called a fuzzy graceful graph. In this paper, we define fuzzy edge
graceful labeling and discussed for Wheel graph, Fan graph and Friendship graph.
Keywords: Edge graceful labeling, Fuzzy edge graceful labeling, wheel graph, fan graph, friendship graph
I. Introduction
Zadeh [10] introduced the fuzzy set as a class of object with a continnum of grades of membership. In contrast
of classical crisp sets where a set is defined by either membership or non-membership, the fuzzy approach
relates to grade of membership between [0, 1], defined in terms of membership function of a fuzzy number.
Fuzzy relation on a set was first defined by Zadeh [10] in 1965, the first definition of a fuzzy graph was
introduced by Kaufmann in 1973 and the structure of fuzzy graph was first developed by A. Rosenfeld [7] in
1975. Fuzzy graphs have many more applications in modeling real time systems where the level of information
inherent in the system varies with different levels of precision.
The concept of edge graceful labeling has been introduced by S. Lo [3] in his seminal paper. This note is further
contribution on fuzzy edge graceful labeling. Fuzzy edge graceful labeling for wheel graph, fan graph and
friendship graph are called a fuzzy edge graceful wheel graph, fuzzy edge graceful fan graph and fuzzy edge
graceful friendship graph respectively.
II. Preliminaries
Definition 2.1[1]
Let U and V be two sets. Then ρ is said to be a fuzzy relation from U into V if ρ is a fuzzy set of U x V.
Definition 2.2[1]
A Fuzzy graph G = (σ, μ) is a pair of functions σ: V→ [0,1] and μ:VxV→[0,1], where for all u ,v ε V. we have
μ(u, v) ≤ σ(u) ^σ(v).
Definition 2.3[1]
A labeling of a graph is an assignment of values to the vertices and edges of a graph.
Definition 2.4[1]
A graceful labeling of a graph G with q edges is an injection f: V(G) →{0,1,2,…,q} such that when each edge x
y ε E(G) is assigned the label |f(x)-f(y)|, all of the edge labels are distinct.
Definition 2.5
An edge graceful labeling is defined as, In a graph G, we denote the set of edges by E(G) and the vertices by
V(G). Let q be the cardinality of E(G) and p be that of V(G). Once the labeling of edges is given, a vertex u of
the graph is labeled by the sum of the labels of the edges incident to it, modulo p. (i.e) V (u) = ΣE(e) mod |V(G)|
where V(u) is the label for the vertex and E(e) is the assigned value of an edge incident to u.
A graph G is said to be Edge graceful if it admits edge graceful labeling.
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Definition 2.6[1]
A graph G = (σ, μ) is said to be a fuzzy labeling graph if σ: V→[0,1] and μ:VxV→[0,1] is bijective such that the
membership value of edges and vertices are distinct and μ(u, v) < σ(u) ^σ(v) for all u ,v ε V.
Definition 2.7[1]
In graph theory, a wheel graph Wn is a graph with n vertices (n≥4) formed by connecting a single vertex to all
vertices of n-1 cycle.
Definition 2.8[1]
In a graph theory, a fan graph Fm,n is defined as the graph join ̅̅̅̅̅
𝐾𝑚+pn where̅̅̅̅̅
𝐾𝑚 is the empty graph on m nodes
and Pn is the path graph on n nodes.
The case m=1 corresponds to the usual fan graphs, while m=2 corresponds to the double fan graphs.
Definition 2.9[2]
A Friendship graph Fn is a graph which consists of ‘n’ triangles with a common vertex.

III. Fuzzy Edge Graceful Labeling
Definition 3.1
A graph G = (σ, μ) (n≥3) is said to be a fuzzy edge graceful labeling if σ: V→[0,1] and μ:VxV→[0,1] is
bijective and once the membership value of edges is given, the membership value of a vertex is labeled by the
sum of the membership values of the edges incident to it.( i.e.) σ(u) = Σ μ( E(e)), where σ(u) is the membership
value of a vertex u and μ( E(e)) is the membership value of an edge incident to u.
Definition 3.2[1]
A wheel graph with fuzzy labeling is called a fuzzy wheel graph. A wheel in a fuzzy graph consists of two node
sets V and U with |V|=1 and |U| > 1, such that μ(v,ui)>0, where i = 1 to n-1 and μ(ui,ui+1)>0 where i=1 to n-2.
Definition 3.3
In a fuzzy wheel graph, if all edges are distinct then it is called fuzzy edge graceful wheel graph.
Definition 3.4[1]
A fan graph with fuzzy labeling is called a fuzzy fan graph. A fan in a fuzzy graph consists of two node sets F
and Fn with |F|=1 and |Fn| > 1, such that μ(F,Fi)>0, where i = 1 to n and μ(Fi,Fi+1)>0 where i=1 to n-1.
Definition 3.5
In a fuzzy fan graph, if all edges are distinct then it is called fuzzy edge graceful fan graph.
Definition 3.6[2]
A Friendship graph with fuzzy labeling is called a fuzzy friendship graph. A friendship in a fuzzy graph consist
of two node sets V and U with |V|=1 and |U|>1, such that μ(v,ui)>0, where i = 1 to n-1 and μ(ui,ui+1)>0 where
i=1 to n-2.
Definition 3.7
In a fuzzy friendship graph, if all edge values are distinct then it is called fuzzy edge graceful friendship graph.
Proposition 3.8
For some n≥4, the fuzzy wheel graph Wn is fuzzy edge graceful wheel graph.
Proof:
A wheel graph Wn is a graph with n vertices if only n≥4.
A wheel in a fuzzy graph consists of 2 node sets U and V with |V|=1 and |U| > 1, such that μ(v,u i)>0, where i= 1
to n-1 and μ(ui,ui+1)>0 where i=1 to n-2.
In the wheel graph, v is the central vertex and ui denotes the vertices in the outer cycle.
Here σ: V→ [0,1] and μ:VxV→[0,1], is defined by σ(u i) = Σ μ( E(e)), σ(v) = Σ μ( v,ui) where i = 1 to n-1.
Example: Consider the wheel graph W7
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Here σ: V→ [0 ,1] and μ:VxV→[0,1],
σ (v) = Σ μ(v, ui)
σ (v) = μ(v, u1) + μ(v, u2) + μ(v, u3) + μ(v, u4) + μ(v, u5) + μ(v, u6)
= 0.07 + 0.08 + 0.05 + 0.10 + 0.11+0.12 = 0.5

Fuzzy edge graceful wheel graph W7
σ (ui) = Σ μ( E(e))
σ (u1) = μ(v, u1) + μ(u2, u1) + μ(u6, u1)
= 0.07+0.01+0.06= 0.14
σ (u2) = μ(v, u2) + μ(u3, u2) + μ(u1, u2)
= 0.08+0.01+0.02 = 0.11
σ (u3) = μ(v, u3) + μ(u4, u3) + μ(u2, u3)
= 0.05 +0.02+0.03 = 0.10
σ (u4) = μ(v, u4) + μ(u5, u4) + μ(u3, u4)
= 0.10+0.03+0.04 = 0.17
σ (u5) = μ(v, u5) + μ(u6, u5) + μ(u4, u5)
= 0.11+0.09+ 0.04= 0.24
σ (u6) = μ(v, u6) + μ(u1, u6) + μ(u5, u6)
= 0.12+0.09+0.06 = 0.27
Since all edge values μ(v,ui)>0, where i = 1 to n-1 and μ(ui,ui+1)>0 where i=1 to n-2 and which are less than the
values of the vertices, this wheel graph is fuzzy wheel graph as well as it admits fuzzy edge graceful labeling
and since all edges are distinct, this graph is fuzzy edge graceful wheel graph.
According to this condition, we can come to the conclusion that every fuzzy wheel graph Wn is a fuzzy edge
graceful wheel graph.
Proposition 3.9
Every fuzzy fan graph F1,n is a fuzzy edge graceful fan graph.
Proof:
Consider the usual fan graph F1,n, when m = 1.
If we take F as the central vertex (m=1) and Fn be the other vertices in the fan graph with n nodes.
A fan in a fuzzy graph consists of two node sets F and F n with |F|=1 and |Fn| > 1, such that μ(F,Fi)>0, where i =
1 to n and μ(Fi,Fi+1)>0 where i=1 to n-1.
If the fuzzy fan graph is edge graceful then σ: F→ [0, 1] and μ:FxF→[0,1] is defined by ,
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σ(Fi) = Σ μ( E(e)), σ(F) = Σ μ( F,Fi) where i = 1 to n.
Example: Consider the fan graph F1,5
σ: F→ [0,1] and μ:FxF→[0,1], then σ (F) = Σ μ( F,Fi) where i = 1 to n.
σ (F) = μ( F,F1) + μ( F,F2) + μ( F,F3) + μ( F,F4) + μ( F,F5)
= 0.02 + 0.04 + 0.09 + 0.07 + 0.06 = 0.28

Fuzzy edge graceful Fan graph F1,5
σ (Fi) = Σ μ( E(e))
σ (F1) = μ(F, F1) + μ(F2, F1 )= 0.02 + 0.01 = 0.03
σ (F2) = μ(F, F2) + μ(F1, F2) + μ(F3, F2)= 0.04 + 0.01 + 0.03 = 0.08
σ (F3) = μ(F, F3) + μ(F4, F3) + μ(F2, F3) = 0.09 + 0.05 + 0.03 = 0.17
σ (F4) = μ(F, F4) + μ(F3, F4) + μ(F5, F4)= 0.07 + 0.05 + 0.10 = 0.22
σ (F5) = μ(F, F5) + μ(F4, F5) =0.06 + 0.10 = 0.16
Since all edge values μ(F,Fi)>0, where i = 1 to n and μ(Fi,Fi+1)>0 where i=1 to n-1 and which are less than the
values of the vertices, this fan graph is fuzzy fan graph as well as it admits fuzzy edge graceful labeling and
since all edges are distinct, this graph is fuzzy edge graceful fan graph.
According to this condition, we can come to the conclusion that every fuzzy fan graph F1,n is a fuzzy edge
graceful fan graph.
Proposition 3.10
Every fuzzy friendship graph Fn is fuzzy edge graceful friendship graph.
Proof:
A friendship graph Fn is a graph with n vertices for n≥2.
A friendship in a fuzzy graph consist of two node sets F and Fn with |F|=1 and |Fn|>1, such that μ(F,Fi)>0,
where i = 1 to n-1 and μ(Fi,Fi+1)=0 if i is even, where i=1 to n-2.
In the friendship graph F is the central vertex and Fi denotes the vertices in the outer triangle.
Here σ: F→ [0,1] and μ:FxF→[0,1], is defined by
σ(Fi) = Σ μ( E(e)), σ(F) = Σ μ( F,Fi) where i = 1 to n-1
Example: Consider the friendship graph F8
σ (F) = Σ μ( F,Fi) where i = 1 to n-1.
σ (F) = μ( F,F1) + μ( F,F2) + μ( F,F3) + μ( F,F4) + μ( F,F5) + μ( F,F6)+ μ( F,F7) + μ( F,F8)
= 0.01 + 0.05 + 0.02 + 0.06 + 0.03 +0.07 + 0.08 + 0.09= 0.4
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Fuzzy edge graceful Friendship graph F8
σ (F) = Σ μ( F,Fi) where i = 1 to n-1.
σ (F) = μ( F,F1) + μ( F,F2) + μ( F,F3) + μ( F,F4) + μ( F,F5) + μ( F,F6)+ μ( F,F7) + μ( F,F8)
= 0.01 + 0.05 + 0.02 + 0.06 + 0.03 +0.07 + 0.08 + 0.09= 0.4
σ (Fi) = Σ μ( E(e))
σ (F1) = μ(F, F1) + μ(F2, F1)
= 0.01 + 0.10 = 0.11
σ (F2) = μ(F, F2) + μ(F1, F2)
= 0.05 + 0.10 = 0.15
σ (F3) = μ(F, F3) + μ(F4, F3 )
= 0.02 + 0.11 = 0.13
σ (F4) = μ(F, F4) + μ(F3, F4)
= 0.06 + 0.11 = 0.17
σ (F5) = μ(F, F5) + μ(F6, F5)
= 0.03 + 0.13 = 0.16
σ (F6) = μ(F, F5) + μ(F6, F5)
= 0.13 +0.07 = 0.20
σ (F7) = μ(F, F7) + μ(F8, F7)
= 0.08 + 0.14 = 0.22
σ (F8) = μ(F, F8) + μ(F7, F8)
= 0.09 + 0.14 = 0.23
Since all edge values μ(F,Fi)>0, where i = 1 to n-1 and μ(Fi,Fi+1)>0 where i=1 to n-2 and which are less than the
values of the vertices, this friendship graph is fuzzy friendship graph as well as it admits fuzzy graceful labeling
and since all edges are distinct, this graph is fuzzy edge graceful friendship graph. According to this condition,
we can come to the conclusion that every fuzzy friendship graph Fn is a fuzzy edge graceful friendship graph.
IV. Conclusion
In this paper, the concepts of fuzzy edge graceful wheel graph, fuzzy edge graceful fan graph and fuzzy edge
graceful friendship graph have been discussed. We further extend this study on some more special classes of
graphs.
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Abstract: In this paper, we define ED Process and EDF method to find a sequence whose elements are
equal. And also an Algorithm and java program for EDF Method are defined with numerical examples.
Keywords: ED Process, EDF Method .
I. Introduction
Number theory (or arithmetic or higher arithmetic in older usage) is a branch of pure mathematics devoted
primarily to the study of integers. German mathematician Karl Friedrich Guass(1777-1855) once said,
“Mathematics is the queen of the sciences and arithmetic the queen of mathematics”. “Arithmetic”, in the sense
Guass uses it, is number theory, which along with geometry, is one of the two oldest branches of mathematics.
Number theory, as a fundamental body of knowledge, has played a pivotal role in the development of
mathematics.
The foundation for number theory as discipline were laid out by the Greek mathematicians Pythagoras (ca
572 – ca 500 BC) and his disciples (known as Pythagoreans). The Pythagorean brotherhood believed that
“everything is number”, and that the central explanation of the universe lies in number. They also believed some
numbers have mystical powers. The Pythagoreans have been credited with the invention of amicable numbers,
perfect numbers, figurate numbers and Pythagorean triples. They classified integers into odd and even integers
and into primes and composites.
Another Greek mathematician, Euclid (ca 330 – 275 BC) also made significant contributions to Number
Theory. The German Mathematician Hermann Minkowski (1864-1909) once remarked, “Integral numbers are
the fountainhead of all mathematics”, Infact, Number Theory is concerned solely with integers.
II. Preliminaries
2.1.Natural numbers
The numbers 1,2,3,.... are called natural numbers. We represent the set of natural numbers by N.
i.e) N = { 1,2,3,...}
N is also known as positive integers, sequence of natural numbers and counting numbers.
2.2.Whole numbers
The numbers 0,1,2,3,.... are called whole numbers. We represent the set of whole numbers by W.
i.e) W = { 0,1,2,3,...}
2.3 Integers
The numbers ....-3, -2, -1, 0 , 1, 2, 3,... are called Integers. We represent the set of integers by Z.
i.e) Z = {....-3, -2, -1, 0 , 1, 2, 3,...}
2.4 Number Patterns
Number patterns are fun for both amateurs and professionals. Often we should like to add one or two rows to the
pattern, so we must be good at pattern recognition to succeed in the art of inductive reasoning. It takes both skill
and ingenuity.
2.5 Example:
9 (9) + 7 = 88
98 (9) + 6 = 888
987 (9) + 5 = 8888
9876 (9) + 4 = 88888
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98765 (9) + 3 = 888888
.
.
.
2.6 Sequence
A sequence is a set of numbers, called terms, arranged in some particular order. An arithmetic sequence is a
sequence with the difference between two consecutive terms constant. The difference is called the common
difference.
i.e) 7 , 19 , 37, 61, 91, 127,....
2.7 Quadratic sequence
A quadratic sequence is a sequence of numbers in which the second differences between each consecutive term
differ by the same amount, called a common second difference.
This is because the rule for the nth term of sequence is a quadratic expression of the form
un = an2 + bn + c
, where a, b and c are constants and a ≠ 0.
2.8 Example
The simplest quadratic sequence is the sequences of square numbers.
1 , 4 , 9 , 16 , 25 , ....
3

5

2

9

7

2

2

The constant second difference is 2 and the nth term is n2 .
2.9 Arithmetic progression(A.P)
An Arithmetic Progression (A.P) or arithmetic sequence is a sequence of numbers such that the difference
between the consecutive terms is constant.
If the initial term of an arithmetic progression is a 1 and the common difference of successive members is d, then
the nth term of sequence (an) is given by an = a1 + (n-1) d.
2.10 Factorial
The Factorial of a positive integer n, denoted by n! , is the product of all positive integers less than or equal to n.
i.e) n ! = n x (n-1) x (n-2) x....x 2 x 1
III. Main Result
In this paper, the number sequence denotes anyone sequence from Natural, whole and integer number
sequences.
3.1 ED Process
In a sequence, a process of until getting a sequence, whose elements are equal by finding the difference between
an element and its succeeding element is called as ED Process.
3.2 Order
Let H be a number sequence. Order of H, d ≥ 1, an integer is defined as
H= a1, a2,......,an...
then Hd= a1d,a2d,....., and......
3.3 EDF Method
Consider a number sequence H. The elements of H are denoted as a1 , a2 , a3 ,.......an ,.....
Put some order d to H
This implies Hd= a1d,a2d,....., and......
P1 = a2d - a1d , a3d – a2d ,..........., a(n+1)d – and ....
= a11 , a12 , a13 , ..... ,a1n.....
where a1n = a(n+1)d - and
P2 = a21 , a22 , a23 , ..... ,a2n.....
where a2n = a1(n+1)– a1n
P3 = a31 , a32 , a33 , ..... ,a3n.....
where a3n = a2(n+1)– a2n
.
.
.
Pd = ad1 , ad2 , ad3 , ..... adn.....
whereadn= a(d-1)(n+1)– a(d-1)n
We get a sequence whose elements are equal.
ad1 = ad2 = ad3 =..... = adn= ....... = d !
Finally, from the above process, we conclude the following are equal. They are
1.Order of sequence
2.Number of iteration in the process and
3.A number whose factorial gives the elements of final iteration.
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3.4 Note:
1.If we take finite sequence, then the number of elements in sequence should be greater than or equal to d+2.
2. In the name of the ED Process, ED stands for getting Equal elements by Difference.
3.In the name of the EDF method, EDF stands for getting Equal elements by Difference, whose elements are
Factorial.
3.5 Theorem:
Let H = a1, a2,......, an...... be a number sequence withHd= a1d,a2d,......., and...... where d is the order of Hd. And
by ED process Pi= ai1 , ai2 , ai3 , ....., ain..... ifi = d then ai1 = ai2 = ai3 =..... = ain= ....... = d!
Proof:
Let H = a1, a2,......, an......be a number sequence with Hd= a1d,a2d,......., and......
Let us prove this by induction on d.
If d = 1
Hd= H = a1, a2,......, an...
Since here the number sequence will be anyone from natural, whole and integer
Sequence, therefore the common difference is one.
Thus we get P1 = 1, 1, 1,....., 1... = 1! = d!
Let us assume this result is true for d = k.
Now we have to prove for d = k+1.
H k+1 = a1 k+1 , a2 k+1 ,....an k+1...
and by ED Process
Pk+1 = a(k+1)1 , a(k+1)2 ,....., a(k+1)n ,... where a(k+1)n = ak(n+1) - akn
We have to prove a(k+1)i= (k+1) ! , i= 1,2,....
Suppose anyone j, a(k+1)j ≠ (k+1) !
here, a(k+1)j ≠ (k+1) ! which means we didn’t get Arithmetic Progression in the above iteration and not possible
in the successive iteration in ED Process.
But, Since for these number sequences we get a Arithmetic Progression in some iteration of ED Process.
Which is a contradiction.
Therefore a(k+1)i= (k+1) ! , ∀ i= 1,2,....
Thus by mathematical induction ,
we get ai1 = ai2 = ai3 =..... = ain= ....... = d ! , when i = d.
3.6 Example
Let H = 1,2,3,4,5,6,7,....
If d=2, this implies H2 = 1,4,9,16,25,36,49,64,81,100,121,144,....
By ED process,
P1 = 4-1, 9-4, 16-9, 25-16, 36-25, 49-36, 64-49, 81-64, 100-81, 121-100,....
P1 = 3, 5, 7, 9, 11, 13, 15, 17, 19, 21,.....
P2 = 5-3, 7-5, 9-7, 11-9, 13-11, 15-13, 17-15, 19-17, 21-19,....
P2 = 2, 2, 2, 2, 2, 2, .......
Also P2 = 2!, 2!, 2!, 2!, 2!, 2!, .......
(since 2! = 2x1=2)
Finally, from ED process ,we get the following are equal. They are
1. Order of sequence (d) is 2
2. Number of iteration in the ED Process is 2. ie) P2
3. A number whose factorial gives the elements of final iteration. ie) 2
IV. ALGORITHM
Step : 1
Consider the number sequence H ,

H = a 1, a2,......, an......

Step : 2
Choose an integer, d ≥ 1
Step : 3
Calculate Hd. Hd= a1d,a2d,.....and......
Step : 4
Take i = 1 , P1 = {a1n } where a1n = a(n+1)d - and , n = 1,2,.....
Step : 5
If d= i , we get a sequence whose elements are equal. Go to step 8.
Otherwise go to step 6
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Step : 6
Put i = i+1
Step : 7
Pi = { ain} where ain= a(i-1)(n+1) – a(i-1)n where n=1,2,.....
Go to step 5
Step : 8
End
V. Program
import java.io.*;
importjava.util.*;
public class X_First {
public static void main(String args[])throws IOException
{
BufferedReader b=new BufferedReader(new InputStreamReader(System.in));
long z;
int n,n1,n2=0,x1,x2,i,p;
System.out.print("Which Number to be Start:");
x1=Integer.parseInt(b.readLine());
System.out.print("Which Number to be End:");
x2=Integer.parseInt(b.readLine());
System.out.print("Process Order:");
p=Integer.parseInt(b.readLine());
n=x2-x1;
long a[]=new long[500];
long r[]=new long[500];
long c[]=new long[500];
if(p<=n)
{
System.out.print("\n The Set N:{");
for(i=0;i<=n;i++)
{
if (i==n)
{
a[i]=x1++;
System.out.print(a[i]);
}
else
{
a[i]=x1++;
System.out.print(a[i] +",");
}
}
System.out.print("}");
System.out.print("\n The Set A:{");
for(i=0;i<=n;i++)
{
if (i==n)
{
z=(long)Math.pow(a[i],p);
r[i]=z;
System.out.print(r[i]);
}
else
{
z=(long)Math.pow(a[i],p);
r[i]=z;
System.out.print(r[i] +",");
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}
}
System.out.print("}");
for(n1=1;n1<=p;n1++,n2++)
{
System.out.print("\nThe Process of A" +n1 + ":{");
//n2=n2++;
for(i=0;i<n-n2;i++)
{
c[i]=r[i+1]-r[i];
System.out.print(c[i]+",");
r[i]=c[i];
}
System.out.print("}");
}
System.out.println("\nThe process of A" +p+ "each element is:"+p+"!");
}
else
System.out.print("The process Can't be Performed..");
}
}
5.1 Examples in java Program
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Abstract: Let 𝐷 be a connected directed graph. A shortest directed path 𝑃 is called distance coprime
directed path if(𝑙(𝑝), 𝐴) = 1. A distance coprime digraph 𝑃(𝐷) of digraph 𝐷 has the vertex set 𝑉 = 𝑉(𝐷)
and two vertices in 𝑃(𝐷) are adjacent if there exists a distance coprime directed path between them in 𝐷. In
this paper, we defined distance coprime directed graphs and obtained some results of distance coprime
digraph for various digraphs such as directed cycle, strongly connected bipartite directed graph, directed
wheel, directed spider etc.
Keywords: Distance coprime, distance coprime path, connected directed graphs, directed wheel, Directed
wounded spider.
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I. Introduction
The concept of connectedness plays an important role in many networks. Digraphs are considered as an
excellent modeling tool and are used to model many types of relations amongst any physical situations. The
application of digraph theory in neural networks seems to be more appropriate and would be used to improve
interdisciplinary exchange.
Throughout this paper D = (V, A) is a finite directed graph with neither loops nor multiple arcs (but pairs of
arcs are allowed) and G = (V, E) is an undirected graph with neither loops nor multiple edges. For basic
terminology on graphs and digraphs. [5] Let D = (V, A) be a digraph. For any vertex u ∈ V, the sets O(u) =
{v/(u, v)  A} and I(u) = {v/(v, u)  A} are called outset and inset of u. The in degree and out degree of u are
defined by𝑖𝑑(𝑢) = |𝐼(𝑢)| and𝑜𝑑(𝑢) = |𝑂(𝑢)|. The minimum in degree, the minimum out degree, the maximum
in degree and maximum out degree of D is denoted by δ− , δ+ , ∆− and ∆+ respectively.
R Suganya et.al [12] had been introduced the concept of Distance coprime graphs. Distance between, the two
vertices in a digraph is the length of the shortest path between them. Graph theory has very strong relation with
number theory. Using the coprime concept in number theory[1,4, 7, 9], we have introduced a new concept called
distance coprime digraph. In this paper, we found some results of distance coprime digraphs for some standard
digraphs such as dipath, directed cycle, directed wheel, directed star, directed wounded spider, directed comet,
directed complete graph, directed complete bipartite graph etc. The purpose of this paper is to introduce the
concept of distance coprime directed graphs. The basic definitions and concepts have been referred in [2, 3, 5, 6,
8, 10, and 11].
II. Main Results
In this section we defined distance coprime dipath and distance coprime digraph. Also we obtained some
results of the distance coprime digraph for various standard digraphs.
Definition:
Let D be a directed graph. A shortest dipath P is called distance coprime dipath if (l(p), A) = 1.
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Example: consider the digraph

Here, 𝑞 = 5. Clearly, the dipath 𝑣1 , 𝑣2 , 𝑣3 𝑎𝑛𝑑 𝑣4 is a distance coprime dipath.
Definition:
Let D = (V, A) be a (p, q) directed graph. A shortest dipath P is called the distance coprime dipath if
(𝑙(𝑝), 𝑞) = 1. A distance coprime digraph P(D) of digraph D = (V, A) has the vertex set V = V (D) and two
vertices in P(D) are adjacent if they have distance coprime dipath.
⃗⃗⃗⃗⃗⃗⃗⃗⃗ are shown below
Example: The graph D and its distance coprime digraph P(D)

D⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗⃗
𝑃(𝐷)
Definition:
Let D be a directed graph with V vertices and A arcs. A shortest dipath P is called distant divisor dipath if its
length l(p) divides q.
Theorem 2.1:
Let D be a directed path of prime size q, then P(D) ≅ K p − A , A is an arc.
Proof:
Let 𝐷 be a directed path of prime size 𝑞, so that initial vertex and terminal vertex are not adjacent. The initial
vertex has 𝑜𝑢𝑡 − 𝑑𝑒𝑔𝑟𝑒𝑒 = 1 and 𝑖𝑛 − 𝑑𝑒𝑔𝑟𝑒𝑒 = 0 and the terminal vertex has 𝑜𝑢𝑡 − 𝑑𝑒𝑔𝑟𝑒𝑒 = 0 and 𝑖𝑛 −
𝑑𝑒𝑔𝑟𝑒𝑒 = 1. All the other vertices have 𝑜𝑢𝑡𝑑𝑒𝑔𝑟𝑒𝑒 = 𝑖𝑛𝑑𝑒𝑔𝑟𝑒𝑒 = 1. The shortest distance between any two
vertices must be ≤ 𝑞 − 1. Every arc in digraph 𝐷 is a distance coprime path. 𝐷 is isomorphic to spanning set
digraph of 𝑃(𝐷).
Therefore,
𝑃(𝐷) ≅ ⃗⃗⃗⃗
𝐾𝑝 − 𝐴 .
Theorem 2.2:
If D is a directed cycle, then

 K 3 if p  3

 K p if p is prime  5

Re gular digraph if p is composite
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Proof:
Case (i):
Let D be a directed cycle with prime number of edges. If p = 3 then this directed cycle is itself a complete
digraph. Since D is strongly connected, there exist u − v path and v − u path.If d(u, v) = 1 and d(v, u) = 2, then
the distance coprime path of digraph became complete symmetric digraph. If p ≥ 5, Since (l(p), q) = 1 where
q = n and l(p) ≤ q − 1, then we get distance coprime path of digraph is complete digraph.
Case (ii):
Suppose P is not prime, since directed cycle is strongly connected Diam(D) = q − 1
Each vertex has indegree = outdegree = 1. Thus, the degree of each vertex in P(D)is 2(in − degree + out −
degree), that is every pair of vertices has the u − v edges and v − u edges, which is a 2-regular digraph.
Observation 2.1:
Let ⃗⃗⃗⃗⃗⃗⃗
𝐾1,𝑝 be a directed star with 𝑜𝑑(𝑣𝑖 ) = 1,1 ≤ 𝑖 ≤ 𝑝 and 𝑖𝑑(𝑣𝑖 ) = 𝑝 has no distance coprime path. Since
𝑑(𝑣𝑖 , 𝑣) = 1 and there is no path between vertices in 𝑝.
Observation 2.2:
Let t ⃗⃗⃗⃗⃗⃗⃗
𝐾1,𝑝 be a directed star with 𝑜𝑑(𝑣𝑖 ) = 𝑝 and 𝑖𝑑(𝑣𝑖 ) = 1 , 1 ≤ 𝑖 ≤ 𝑝 have no distance coprime
path.Since 𝑑(𝑣, 𝑣𝑖 ) = 1 and there is no path between vertices in 𝑝.
Theorem 2.3:
If D is complete directed graph, then P(D) ≅ D.
Proof:
Let D be a complete directed graph. Every pair of vertices has an arc and since D is strongly connected.
If p = 3, then we get the distance coprime digraph is complete symmetric digraph.
If p = 4, then there is no distance coprime digraph since q = 6 and l(p) between every pair of vertices is
2.Therefore,P(D) is same as D.
If p ≥ 5, then we get the distance coprime digraph if(l(p), q) = 1.
Hence, P(D) ≅ D
Theorem 2.4:
If 𝐷 is directed wounded spider S m , n of order 𝑚 + 𝑛 + 1, then

𝑆𝑚,𝑛
𝑃(𝐷) = { 𝑆𝑚,𝑛
𝑆𝑚,𝑛

𝑖𝑓 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑜𝑑𝑑
𝑖𝑓 𝑚 𝑎𝑛𝑑 𝑛 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛
+𝑛 𝑖𝑓 𝑚 𝑖𝑠 𝑜𝑑𝑑 𝑎𝑛𝑑 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

Proof:
If D is directed wounded spider of order m + n + 1 is the digraph obtained by subdividing n (1 ≤ n < 𝑚)arcs
of directed star

K 1, m

.

If m and n are both even or odd then m + n = q = even.The distance from K1,m to n vertices are always 2, so
(l(p), q) ≠ 1. then the distance coprime digraph is same as D.
Therefore,𝑃(𝐷) ≅ 𝐷.
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If m is odd and n is even then we get m + n = q is odd.Then we get the distance coprime digraph has

S m ,n  n

edges from K1 to n vertices.

Observation 2.3:
If 𝐷 is a regular directed graph, then
𝐷 𝑖𝑓 𝑝 𝑖𝑠 𝑐𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒
𝑃(𝐷) ≅ {
Kp
𝑖𝑓 𝑝 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒
Theorem 2.5:
If 𝐷 is a directed comet𝐶𝑚,𝑛 then, 𝑃(𝐷) ≅ K 𝑝 𝑖𝑓 𝑞 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒
Proof:
If 𝐷 is a directed comet 𝐶𝑚,𝑛 where m and n are positive integers denote the out tree obtained by identifying the
central vertex of the directed star 𝐾1,𝑛 with the vertex of directed path

Pm of out degree zero.

If the number of edges q is prime, then the distance coprime digraph has an arc between every pair of vertex
under the condition,(𝑙(𝑝), 𝑞) = 1
Hence,
𝑃(𝐷) ≅ K 𝑝
Observation2.4:
If 𝐷 is a tournament digraph for 𝑝 = 3. Then 𝑃(𝐷) ≅ 𝐷 Since, the 𝑞 is even and 𝑑(𝑢, 𝑣) is also even.
Theorem 2.6:
If 𝐷 is a directed wheel 𝐶𝑛 + K1 . Then,
𝑃(𝐷) ≅ {

𝐾𝑝 + 𝐾1
𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
𝑢 − 𝑣 𝑎𝑛𝑑 𝑣 − 𝑢 𝑎𝑟𝑐𝑠 𝑖𝑛 𝐶𝑛 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

Proof:
Let 𝐷 be a directed wheel 𝐶𝑛 + K1 . is the digraph obtained by adding an arc from each vertex from 𝐶𝑛 to the
vertex of
Case (i):
If is even, then the distance coprime directed graph has an 𝑢−𝑣 arc and 𝑣−𝑢 arc between every pair of
vertices in

C n .Therefore,

𝑃(𝐷) ≅ 𝑢 − 𝑣 𝑎𝑛𝑑 𝑣 − 𝑢 𝑎𝑟𝑐𝑠 𝑖𝑛 𝐶𝑛
Case (ii):
If 𝑛 is odd, then the distance coprime directed graph becomesK 𝑝 +K1 . That is 𝐶𝑛 in 𝐷 becomes K 𝑝 in distance
coprime directed graph.Therefore,𝑃(𝐷) ≅ K 𝑝 +K1
III. Conclusion
In this paper, we have done an analysis on distance coprime directed graphs using different types of
directed graphs like dipath, cycle, directed comet, direct wounded spider, etc. Further we are trying to establish
the distance coprime digraph for various digraphs and finding the domination for this concept.
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ABSTRACT: The ordinary energy of the graph is defined as the sum of the absolute values of the Eigen
values of its adjacency matrix. In recent times analogous energies are being considered, based on eigen
values of a variety of other graph matrices. In this paper, we have analysed some energies and comparative
study for 112 connected graphs on six vertices.
Key words: Energy of Graph, Laplacian Energy, Color Energy, Connected Graphs, Crown Graphs.
I. Introduction
Let G be a finite, simple and undirected graph with n vertices and m edges. The set of eigenvalues of the
graph with their multiplicities is known as spectrum of the graph. [9] The energy of a graph is equal to the sum of
the absolute values of its eigenvalues. [5] In theoretical chemistry, the π-electron energy of a conjugated carbon
molecule is computed using the Hückel theory. Hence results on graph energy assume special significance. [1]
This concept of energy in mathematics was first introduced by Ivan Gutman in 1978. [4] In this paper, we have
studied and analysed some energies for 112 connected graphs on six vertices. The 112 connected graphs are
ordered lexicographically by their spectral moments in non-increasing order. [3]
II. Preliminaries
Definition: [7]
Let G be simple graph with n vertices and m edges. Energy of a simple graph Gwith adjacency matrix A
is defined as the sum of absolute values of eigen values of A. It is denoted by E(G).
𝑛

𝐸(𝐺) = ∑|𝜆𝑖 |
𝑖=1

The adjacency matrix for the graph 𝐺 is given by
1 𝑖𝑓 𝑣𝑖 𝑖𝑠 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑡𝑜 𝑣𝑗
𝐴(𝐺) = { 0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
Definition: [6]
Let 𝐺 be a graph with 𝑛 vertices and 𝑚 edges.Let 𝜇1 , 𝜇2 , … , 𝜇𝑛 be the eigenvalues of the
Laplacian matrix of 𝐺.We define and investigate the Laplacian energy as 𝐿𝐸(𝐺).
𝑛

𝐿𝐸(𝐺) = ∑
𝑖=1

|𝜇𝑖 −

2𝑚
|
𝑛

Laplacian matrix 𝐿 = 𝐿(𝐺) of (𝑛, 𝑚) graph is defined via its matrix elements as
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−1 𝑖𝑓 𝑖 ≠ 𝑗 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡
𝐿(𝐺) = { 0 𝑖𝑓 𝑖 ≠ 𝑗 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡
𝑑𝑖 𝑖𝑓 𝑖 = 𝑗
Where, 𝑑𝑖 is the degree of the 𝑖 𝑡ℎ vertex of 𝐺.
Definition: [7]
A coloring of graph 𝐺 is a coloring of its vertices such that no two adjacent vertices receive the same
color. The minimum number of colors needed for coloring of a graph 𝐺 is called chromatic number and denoted
by 𝜒(𝐺). The coloring matrix is given by 𝐶(𝐺).
1 𝑖𝑓 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑐(𝑣𝑖 ) ≠ 𝑐(𝑣𝑗 )
𝐶(𝐺) = {−1 𝑖𝑓 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑛𝑜𝑛 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑐(𝑣𝑖 ) = 𝑐(𝑣𝑗 )
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
Where, 𝑐(𝑣𝑖 ) is the color of 𝑣𝑖 and 𝑐(𝑣𝑗 ) is the color of 𝑣𝑗
Definition: [8]
Let 𝐺 be a simple graph of order n with vertex set, 𝑉 = 𝑣1 , 𝑣2 , … , 𝑣𝑛 and edge set E. The Seidel matrix
of 𝐺 is the 𝑛 × 𝑛matrix defined by 𝑆(𝐺).
𝑆(𝐺) = {

−1 𝑖𝑓 𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑖 ≠ 𝑗
1 𝑖 𝑎𝑛𝑑 𝑗 𝑎𝑟𝑒 𝑛𝑜𝑡 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑖 ≠ 𝑗
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

The Seidel eigenvalues of the graph 𝐺 are the eigenvalues of 𝑆(𝐺). Since 𝑆(𝐺) is real and symmetric,
its eigenvalues are real numbers. The Seidel energy of 𝐺 is defined
𝑛

𝑆(𝐺) = ∑|𝜆𝑖 |
𝑖=1

Definition: [7]
It is the energy of the matrix whose (i,j) element is 𝑀𝐷(𝐺)
max{𝑑𝑖 , 𝑑𝑗 } 𝑖𝑓 𝑖 ≠ 𝑗 𝑣𝑖 𝑎𝑛𝑑 𝑣𝑗 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡
𝑀𝐷(𝐺) = {
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

III. Comparative Study Of The Energies For 112 Connected Graphs
Table 1:Graph Energies for 112 connected graphs on 6 vertices
GRAPH
NO.

MAX.
DEGREE

ENERGY

LAPLACIAN
ENERGY

1
2
3
4
5
6
7
8
9
10
11
12
13
14

5
5
5
5
5
5
5
5
4
5
5
5
5
4

10.0000
9.4031
9.6071
8.7446
9.4931
8.3246
8.8815
8.8588
8.0000
9.0681
8.5848
9.2762
9.6569
8.5589

30.0000
28.0000
26.0000
26.0000
24.0000
24.0000
24.0000
24.0000
24.0000
22.0000
22.0000
22.0000
22.0000
22.0000

ICOMAC 2019-131; © 2019, AIJRSTEM All Rights Reserved

SIGNLESS
LAPLACIAN
ENERGY
30.0000
28.0000
26.0000
26.0000
24.0000
24.0000
24.0000
24.0000
24.0000
22.0000
22.0000
22.0000
22.0000
22.0000

COLOR
ENERGY

SEIDEL
ENERGY

10.0000
10.9282
10.8081
11.6559
10.5158
11.2111
11.4058
11.3776
12.0000
10.0000
11.1652
11.0171
10.7446
10.7694

10.0000
10.9282
11.5175
11.6559
11.5175
11.0093
11.6799
11.9540
12.0000
10.9282
10.4012
11.3016
12.0000
10.6332

MAXIMUM
DEGREE
ENERGY
50.0000
50.0000
48.0666
46.1376
46.1376
42.2655
45.5328
43.4955
40.0000
43.4955
44.3476
42.8791
42.5657
40.0000
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15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89

5
5
4
4
5
4
5
5
4
5
5
4
4
5
4
4
4
4
5
4
4
5
5
5
4
5
4
4
5
4
4
3
4
4
4
4
3
3
5
4
4
5
4
5
4
4
5
4
4
4
3
4
3
4
3
3
4
3
4
3
5
4
4
4
5
3
4
3
3
3
4
3
3
4
3

8.3109
7.5329
8.8284
8.6632
8.3024
8.8875
8.2827
8.7391
9.1231
8.4137
8.3670
8.7566
8.7614
8.9443
7.6204
8.7554
8.7446
7.4355
8.2892
8.2527
8.7077
9.2034
6.7446
7.3627
6.4721
8.1065
8.4721
8.9443
8.6703
8.8578
8.0468
8.3545
8.9577
8.7044
7.2524
7.5883
8.0000
6.0000
7.7115
8.0283
8.4268
6.8926
6.0000
7.9806
8.1183
8.0458
8.2134
8.6984
7.2174
7.9372
7.7902
7.4186
7.6990
8.6858
8.8186
8.2925
7.2993
8.1388
5.6599
6.9282
6.6858
6.8186
7.6655
7.4641
7.8064
7.8064
7.5233
7.7324
7.9961
8.2925
7.6641
7.1231
7.7662
7.5358
7.6123

22.0000
22.0000
22.0000
22.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
19.0000
20.0000
20.0000
20.0000
20.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
17.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
16.0000
16.0000
16.0000
16.0000
15.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
15.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
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22.0000
22.0000
22.0000
22.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
20.0000
19.0000
20.0000
20.0000
20.0000
20.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
17.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
18.0000
16.0000
16.0000
16.0000
16.0000
15.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
15.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
16.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000
14.0000

11.2034
11.5175
10.9443
11.5261
10.7446
10.1694
10.7694
11.1530
10.3653
10.7749
10.4874
10.7718
10.9359
11.3365
11.1231
10.7718
10.7446
10.8081
10.5349
9.8238
9.8955
10.0000
10.9282
11.1542
10.4837
10.9823
10.0000
10.8105
10.7446
10.2610
9.9439
10.9187
10.8573
10.1026
10.5158
10.2556
10.9282
10.0000
9.8416
10.2925
9.3616
10.4223
9.6525
10.7145
9.4516
9.9957
10.5461
9.5569
10.4598
9.9983
9.8015
10.2147
9.9983
10.6044
10.2462
9.9678
10.4687
10.4764
10.0000
8.3127
10.6919
10.6917
9.8108
9.6922
10.0000
9.3279
9.8442
8.8145
10.1281
9.1877
10.4764
9.6272
9.7654
9.4604
9.7994

11.4641
10.4012
11.6569
11.6799
10.9282
11.5175
11.6569
11.6799
12.0000
11.6799
11.6799
11.9540
12.4721
13.4164
11.5175
11.6569
11.6569
9.3456
10.8990
11.6799
11.5175
11.5175
10.9282
12.0000
11.9540
11.6799
11.6569
12.4084
12.4721
11.6799
10.8990
11.6799
12.4721
11.9540
10.9282
10.4012
12.0000
10.0000
11.2111
11.6799
10.9282
11.5175
11.9540
11.6799
12.4721
11.6799
11.9540
11.5175
11.6799
11.6569
11.2111
9.2078
11.9540
12.4721
11.6799
11.6569
11.5175
10.1723
10.0000
9.2915
11.5175
11.6799
12.4721
11.9540
10.8990
12.0000
11.6569
10.6919
11.6799
10.9282
11.6799
12.4721
11.9540
11.2111
9.6608

40.3027
41.6731
39.3516
39.3516
39.3516
39.3516
39.3516
41.1069
38.7386
39.8610
39.8610
38.3865
38.0832
37.3772
38.0832
36.1733
36.1733
36.1733
39.2999
37.4900
36.1733
36.8064
39.3019
37.3772
33.5407
38.4907
35.5846
36.3311
36.8064
35.5846
35.5846
35.5846
33.5407
33.5407
35.5846
33.5407
30.0000
30.0000
36.2711
35.0329
32.9389
36.5649
32.7156
35.6959
34.4383
32.9389
34.0318
31.4295
32.9389
32.9389
30.0000
32.7156
27.4356
31.7699
29.3576
29.3576
31.7699
29.3576
32.7156
29.3576
33.5251
32.1914
31.2325
31.2325
31.7487
28.7617
30.5573
28.1108
30.0158
26.2337
30.0158
28.1108
28.1108
27.5959
26.2337
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90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112

3
3
3
3
5
4
3
4
3
3
3
4
3
3
3
3
2
5
4
3
3
3
2

4.8990
4.9817
7.6569
7.5646
6.1723
6.4852
6.2361
7.3425
7.4160
7.1917
7.5492
6.3246
7.2078
6.4721
6.6027
7.4659
8.0000
4.4721
5.8186
6.0000
6.8990
6.1154
6.9879

13.0000
13.0000
14.0000
14.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000

13.0000
13.0000
14.0000
14.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
12.0000
10.0000
10.0000
10.0000
10.0000
10.0000
10.0000

9.4031
9.6071
8.7446
10.3631
10.0000
10.4687
9.7169
9.3616
9.5516
9.6339
9.1407
9.6071
9.1548
8.7446
8.4352
9.6272
8.0000
10.0000
9.4931
9.6569
8.9786
8.8588
8.6632

10.3246
11.5175
10.4983
11.6799
10.9282
11.6799
13.4164
11.9540
11.6799
11.6569
11.5175
11.5175
11.6799
11.6569
11.9540
12.4721
12.0000
10.0000
11.5175
12.0000
11.7416
11.9540
11.6799

26.2337
27.7764
24.8924
26.2337
30.2410
28.4643
26.4391
27.0568
25.6724
25.6724
23.6205
27.3115
25.6724
25.6724
23.6205
23.6205
20.0000
26.7156
24.4709
22.9706
21.9426
21.9426
19.3693

IV. Bounds For The Energies For All The Graphs In Table 1
When maximum degree is 2:
1.

For graph number: 106
𝐸(𝐺) = 𝐶(𝐺) < 𝑆(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2. For graph number: 72, 89
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)
When maximum degree is 3:
1.

For graph number: 52
𝐸(𝐺) < 𝐶(𝐺) = 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2. For graph number: 72, 89
𝐸(𝐺) < 𝑆(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)
3.

For graph number: 96, 105, 109, 110, 111
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)

4.

For graph number: 46, 51, 65, 67, 69, 70, 74, 80, 82, 83, 84, 86, 87, 89, 90, 91, 92, 93, 98, 99, 100, 102,
103, 104
𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

When maximum degree is 4:
1.

For graph number: 9, 73
𝐸(𝐺) < 𝐶(𝐺) = 𝑆(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2.

For graph number: 14, 32, 66
𝐸(𝐺) < 𝑆(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

3.

For graph number: 108
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)

4.

For graph number: 17, 18, 20, 23, 26, 27, 29, 30, 31, 34, 35, 39, 41, 42, 44, 45, 47, 48, 49, 50, 54, 55, 57,
59, 60, 62, 63, 64, 68, 71, 76, 77, 78, 81, 85, 88, 95, 97,101
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𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)
When maximum degree is 5:
1.

For graph number: 1
𝐸(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) = 𝐶(𝐺) = 𝑆(𝐺) < 𝑀𝐷(𝐺)

2.

For graph number: 3, 5, 7, 8, 10, 12, 13, 15, 19, 21, 22, 24, 25, 28, 33, 36, 40, 43, 53, 56, 58, 61, 75, 79, 94
𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

3.

For graph number: 2, 4, 37
𝐸(𝐺) < 𝐶(𝐺) = 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

4.

For graph number: 6, 11, 16
𝐸(𝐺) < 𝑆(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

5.

For graph number: 107
𝐸(𝐺) < 𝐶(𝐺) = 𝑆(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

V. Bounds For The Energies For Pendent Graphs In Table 1
When maximum degree is 2:
1.

For graph number:112
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)

When maximum degree is 3:
1.

For graph number: 65, 80, 82, 83, 86, 87, 90, 91, 98, 99, 100, 102, 103, 104
𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2.

For graph number: 96, 105, 109, 111
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)

When maximum degree is 4:
1.

For graphnumber: 20, 34, 35, 39, 54, 55, 57, 59, 60, 63, 64, 76, 77, 78, 81, 85, 95, 97, 101
𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2.

For graph number: 108
𝐸(𝐺) < 𝐶(𝐺) < 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑆(𝐺) < 𝑀𝐷(𝐺)

When maximum degree is 5:
1.

For graph number: 10, 19, 33, 38, 53, 56, 58, 75, 79, 94
𝐸(𝐺) < 𝐶(𝐺) < 𝑆(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) < 𝑀𝐷(𝐺)

2.

For graph number: 107
𝐸(𝐺) < 𝐶(𝐺) = 𝐿(𝐺) = 𝐿+ (𝐺) = 𝑆(𝐺) < 𝑀𝐷(𝐺)
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VI. `Conclusion
Graph energy can be applied in various fields and real world problems. In this paper, we have done a
comparative study of few energies for all the 112 connected graphs and the pendent graphs in the 112 connected
graphs. These graphs are connected on 6 vertices and ordered lexicographically in non-increasing order. From
the above study, we can see the variation in energy according to the degree and the type of graph. We also
observed that the Laplacian Energy and Signless Laplacian Energy are equal. The Maximum Degree Energy
dominates when compared to the other energies.
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Abstract: In this paper, a Modified Index Method for solving the Fuzzy Linear Complementarity Problem
(FLCP) is recommended. The procedure for solving the Fuzzy Quadratic Programming Problem (FQP) is
also proposed. In FQP the cost coefficients, constraint coefficients and the right hand side coefficients are
represented by triangular fuzzy numbers. The Fuzzy Quadratic Programming Problem is reduced into a
Fuzzy Linear Complementarity Problem (FLCP) using the KKT conditions and Modified Index method is
proposed to solve the formulated model. The effectiveness of the projected method is illustrated by means of
an example.
Keywords: Fuzzy Linear Complementarity Problem, Triangular fuzzy numbers, Fuzzy Quadratic
Programming Problem, Modified Index method.
I. Introduction
The Linear Complementarity Problem (LCP) is a general problem which unifies linear, quadratic programs and
bimatrix games. The study of LCP has led to many far reaching benefits. Given the n×n matrix M and the ndimensional column vector q, the Linear Complementarity Problem (LCP) consists of finding non – negative
unknown vectors w and z which satisfying,
w – Mz = q
(1.1)
wi, zi ≥ 0, for i = 1,2,…n
(1.2)
and
wizi = 0, for i = 1,2,…n
(1.3)
Given the non negativity of the vectors w and z, (1.3) requires that wizi = 0 for i = 1,2,…,n. Two such vectors are
said to be complementarity. A solution (w,z) to the LCP is called a complementarity feasible solution. In linear
complementarity problem there is no objective function is to be optimized.
The LCP is one of the most commonly studied problems of mathematical programming. Quadratic
Programming and LCP are examined and applied in many areas of operations research. Several methods were
developed for solving Linear Complementarity Problems. Those methods utilize different pivot rules. Note that
there also exist several non-pivot methods. Kozlov et al. [9] gave a polynomial method for QP by generalizing
the ellipsoid method for this problem. Nowadays several papers appear presenting polynomial time interior
point methods for QP and LCP [8]. Morris and Todd [10] gave a combinatorial generalization of QP and LCP
by formulating the QP problem and LCP of oriented matroids.
In 2012 [12], Nagoor gani, A., and Arun Kumar. C. discussed to solve the linear complementarity problems in
fuzzy environment by index method. In 1968 [11], Lemke proposed a complementarity pivoting algorithm for
solving complementarity problems. In this paper, we proposed the new method to solve the Fuzzy Quadratic
Programming Problem (FQP) using Linear Complementarity Approach. In FQP, cost coefficients, constraint
coefficients and the right hand side coefficients are represented by triangular fuzzy numbers. Here, we use the
fuzzy concept, when the uncertainty situation arises. The KKT condition is used to convert the given Fuzzy
Quadratic Programming Problem into a Fuzzy Linear Complementarity Problem. Then the FLCP is solved using
the Modified Index Method.
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The paper is organized as follows: Section 2 provides some basic idea about the triangular fuzzy number and its
arithmetic operation. Fuzzy Linear Complementarity Problem is described in Section 3. Section 4 deals with a
Modified Index Method for solving a fuzzy linear complementarity problem. In section 5, the effectiveness of
the proposed method is illustrated by an example. In section 6, the procedure for convert the fully FQPP into
fully FLCP is suggested and the solution of the given FQPP is obtained. Finally, we conclude the paper.
II. Preliminaries
2.1 Fuzzy Set
A fuzzy set Ã is defined by Ã= {(x, A(x)): xA, A(x)[0,1] }. In the pair (x, A(x)), the first element x
belong to the classical set A, the second element A(x) belong to the closed interval [0, 1] called Membership
function.
2.2 Fuzzy Number
The notion of fuzzy numbers was introduced by Dubois D. and Prade H. A fuzzy subset 𝐴̃ of the real line R with
membership function 𝜇𝐴̃ : 𝑅 → [0,1] is called a fuzzy number if
i)
A fuzzy set 𝐴̃ is normal.
ii)
𝐴̃ is fuzzy convex,
(i.e.) 𝜇𝐴̃ [𝜆𝑥1 + (1 − 𝜆)𝑥2 ] ≥ 𝜇𝐴̃ (𝑥1 ) ∧ 𝜇𝐴̃ (𝑥2 ), 𝑥1 , 𝑥2 ∈ 𝑅, ∀𝜆 ∈ [0,1].
iii)
𝜇𝐴̃ is upper continuous, and
iv)
Supp 𝐴̃ is bounded, where supp 𝐴̃ = {𝑥 ∈ 𝑅: 𝜇𝐴̃ (𝑥) > 0}.
2.3 Triangular Fuzzy number
The triangular fuzzy number can be denoted as 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 ), where a2 is the central value, 𝜇𝐴̃ (𝑎2 )=1,such
that a1<a2<a3 are defined in R. The α cut of a Triangular fuzzy number is, 𝐴̃𝛼 = [(a2 − a1)α + a1, −(a3 − a2)α + a3].
The membership function 𝜇𝐴̃ (𝑥) is given by,
𝑥 − 𝑎1
, 𝑎 ≤ 𝑥 ≤ 𝑎2
𝑎2 − 𝑎1 1
𝜇𝐴̃ (𝑥) = 𝑎3 − 𝑥
, 𝑎 ≤ 𝑥 ≤ 𝑎3
𝑎3 − 𝑎2 2
{ 0,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
2.4 The Fuzzy Arithmetic Operations on Triangular Fuzzy Number under Function Principle
Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 ) and 𝐵̃ = (𝑏1 , 𝑏2 , 𝑏3 ) are two triangular fuzzy numbers with the condition that
𝑎1 ≤ 𝑎2 ≤ 𝑎3 𝑎𝑛𝑑 𝑏1 ≤ 𝑏2 ≤ 𝑏3 . Then the fuzzy arithmetic operations under function principle is given by,
i)
The addition of 𝐴̃ 𝑎𝑛𝑑 𝐵̃ is
𝐴̃ + 𝐵̃ = (𝑎1 + 𝑏1 , 𝑎2 + 𝑏2 , 𝑎3 + 𝑏3 ) where 𝑎1 , 𝑎2 , 𝑎3 , 𝑏1 , 𝑏2 , 𝑏3 are real numbers.
ii)
The product of 𝐴̃ 𝑎𝑛𝑑 𝐵̃ is
𝐴̃ × 𝐵̃ = (𝑐1 , 𝑐2 , 𝑐3 ), where T = {𝑎1 𝑏1 , 𝑎2 𝑏2 , 𝑎3 𝑏3 }
c1 = min T, c2 = a2b2, c3 = max T
If 𝑎1 , 𝑎2 , 𝑎3 , 𝑏1 , 𝑏2 , 𝑏3 are all non zero positive real numbers, then
𝐴̃ × 𝐵̃ = (𝑎1 𝑏1 , 𝑎2 𝑏2 , 𝑎3 𝑏3 )
iii)
−𝐵̃ = (−𝑏3 , −𝑏2 , −𝑏1 )
Then the subtraction of 𝐵̃ from 𝐴̃ is
𝐴̃ − 𝐵̃ = (𝑎1 − 𝑏3 , 𝑎2 − 𝑏2 , 𝑎3 − 𝑏1 ), where 𝑎1 , 𝑎2 , 𝑎3 , 𝑏1 , 𝑏2 , 𝑏3 are real numbers.
1
1 1 1
𝐴̃
𝑎 𝑎 𝑎
iv)
= 𝐵̃ −1 = ( , , ), where 𝑏1 , 𝑏2 , 𝑏3 are all non zero real numbers, then = ( 1 , 2 , 3 ).
𝐵̃

v)

𝐵̃

𝑏3 𝑏2 𝑏1

Let 𝛼 ∈ 𝑅, then 𝛼𝐴̃ = (𝛼𝑎1 , 𝛼𝑎2 , 𝛼𝑎3 )𝑖𝑓 𝛼 ≥ 0
= (𝛼𝑎3 , 𝛼𝑎2 , 𝛼𝑎1 )𝑖𝑓 𝛼 < 0

𝑏3 𝑏2 𝑏1

2.5 Graded Mean Integration Representation Method
Defuzzification is a process of transforming fuzzy values to crisp values. Defuzzification methods have been
widely studied for some years and were applied to fuzzy systems. The major idea behind these methods was to
obtain a typical value from a given set according to some specified characters. Defuzzification method provides
a correspondence from the set of all fuzzy sets into the set of all real numbers.
Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 ) be a triangular fuzzy number, then the defuzzified value 𝐴̃ using the graded mean
integration representation method [3] is given by
𝑃(𝐴̃) =
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This method is also used to ranking the triangular fuzzy numbers to choose which is minimum and maximum.

III. Fuzzy Linear Complementarity Problem (FLCP)
Given a real nxn square matrix M and a nx1 real vector q, then the linear complementarity problem denoted by
LCP(q,M) is to find real nx1 vector w, z such that
w-Mz = q

(3.1)

wj ≥0,zj ≥0 , for j = 1,2,3,………n

(3.2)

wjzj = 0 ,

(3.3)

for j = 1,2,3,………n

Here the pair (wj,zj) is said to be a pair of complementary variables.
A solution (w, z) to the above system is called a complementary feasible solution, if (w, z) is a basic feasible
solution to (3.1) and (3.2) with one of the pair (wj,zj) is basic for j = 1, 2, 3,…n.
If q ≥ 0, then we immediately see that w = q, z = 0 is a solution to the linear complementarity problem.
If however, q  0 , we consider the related system
w- Mz – ez0 = q
(3.4)
wj ≥0, zj ≥0, z0≥0, j = 1, 2, 3,………n
(3.5)
wjzj = 0, j = 1, 2, 3,………n
(3.6)
where z0 is an artificial variable and e is an n-vector with all components equal to one. Letting
z0 = maximum {-qi / 1≤ i ≤ n}, Z = 0, and w = q + ez 0, we obtain a starting solution to the above system. Lemke’s
algorithm attempts to drive z0 to level zero, thus obtaining a solution to the linear complementarity problem (LCP).
Assume that all parameters in (3.1) - (3.3) are fuzzy and are described by triangular fuzzy numbers. Then, the
following fuzzy linear complementarity problem can be obtained by replacing crisp parameters with fuzzy numbers.
̃ 𝑧̃ = 𝑞̃
𝑤
̃ −𝑀
𝑤
̃𝑗 ≥ 0, 𝑧̃𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛
𝑤
̃𝑗 𝑧̃𝑗 = 0, 𝑗 = 1,2, … , 𝑛
The pair (𝑤
̃𝑗 𝑧̃𝑗 ) is said to be a pair of fuzzy complementarity variables.
IV. Modified Index Method
Step 1:
Initialization:
̃ 0 ) = (𝑞̃, 𝑀
̃ ). Set v = 0.
Input (𝑞̃ 0 , 𝑀
Step 2:
Test for Termination:
̃ 𝑣 ). That is (𝑤
If 𝑞̃ 𝑣 ≥ 0, then stop. 𝑧̃ 𝑣 = 0 solves (𝑞̃ 𝑣 , 𝑀
̃, 𝑧̃) = (𝑞̃, 0).
Step 3:
Choose Pivot Row:
(i)
Leaving Variable Selection:
Choose the index k, so that, 𝑘 = min{𝑖/𝑞̃𝑖𝑣 < 0}. If there is no k, then Stop. A feasible complementarity solution
found.
(ii)
Entering Variable selection:
Diagonal Pivot:
If, mkk<0, then make a diagonal pivot and repeat the procedure.
If, mkk = 0, select an exchange pivot.
Exchange Pivot:
If, mkk = 0, then, 𝑟 = min(𝑗: 𝑚𝑘𝑗 < 0 𝑜𝑟 𝑚𝑗𝑘 > 0)
If there is no r, then Stop. LCP is infeasible.
If there is an r, then make an exchange pivot on (r,k) & (k,r) and repeat the procedure.
V. Numerical Example
̃ ), with triangular fuzzy number is,
Consider the Fuzzy Linear Complementarity Problems(𝑞̃, 𝑀
(1.75,2,2.25) (0.75,1,1.25) (0.75,1,1.25)
̃ = ((0.75,1,1.25) (1.75,2,2.25) (0.75,1,1.25)),
𝑀
(0.75,1,1.25) (0.75,1,1.25) (1.75,2,2.25)
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(−4.25, −4, −3.75)
𝑞̃ = ((−5.25, −5, −4.75))
(−1.25, −1, −0.75)
The above problem can be written in the simplex table format.
Basic
𝑤
̃1
𝑤
̃2
𝑤
̃3
𝑧̃1
𝑧̃2
𝑧̃3
𝑞̃
Variables
(0.75,1,1.25) (0,0,0) (0,0,0) (-2.25,-2,-1.75) (-1.25,-1,-0.75) (-1.25,-1,-0.75)
(-4.25,-4,-3.75)
𝑤
̃1
(0,0,0) (0.75,1,1.25) (0,0,0) (-1.25,-1,-0.75) (-2.25,-2,-1.75) (-1.25,-1,-0.75)
(-5.25,-5,-4.75)
𝑤
̃2
(0,0,0) (0,0,0) (0.75,1,1.25) (-1.25,-1,-0.75) (-1.25,-1,-0.75) (-2.25,-2,-1.75)
(-1.25,-1,-0.75)
𝑤
̃3
(0.75,1,1.25) (-3.76,-2,-1.05) (0,0,0) (-1.2,0,2) (1.25,3,6) (-0.2,1,3)
(2.45,6,12.1)
𝑤
̃1
(0,0,0) (-1.67,-1,-0.6) (0,0,0) (0.6,1,1.67) (1.4,2,3) (0.6,1,1.67)
(3.8,5,7)
𝑧̃1
(0,0,0) (-2.1,-1,-0.45) (0.75,1,1.25) (-0.8,0,1.4) (-0.2,1,3) (-1.8,-1,0.35)
(1.65,4,8)
𝑤
̃3
(0.13,0.33,1) (-3,-0.67,-0.18) (0,0,0) (-0.96,0,1.6) (0.21,1,2.9) (-0.2,0.33,2.4)
(0.41,2,9.7)
𝑧̃2
(-3,-0.67,-0.18) (-1.42,0.34,8.4) (0,0,0) (-4.2,1,4.57) (-7.3,0,2.7) (-6.6,0.33,1.07) (-5.3,1,6.4)
𝑧̃1
(-3,-0.33,0.2)(-2.7,-0.33,8.6) (0.75,1,1.25) (-5.6,0,4.3) (-8.9,0,3.6) (-9,-1.33,0.95) (-7.5,2,10)
𝑤
̃3
Hence the optimal solution of the given fuzzy linear complementarity problem is given by,
(𝑤
̃1 , 𝑤
̃2 , 𝑤
̃3 : 𝑧̃1 , 𝑧̃2 , 𝑧̃3 ) = ((0,0,0), (0,0,0), (−7.5,2,10): (−5.3,1,6.4), (0.41,2,9.7), (0,0,0))
VI. Application
Procedure for convert the Fuzzy Quadratic Programming Problem (FQPP) into Fuzzy Linear
Complementarity Problem (FLCP)
Let us consider the following FQPP,
1
̃𝑋̃
𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑓̃(𝑋̃) = 𝐶̃ 𝑋̃ + 𝑋̃ 𝑇 𝐻
2
Subject to the constraints
𝐴̃𝑋̃ ≤ 𝑏̃
𝑋̃ ≥ 0.
̃
̃
̃ is an nxn fuzzy
where 𝐶 is an n – vector of fuzzy numbers, 𝑏 is an m – vector, 𝐴̃ is an mxn fuzzy matrix and 𝐻
̃
symmetric matrix. Let 𝑌 denote the vector of slack variables and 𝑢̃, 𝑣̃ be the Lagrangian multiplier vectors of the
constraints 𝐴̃𝑋̃ ≤ 𝑏̃ 𝑎𝑛𝑑 𝑋̃ ≥ 0, respectively. The Kuhn – Tucker conditions can then be written as,
𝐴̃𝑋̃ + 𝑌̃ = 𝑏̃
̃𝑋̃ − 𝐴̃𝑇 𝑢̃ + 𝑣̃ = 𝐶̃
−𝐻
𝑋̃ 𝑇 𝑣̃ = 0, 𝑢̃𝑇 𝑌̃ = 0
𝑋̃, 𝑌̃, 𝑢̃, 𝑣̃ ≥ 0.
Now,
̃
𝑢̃
̃ = [ 0̃ −𝐴̃] , 𝑞̃ = [𝑏̃] , 𝑤
𝑀
̃ = [𝑌] 𝑎𝑛𝑑 𝑍̃ = [ ̃ ]
̃
𝑋
𝑣̃
𝐴̃𝑇 𝐻
𝑐̃
The Kuhn – Tucker conditions can be expressed as the FLCP is given by,
̃ −𝑀
̃ 𝑍̃ = 𝑞̃
𝑊
𝑇̃
̃
𝑊 𝑍=0
̃ , 𝑍̃) ≥ 0.
(𝑊
6.1 Illustrative Example
Consider the following Fuzzy Quadratic Programming Problem (FQPP)
Minimize 𝑓̃ = −4̃𝑥̃1 + 𝑥̃12 − 2̃𝑥̃1 𝑥̃2 + 2̃𝑥̃22
Subject to the constraints,
2̃𝑥̃1 + 𝑥̃2 ≤ 6̃
𝑥̃1 − 4̃𝑥̃2 ≤ 0̃
𝑥̃1 , 𝑥̃2 ≥ 0̃.
Here
̃
̃
̃ = [ 2̃ −2̃] , 𝑏̃ = [6̃] , 𝑐̃ = [−4̃]
𝐴̃ = [2 1 ] , 𝐻
1̃ −4̃
−2̃ 4̃
0̃
0̃
For solving the above FQPP, we first reduce it into the following interval number quadratic programming
problem by taking different α – cuts.
When α = 1, the given model can be written as,
Minimize f = [-4, -4] X1 + [1, 1] X12 + [-2, -2] X1 X2 + [2, 2] X22
Subject to the constraints,
ICOMAC 2019-134; © 2019, AIJRSTEM All Rights Reserved

Page 350

Gani and Kumar, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 347-353.

[2, 2] X1 + [1, 1] X2 ≤ [6, 6]
[1, 1] X1 + [-4, -4] X2 ≤ [0, 0]
X1, X2 ≥ 0.
Now, the interval number quadratic programming problem is converted into a linear complementarity problem
and hence solved by the proposed method.
The above problem can be written in the simplex table format.
Basic Vector
𝑤
̃1
𝑤
̃2
𝑤
̃3
𝑤
̃4
𝑧̃1
𝑧̃2
𝑧̃3
𝑧̃4
𝑞̃
𝑤
̃1
𝑤
̃2
𝑤
̃3
𝑤
̃4

[1,1]
[0,0]
[0,0]
[0,0]

𝑤
̃1
𝑤
̃2
𝑧̃3
𝑤
̃4

[1,1] [0,0] [1,1] [0,0]
[0,0] [1,1] [0.5,0.5] [0,0]
[0,0] [0,0] [-0.5,-0.5] [0,0]
[0,0] [0,0] [1,1] [1,1]

𝑤
̃1
𝑧̃2
𝑧̃3
𝑤
̃4

[1,1]
[0,0]
[0,0]
[0,0]

[0,0]
[1,1]
[0,0]
[0,0]

[0,0]
[0,0]
[1,1]
[0,0]

[0,0]
[0,0]
[0,0]
[1,1]

[0,0]
[0,0]
[-2,-2]
[-1,-1]

[2,2]
[1,1]
[-2,-2]
[2,2]

[1,1]
[-4,-4]
[2,2]
[-4,-4]

[6,6]
[0,0]
[-4,-4]
[0,0]

[-2,-2] [-1,-1] [0,0]
[-1,-1] [-0.5,-0.5] [0,0]
[1,1] [0.5,0.5] [1,1]
[-3,-3] [3,3]
[0,0]

[3,3]
[-3,-3]
[-1,-1]
[-2,-2]

[2,2]
[-2,-2]
[2,2]
[-4,-4]

[-2,-2] [0,0] [0,0] [0,0]
[-2,-2] [-1,-1] [0,0] [2,2]
[1,1] [0,0]
[0,0] [0,0]
[6,6] [4,4]
[1,1] [-9,-9]

[0,0]
[0,0]
[-1,-1]
[4,4]

[0,0] [0,0] [9,9]
[1,1] [0,0] [6,6]
[0,0] [1,1] [-4,-4]
[0,0] [0,0] [-20,-20]

[6,6]
[4,4]
[0,0]
[-16,-16]

𝑤
̃1
𝑧̃2
𝑧̃3
𝑧̃4

[1,1] [0.7,0.7] [1.8,1.8] [0.45,0.45] [-4.05,-4.05] [0,0] [0,0] [0,0]
[0,0] [-0.2,-0.2] [0.2,0.2] [0.3,0.3] [-0.7,-0.7] [1,1] [0,0] [0,0]
[0,0] [-0.2,-0.2] [-0.8,-0.8] [-0.2,-0.2] [1.8,1.8] [0,0] [1,1] [0,0]
[0,0] [-0.3,-0.3] [-0.2,-0.2][-0.05,-0.05][0.45,0.45][0,0][0,0][1,1]

[-1.2,-1.2]
[-0.8,-0.8]
[3.2,3.2]
[0.8,0.8]

𝑤
̃1
𝑧̃1
𝑧̃3
𝑧̃4

[1,1] [1.86,1.86] [0.64,0.64] [-1.29,-1.29] [0,0] [5.79,5.79] [0,0][0,0]
[0,0][0.29,0.29][-0.29,-0.29][-0.43,-0.43][1,1][-1.43,-1.43][0,0][0,0]
[0,0][-0.71,-0.71][-0.29,-0.29][0.57,0.57][0,0][2.57,2.57][1,1][0,0]
[0,0][-0.43,-0.43][-0.07,-0.07][0.14,0.14][0,0][0.64,0.64][0,0][1,1]

[3.43,3.43]
[1.14,1.14]
[1.14,1.14]
[0.29,0.29]

𝑤
̃2
𝑧̃1
𝑧̃3
𝑧̃4

[0.54,0.54] [1,1] [0.35,0.35] [-0.69,-0.69] [0,0] [-3.12,-3.12][0,0][0,0]
[-0.15,-0.15][0,0][-0.38,-0.38][-0.23,-0.23][1,1][-0.54,-0.54][0,0][0,0]
[0.38,0.38] [0,0] [-0.04,-0.04] [0.08,0.08] [0,0] [0.35,0.35] [1,1] [0,0]
[0.23,0.23] [0,0] [0.08,0.08] [-0.15,-0.15] [0,0] [-0.69,-0.69][0,0][1,1]

[1.85,1.85]
[0.62,0.62]
[2.46,2.46]
[1.08,1.08]

Hence the optimal solution of the given FQPP is X1=[2.46,2.46], X2=[1.08,1.08] and
Minimize f = [-6.769, -6.769].
Results obtain by different levels of α – cut
α
0
0.25
0.50
0.75
1

X1
[-2245,2798]
[-1354,1900]
[-578,652]
[-67,86.2]
[2.46,2.46]

X2
[-218,252]
[-152,194]
[-72.3,87.4]
[-15.1,21.5]
[1.08,1.08]
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The Excel Output for the following above Results obtain by different levels of α – cut are given by,
For X1

For X2

1.2

1.2

1

1

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0
-4000

-2000

0

2000

0

4000

-400

-200

0

200

400

For Objective Function

VII. Conclusion
In this paper, a new approach for solving a fully fuzzy quadratic programming problem by fuzzy linear
complementarity problematic approach is recommended. The Procedure for convert the Fuzzy Quadratic
Programming Problem (FQPP) into Fuzzy Linear Complementarity Problem (FLCP) is suggested. Here, The
Modified Index Method is proposed to solve the given FLCP and FQPP with triangular fuzzy number. Different
levels of 𝛼 cuts are shows the power of the proposed algorithm.
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I.

Introduction

The concept of Fuzzy set was introduced by Zadeh [8] A.Arunkumar, S.Murthy, G.Ganapathy [1] introduced
Determinant For Non-Square Fuzzy Matrices. In 1995 Ragab.M.Z and Eman [2] introduced the determinant and
adjoint of Square Fuzzy Matrices. Nagoorgani.A and Kalyani.G.[3] Introduced the Binormed sequences in fuzzy
matrices .Nagoorgani A. and Manikandan A.R. [4] Introduced on Fuzzy Determinant norm Matrices.
AR.Meenakshi [5] introduced some concept of matrices theory and applications in Fuzzy Matrices. Dennis
.Bernstein [6] introduced compatible norm in Matrix Mathematics Theory, Facts and Formulas. A.K. Shymal and
Madhumangal Pal [7] properties of triangular Fuzzy matrices. In this paper, the Concept NSFM with Compatible
norm is discussed. In section 1, some basic definitions and properties are given. In section 3, the purpose of
introduction Determinant for NSFM are explained in ℱ𝓂𝓃 . In section 4, some properties of NSFM are given .In
section 5, compatible norm used for two NSFM multiplication.
II.

Preliminaries

We consider ℱ = [0,1] the fuzzy algebra with operator [+,∙] and the standard order ̒ ̒ ≤ ” where
𝑎 + 𝑏 = 𝑚𝑎𝑥 {𝑎, 𝑏 },𝑎 ∙ 𝑏 = 𝑚𝑖𝑛 {𝑎, 𝑏} for all a,b in ℱ . ℱ is a commutative semiring with additive and
multiplicative identities 0 and 1 respectively . Let ℱ𝓂𝓃 denote the set of all 𝓂 × 𝓃 NSFM over ℱ𝓂𝓃 . In short
ℱ𝓂𝓃 is the set of NSFM of order𝓂 × 𝓃 define “ + ” and Scalar Multiplication in ℱ𝓂𝓃 as 𝐴 + 𝐵 = [𝑎𝑖𝑗 + 𝑏𝑖𝑗 ]
where 𝐴 = [𝑎𝑖𝑗 ] and 𝐵 = [𝑏𝑖𝑗 ] and 𝑐𝐴 = [𝑐𝑎𝑖𝑗 ]
where 𝑐 is in [0,1] with these operations ℱ𝓂𝓃 Forms a linear space. NSFM Multiplication is number of column in
the first Matrix must be equal to the number of rows in the second matrix with these operations ℱ𝓂𝓃 forms a
linear space.
III.

Determinant For Non-Square Fuzzy Matrices

(i)Definition :
An 𝓂 × 𝓃 matrix 𝐴 =[𝑎𝑖𝑗 ] whose components are in the unit interval [0,1] is called fuzzy matrix.
(ii)Definition :
The determinant |𝐴| of an 𝓃 × 𝓃 fuzzy matrix A is defined as follows; |𝐴|=∑σ∈Sn a1σ(1) a 2σ(2) … a nσ(n) Where
Sn denotes the symmetric group of all permutations of the indices (1,2 … . 𝑛).
(iii)Definition :
A Non-Square fuzzy matrix [NSFM] 𝐴 = [𝑎𝑖𝑗 ] of order 𝓂 × 𝓃 overℱ𝓂𝓃 If 𝓃 > m then the matrix 𝐴 is called
horizontal Non-Square fuzzy matrix. Otherwise 𝐴 is called Vertical Non Square fuzzy matrix.
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(iv)Definition :
To every Non-Square fuzzy matrix [NSFM] 𝐴 = [𝑎𝑖𝑗 ] of order 𝓂 × 𝓃 over ℱ𝓂𝓃 with entries as unit interval
[0,1] Determinant |𝐴| of 𝓂 × 𝓃 over ℱ𝓂𝓃
fuzzy matrix 𝐴 is defined as follows.
|𝐴|=∑σ∈Sn a1σ(1) a 2σ(2) … a mσ(n) (where Sn denotes 𝓂𝓃 ).
Case(i): If 𝐴 = [ 𝑎11 𝑎12 𝑎13 . . . . 𝑎1𝑛 ] then its |𝐴|= 𝑎11 𝑎12 𝑎13 . . . . 𝑎1𝑛 = ∑𝑛𝑖=1 𝑎 1i
Case (ii):
𝑎11
𝑎
𝑚
21 ] then its |𝐴|= 𝑎
If A =[ …
11 𝑎21 . . . . 𝑎𝑚1 =∑𝑖=1 𝑎𝑖1
𝑎𝑚1
Case (iii):
𝑎1𝑖 𝑎2𝑖
𝑎
𝑎12 … 𝑎1𝑛
𝑛
If A =[ 11
] then its |𝐴|= ∑𝑛−1
𝑖=1 ∑𝑗=𝑖+1 |𝑎1𝑗
𝑎2𝑗 |
𝑎21 𝑎22 … 𝑎2𝑛
Case (iv):
𝑎11 𝑎12
𝑎𝑖1 𝑎𝑖2
𝑎
𝑎22 ] then its |𝐴|= ∑𝑚−1 ∑𝑚
21
If A=[ …
…
𝑖=1
𝑗=𝑖+1 |𝑎𝑗1
𝑎𝑗2 |
𝑎𝑚1 𝑎𝑚2
(v)Definition :
The NSFM |𝐴|=[𝑎𝑖𝑗 ] be the order 𝓂 × 𝓃 overℱ𝓂𝓃 .If the order 𝓂 × 𝓃 ≥ 3 .The minor of arbitrary element a ij
is the determinant of the value.
(vi)Definition : Non Square fuzzy matrices of minor:
The NSFM A= (𝑎𝑖𝑗 ) be the order of 𝓂 × 𝓃 overℱ𝓂𝓃 .The minor of an element aij in
det |𝐴|is the order (𝑚 − 1) × (𝑛 − 1). NSFM formed by deleting i-th row and the j-th column from 𝐴=(𝑎𝑖𝑗 )
denoted by 𝑀𝑖𝑗 .
(vii)Definition : Cofactor:
The NSFM 𝐴=(𝑎𝑖𝑗 ) be the order of 𝓂 × 𝓃 overℱ𝓂𝓃 . The Cofactor of an element 𝑎𝑖𝑗 is denoted by 𝐴𝑖𝑗 and is
defined as 𝐴𝑖𝑗 = (1)i+j𝑀𝑖𝑗 .
(viii)Definition :
a11 a12 a13 … a1n
Let A = [a 21 a 22 a 23 … a 2n ] then its
a 31 a 32 a 33 … a 3n
Determinant is defined
|𝐴|= 𝑎11 𝑀11 + 𝑎12 𝑀12 + . . . . . +𝑎1𝑛 𝑀1𝑛
|𝐴|=∑ni=1 𝑎1𝑖 𝑀1𝑖 .
(ix)Definition :
a11 a12 a13
a 22 a 23 ]
21
Let A = [ a…
…
…
a m1 a m2 a m3
|𝐴|= 𝑎11 𝑀11 + 𝑎21 𝑀21 + . . . . . +𝑎𝑚1 𝑀𝑚1
|𝐴|=∑m
i=1 𝑎𝑖1 𝑀𝑖1 .
(x)Theorem :
The value of the NSFM determinant |A| = (aij) be the order 𝓂 × 𝓃 overℱ𝓂𝓃 unchanged . When we
interchanged rows into columns and columns into rows that is |𝐴|= |𝐴𝑇 |for any Non-Square Fuzzy matrix A.
Proof:
a11 a12 a13 a14
a
Consider the Matrix A =[ 21 a 22 a 23 a 24]
a 31 a 32 a 33 a 34
By the definition (viii) of |𝐴|we have
|𝐴|= 𝑎11 𝑀11 + 𝑎12 𝑀12 + 𝑎13 𝑀13 + 𝑎14 𝑀14
a 22 a 23
a 22 a 24
a 23 a 24
= a11{|a
| + |a
| + |a
|}
32 a 33
32 a 34
33 a 34
a 21 a 23
a 21 a 23
a 23 a 24
+ a12{|a
| + |a
| + |a
|}
31 a 33
31 a 33
33 a 34
𝑎21 𝑎23
𝑎21 𝑎24
𝑎22 𝑎24
+a13{|𝑎
𝑎33 | + |𝑎31 𝑎34 | + |𝑎32 𝑎34 |}
31
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𝑎21
+a14{|𝑎

𝑎22
𝑎21 𝑎23
𝑎22 𝑎23
𝑎32 | + |𝑎31 𝑎33 | + |𝑎32 𝑎33 |}
= 𝑎11 {(𝑎22 𝑎33 + 𝑎23 𝑎32 ) + (𝑎22 𝑎34 + 𝑎24 𝑎32 ) + (𝑎23 𝑎34 + 𝑎24 𝑎33 )} + 𝑎12 {(𝑎21 𝑎33 + 𝑎23 𝑎31 ) +
(𝑎21 𝑎34 + 𝑎24 𝑎31 ) + (𝑎23 𝑎34 + 𝑎24 𝑎33 )} + 𝑎13 {(𝑎21 𝑎33 + 𝑎23 𝑎31 ) + (𝑎21 𝑎34 + 𝑎31 𝑎24 ) +
(𝑎22 𝑎34 + 𝑎24 𝑎32 )} + 𝑎14 {(𝑎21 𝑎32 + 𝑎31 𝑎22 ) + (𝑎21 𝑎33 + 𝑎31 𝑎23 ) + (𝑎22 𝑎33 + 𝑎23 𝑎32 )}
31

------- 1
Let us interchange the rows and columns of A we have
𝑎11 𝑎21 𝑎31
𝑎
𝑎
𝑎
|𝐴𝑇 |=[𝑎12 𝑎22 𝑎32 ]
13
23
33
𝑎14 𝑎24 𝑎34
By the definition (ix) as defined we have
= 𝑎11 𝑀11 + 𝑎21 𝑀21 + 𝑎31 𝑀31 + 𝑎41 𝑀41
𝑎22 𝑎23
𝑎22 𝑎24
𝑎23 𝑎24
= 𝑎11 {|𝑎
𝑎33 | + |𝑎32 𝑎34 | + |𝑎33 𝑎34 |}
32
𝑎21 𝑎23
𝑎21 𝑎23
𝑎23 𝑎24
+𝑎12 {|𝑎
| + |𝑎
𝑎33 | + |𝑎33 𝑎34 |}
31 𝑎33
31
𝑎21 𝑎23
𝑎21 𝑎24
𝑎22 𝑎24
+𝑎13 {|𝑎
𝑎33 | + |𝑎31 𝑎34 | + |𝑎32 𝑎34 |}
31
𝑎21 𝑎22
𝑎21 𝑎23
𝑎22 𝑎23
+𝑎14 {|𝑎
𝑎32 | + |𝑎31 𝑎33 | + |𝑎32 𝑎33 |}
31
= 𝑎11 {(𝑎22 𝑎33 + 𝑎23 𝑎32 ) + (𝑎22 𝑎34 + 𝑎24 𝑎32 ) + (𝑎23 𝑎34 + 𝑎24 𝑎33 )} + 𝑎12 {(𝑎21 𝑎33 + 𝑎23 𝑎31 ) +
(𝑎21 𝑎34 + 𝑎24 𝑎31 ) + (𝑎23 𝑎34 + 𝑎24 𝑎33 )} + 𝑎13 {(𝑎21 𝑎33 + 𝑎23 𝑎31 ) + (𝑎21 𝑎34 + 𝑎31 𝑎24 ) +
(𝑎22 𝑎34 + 𝑎24 𝑎32 )} + 𝑎14 {(𝑎21 𝑎32 + 𝑎31 𝑎22 ) + (𝑎21 𝑎33 + 𝑎31 𝑎23 ) + (𝑎22 𝑎33 + 𝑎23 𝑎32 )}.
-------- 2
From equation (1) and (2) we obtain proof of the theorem.
(A). Example :
0.5 0.0 0.4 0.6
If 𝐴 =[0.1 0.9 0.7 0.5]
0.8 0.3 0.5 0.2
0.9 0.7
0.9 0.5
0.7 0.5
|𝐴|= 0.5{|
|+|
|+|
|}
0.3 0.5
0.3 0.2
0.5 0.2
0.1 0.7
0.1 0.5
0.7 0.5
+0.0{|
|+|
|+|
|}
0.8 0.5
0.8 0.2
0.5 0.2
0.1 0.9
0.1 0.5
0.9 0.5
+0.4{|
|+|
|+|
|}
0.8 0.3
0.8 0.2
0.3 0.2
0.1 0.9
0.1 0.7
0.9 0.7
+0.6{|
|+|
|+|
|}
0.8 0.3
0.8 0.3
0.3 0.5
|𝐴| = 0.6.
In a similarily we prove the following properties:
(xi)Theorem :
If any two rows of horizontal NSFM determinant be the order 𝓂 × 𝓃 over ℱ𝓂𝓃 are interchanged, then
horizontal NSFM determinant numerical value is unaltered.
(xii)Theorem :
If any two coloumns of vertical NSFM determinant the order 𝓂 × 𝓃 overℱ𝓂𝓃 are interchanged, then vertical
NSFM determinant numerical value is unaltered.
IV.

Properties of Determinant for Non-Square Fuzzy Matrices

(xiii)Theorem :
For any three matrices A,B,C are NSFM of the same order 𝓂 × 𝓃 over ℱ𝓂𝓃 .The set ℱ𝓂𝓃 is a fuzzy vector
space under the operations defined as A+B=(max {𝑎𝑖𝑗 , 𝑏𝑖𝑗 }) , A+B+C = max(𝑎𝑖𝑗 , 𝑏𝑖𝑗 , 𝑐𝑖𝑗 ) and αA = min(α,𝑎𝑖𝑗 )
,βB = min(β, 𝑏𝑖𝑗 ) . We have |𝐴|=[𝑎𝑖𝑗 ] , |𝐵|=[𝑏𝑖𝑗 ] ,
|𝐶|=[𝑐𝑖𝑗 ] ∈ ℱ𝓂𝓃 and α,β ∈ ℱ.Since ℱ = [0,1] ,α,β in[0,1] and [α+β] in [0,1].
Proof:
For NSFM of A,B,C ∈ ℱ𝓂𝓃
Case (i): |𝐴 + 𝐵|= |𝐵 + 𝐴|
(Commutative Property)
Case (ii): |𝐴 + (𝐵 + 𝐶)| = |(𝐴 + 𝐵) + 𝐶|
(Associative Property)
Case (iii): |𝐴 + 𝐵|= |𝐴| + |B| , |𝐴 + 𝐵|T = |𝐴|T + |𝐵|T
Case (iv): |𝐴 + 𝐴|= |𝐴|
(Idompotent)
Case (v):For all NSFM of A∈ ℱ𝓂𝓃 , there exists an element 0∈ ℱ𝓂𝓃
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|𝐴 + 0|= |𝐴|
(Universal bound)
Case (vi): For all NSFM of A∈ ℱ𝓂𝓃 , there exists an element J∈ ℱ𝓂𝓃
|𝐴 + 𝐽|= |𝐽|
(Universal bound)
|𝛼𝐴|=𝛼|𝐴|
Case (vii):
For any 𝛼 in [0,1]
Case (viii): |𝛼𝐴|T = 𝛼|𝐴|T
For any α in [0,1]
Case (ix):|𝛼(𝐴 + 𝐵)| = 𝛼|𝐴|+ 𝛼|𝐵|
For any α in [0,1]
|𝛼(𝐴 + 𝐵)| = |𝛼𝐴 + 𝛼𝐵)|
= |𝛼𝐴|+ |𝛼𝐵|
= 𝛼|𝐴|+ 𝛼|𝐵|
Case (x): |(𝛼 + 𝛽)𝐴| = 𝛼|𝐴| + 𝛽|𝐴|
For all 𝛼 + 𝛽 in [0,1]
|(𝛼 + 𝛽)𝐴| = |𝛼𝐴 + 𝛽𝐴|
= |𝛼𝐴| + |𝛽𝐴|
= 𝛼|𝐴| + 𝛽|𝐴|
Case (xi): 𝛼|𝛽𝐴| = 𝛼𝛽|𝐴|
For any 𝛼, 𝛽 in [0,1]
𝛼|𝛽𝐴| = |𝛼𝛽𝐴|
= 𝛼𝛽|𝐴
Case (xii):
|𝛼𝐴 + 𝛽𝐵|𝑇 = 𝛼|𝐴|𝑇 + 𝛽|𝐵|𝑇 For all 𝛼 + 𝛽 in [0,1]
|𝛼𝐴 + 𝛽𝐵|𝑇 = |𝛼𝐴|𝑇 + |𝛽𝐵|𝑇
= 𝛼|𝐴|𝑇 + 𝛽|𝐵|𝑇
V.

Determinant For Two Non-Square Fuzzy Matrix Multiplication

(xiv)Definition : (Compatible Non-Square Fuzzy Matrices ):
Compatible Fuzzy Matrices which can be multiplayed for this to be possible , The number of columns in the
first non-square Fuzzy Matrix must be equal to the number of rows in the second-square Fuzzy matrix must be
equal to the number of rows in the second non-square Fuzzy Matrix (NSFM) .the product of 𝓂 𝘹 𝓅 Non-square
Fuzzy Matix and 𝓅𝘹 𝓃 Non-Square fuzzy matrix has order 𝓂 𝘹 𝓃 Non-square Fuzzy Matrix over ℱ𝓂𝓃 we
consider ℱ =[0,1].
(xv)Definition : (Compatible norm ∥. ∥c):
Let (ℱ)𝓂𝓃 is the set of all (𝓂 𝘹 𝓃) NSFM over ℱ =[0,1] . Define the norms ∥. ∥c , ∥ . ∥c', ∥. ∥c'' on the order
𝓂 𝘹 𝓃 , 𝓂 𝘹 𝓅, 𝓅 𝘹 𝓃 over ℱ𝓂𝓃 respectively, are compatible if for all A∈ ℱ𝓂𝓅 and B ∈ ℱ𝓅𝓃 . Then
∥ 𝐴𝐵 ∥c ≤ ∥ 𝐴 ∥c' ∥ 𝐵 ∥c''.
(xvi)Theorem :
If two NSFM satisfy the compatibility condition then the multiplication of these NSFM will either be square
fuzzy matrix or Non-Square fuzzy matrix which depends up on rows and coloumns of the first and second
NSFM respectively.
Proof:
We have ∥ 𝐴 ∥c =[𝑎𝑖𝑘 ] and ∥ 𝐵 ∥c=[𝑏𝑘𝑗 ] then ∥ 𝐴𝐵 ∥c = ∑𝑛𝑗=1 𝑎𝑖𝑘 𝑏𝑘𝑗 where 𝑎𝑖𝑘 𝑏𝑘𝑗 =min[𝑎𝑖𝑘 , 𝑏𝑘𝑗 ].
(xvii)Theorem :
If ℱ𝓂𝓃 is the set of all 𝓂 𝘹 𝓃 NSFM over F=[0,1] then for every A and B compatible in ℱ𝓂𝓃 and any scalar
α,β in [0,1] we have
(i) ‖𝐴‖c ≥ 0 and ‖𝐴‖c = 0 if and only if 𝐴 = 0
(ii) ‖𝛼𝐴‖c = 𝛼‖𝐴‖c for any α in [0,1]
(iii) ‖𝐴𝐵‖c ≤ ‖𝐴‖c' ‖𝐵‖c'' for 𝐴, 𝐵 in ℱ𝓂𝓃
(iv) ||𝐴𝐵 ∥cT ≤ ‖𝐵‖c''T‖𝐴‖c'T for 𝐴, 𝐵 in ℱ𝓂𝓃
(v) ∥ 𝛼(𝐴𝐵) ∥c=∥ (𝛼𝐴)𝐵 ∥c = ∥ 𝐴(𝛼𝐵) ∥c for 𝐴, 𝐵 in ℱ𝓂𝓃 for any α in[0,1]
(vi) ∥ 𝛼(𝛽𝐴) ∥c=∥ (𝛼𝛽)𝐴 ∥c A in ℱ𝓂𝓃 for any αβ in [0,1]
Proof:
(i) ‖𝐴‖c ≥ 0 and ‖𝐴‖c = 0 if and only if 𝐴 = 0
If ‖𝐴‖c is a NSFM in ℱ𝓂𝓃 since aij ∈[0,1] then ‖𝐴‖c ≥ 0 for all in ℱ𝓂𝓃
If ‖𝐴‖c = 0 then 𝑎𝑖𝑗 = 0 for all 𝑖 and 𝑗 𝐴 = 0
Conversely if 𝐴 = 0 then ‖𝐴‖c =0
‖𝐴‖c =0
if 𝐴 = 0.
(ii) ‖𝛼𝐴‖c = 𝛼‖𝐴‖c for any α in [0,1]
If 𝛼 in[0,1] then ‖𝛼𝐴‖c = 𝛼‖𝐴‖c
‖𝛼𝐴‖c =[𝛼 (𝑎𝑖𝑗 )]
= 𝛼[𝑎𝑖𝑗 ]
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= 𝛼‖𝐴‖c
(iii) ‖𝐴𝐵‖c ≤ ‖𝐴‖c' ‖𝐵‖c'' for 𝐴, 𝐵 in ℱ𝓂𝓃
If (𝑖, 𝑗)th entry of 𝐴𝐵 = 𝐷 then the entries of 𝐷 are given by
𝑝
𝑑𝑖𝑗 = ∑𝑘=1 𝑎𝑖𝑘 , 𝑏𝑘𝑗
𝑝
𝑑𝑖𝑗 =∑𝑘=1{min(𝑎𝑖𝑘 , 𝑏𝑘𝑗 )}
𝑑𝑖𝑗 = 𝑚𝑖𝑛 (𝑎𝑖1 , 𝑏𝑗1 ) + 𝑚𝑖𝑛(𝑎𝑖2 , , 𝑏𝑗2 ) … … . 𝑚𝑖𝑛(𝑎𝑖𝑚 , , 𝑏𝑗𝑛 )
‖𝐴‖c =[𝑎𝑖𝑗 ]
‖𝐴‖c =∑𝑀
𝑗=1 𝑎1𝑖 , 𝑚1𝑖
= 𝑎11 𝑚11 + 𝑎12 𝑚12 + ⋯ + 𝑎1𝑚 𝑚1𝑚
‖𝐵‖c =∑𝑀
𝑗=1 𝑏1𝑖 , 𝑚1𝑖
= 𝑏11 𝑚11 + 𝑏12 𝑚12 + ⋯ + 𝑏1𝑚 𝑚1𝑚
𝐷 ≤ 𝑚𝑖𝑛{[𝑎𝑖𝑘 ], [𝑏𝑘𝑗 ]}
‖𝐴𝐵‖c ≤ ‖𝐴‖c' ‖𝐵‖c'' for 𝐴, 𝐵 in ℱ𝓂𝓃
(iv) ‖𝐴𝐵‖cT ≤ ‖𝐵‖c''T‖𝐴‖c'T for 𝐴, 𝐵 in ℱ𝓂𝓃
If (𝑖, 𝑗)th entry of (𝐴𝐵)T =𝐷 T then the entries of 𝐷 T are given 𝐴T =𝑎𝑘𝑖 , 𝐵 T=𝑏𝑘𝑗 ; AT=𝓅𝘹𝓂, BT=𝓃𝘹𝓅 by
𝑝
𝑑𝑖𝑗 =∑𝑘=1 𝑏𝑗𝑘 , 𝑎𝑘𝑖
𝑝
𝑑𝑖𝑗 =∑𝑘=1 min(𝑏𝑗𝑘 , 𝑎𝑘𝑖 )
𝑑𝑖𝑗 = 𝑚𝑖𝑛(𝑏𝑖1 , 𝑎𝑗1 ) + 𝑚𝑖𝑛(𝑏𝑖2 , 𝑎𝑗2 ) … . . +𝑚𝑖𝑛(𝑏𝑖𝑛 , 𝑎𝑗𝑚 )
T
𝐴 =𝑎𝑘𝑖 order 𝓅𝘹𝓂 𝐵 T=𝑏𝑗𝑘 order 𝓃𝘹𝓅
∥A∥Tc = ∑𝑀
𝑗=1 𝑎1𝑖 , 𝑚1𝑖 = 𝑎11 𝑚11 + 𝑎21 𝑚21 + ⋯ + 𝑎𝑚1 𝑚𝑚1
∥B∥Tc = ∑𝑀
𝑗=1 𝑏1𝑖 , 𝑚1𝑖 = 𝑏11 𝑚11 + 𝑏21 𝑚21 + ⋯ + 𝑏𝑚1 𝑚𝑚1
T
𝐷 = 𝑚𝑖𝑛{(𝑏𝑗𝑘 ), (𝑎𝑘𝑖 )}
‖𝐴𝐵‖cT ≤ ‖𝐵‖c''T‖𝐴‖c'T for 𝐴, 𝐵 in ℱ𝓂𝓃
(v)∥α(AB)∥c=∥(αA)B∥c = ∥A(αB)∥c 𝛼 in [0,1] , 𝐴 = [𝑎𝑖𝑗 ] , 𝐵 = [𝑏𝑖𝑗 ]
∥ 𝛼(𝐴𝐵) ∥c= 𝛼 [𝑎𝑖𝑗 𝑏𝑖𝑗 ]
= [𝛼 𝑎𝑖𝑗 𝑏𝑖𝑗 ]
= [𝛼 𝑎𝑖𝑗 ] 𝑏𝑖𝑗
= ∥ (𝛼𝐴)𝐵 ∥c
= [𝛼 𝑎𝑖𝑗 ] 𝑏𝑖𝑗
= [𝑎𝑖𝑗 𝛼] 𝑏𝑖𝑗
= [𝑎𝑖𝑗 𝛼 𝑏𝑖𝑗 ]
= [𝑎𝑖𝑗 ] [𝛼 𝑏𝑖𝑗 ]
= ∥ 𝛼(𝐴𝐵) ∥c
(vi) ∥ 𝛼(𝛽𝐴) ∥ 𝑐 =∥ (𝛼𝛽)𝐴 ∥c If 𝛼, 𝛽 in [0,1] , 𝐴 = [𝑎𝑖𝑗 ]
𝛼(𝛽𝐴) = 𝛼( 𝛽 𝑎𝑖𝑗 )
= [𝛼 𝛽 𝑎𝑖𝑗 ]
= (𝛼𝛽) (𝑎𝑖𝑗 )
= (𝛼𝛽) [𝑎𝑖𝑗 ]
= ∥ 𝛼(𝛽𝐴) ∥c.
(A). Example :
Verify ∥ 𝐴𝐵 ∥c ≤ ∥ 𝐴 ∥c' ∥ 𝐵 ∥c''.
0.2 0.1
0.5 0.0 0.4 0.6
If A=[0.1 0.9 0.7 0.5]
and B=[0.3 0.7]
0.8 0.5
0.8 0.3 0.5 0.2
0.4 0.9
0.4 0.6
∥ 𝐴𝐵 ∥c=[0.7 0.7]
0.5 0.5
= 0.6
∥ 𝐴𝐵 ∥c ≤ ∥ 𝐴 ∥c' ∥ 𝐵 ∥c''.
0.6 ≤ (0.6 )(0.8)
0.6 ≤ 0.6.
(xviii)Theorem :
Let A be a NSFM and 𝐴𝑇 be the transpose of 𝐴. The multiple of 𝐴 and 𝐴𝑇 is equal to a square fuzzy matrix.
Then ∥ 𝐴𝐴𝑇 ∥c≠ ∥ 𝐴𝑇 𝐴 ∥c
Proof:
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|𝐴| = [𝑎𝑖𝑗 ]
AT = [𝑎𝑗𝑖 ]
𝑛
𝑇
∥ 𝐴𝐴 ∥c=∑𝑗=1{min(𝑎𝑖𝑗 , 𝑎𝑗𝑖 )}.
[Square Fuzzy Matrix]
∥ 𝐴𝑇 𝐴 ∥c=∑𝑚
{min
(𝑎
,
𝑎
)}
.
[Square
Fuzzy Matrix]
𝑗𝑖 𝑖𝑗
𝑖=1
(xix)Theorem :
If n=1, the norms ∥∙∥c, ∥∙∥c', ∥∙∥c'' on ℱ𝓂 , ℱ𝑚𝑝 , ℱ𝑝 respectively, are compatible if for all
𝐴𝜖ℱ𝑚𝑝 and 𝑥 𝜖ℱ𝑝 Then ∥ 𝐴𝑥 ∥c ≤∥ 𝐴 ∥c' ∥ 𝑥̅ ∥c''

Proof:
Let ∥ 𝐴 ∥c' be the NSFM ℱ𝓂𝓃 over ℱ= [0,1] ∥ 𝑥̅ ∥c'' be the fuzzy norm vector then [𝑎𝑖𝑗 ] is compatible the fuzzy
norm vector ∥ 𝑥̅ ∥c'' then ∥ 𝐴𝑥 ∥c ≤∥ 𝐴 ∥c' ∥ 𝑥̅ ∥c''
Let A be (𝓂 𝘹 𝓃) NSFM of ℱ𝓂𝓃
𝐴1𝑝 𝑥̅𝑃
𝐴
∥Ax∥=‖ …2𝑝 𝑥̅…𝑃 ‖ ≤ [∑𝑛𝑝=1[𝑎𝑚𝑝 ] ∥ 𝑥̅𝑝 ∥]
𝐴𝑚𝑝 𝑥̅𝑃
≤ [𝑎𝑚𝑝 ] ∥ 𝑥̅𝑝 ∥]
∥ 𝐴𝑥 ∥c ≤∥A∥c' ∥ 𝑥̅ ∥c''
Furthermore, the norm ∥. ∥c on ℱ𝓂 compatible with the norm ∥. ∥c on ℱ𝑛𝑛 if for 𝐴𝜖ℱ𝑛𝑛 and 𝑥 𝜖ℱ𝑛 .
∥ 𝐴𝑥 ∥c ≤∥ 𝐴 ∥c' ∥ 𝑥̅ ∥c.
VI.

Conclusion

In this paper new definition for the non-square fuzzy matrices and its properties are discussed in fuzzy
environment. A numerical example is given to clarify the developed theory and the proposed non-square fuzzy
matrix compaitable norm.
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1

Abstract: This paper displays a numerical investigation of the issue of unsteady MHD (Magneto Hydro
Dynamics) thermo bioconvection limit layer stream of a nanofluid containing gyrotactic microorganisms
along an extending sheet affected by attractive field and thick dispersal. With the assistance of regular
change, the overseeing conditions are changed into flimsy nonlinear coupled fractional differential
conditions. The governing equations are reduced to a set of three coupled ordinary differential equations.
These equations are then solved numerically. The result have been graphically presented and discussed by
various parameters like Magnetic parameter (M), Thermophoresis parameter (Nt), Prandtl number (Pr),
Eckert number (Ec), Lewis number (Le), Biconvection Lewis number (Lb).
Keywords: Bioconvection; Nanofluid; Viscous Dissipation; Magnetic Field; Magneto Hydro Dynamics

1. Introduction
Nanofluids are made by suspending nanoparticles included metal carbides, nitrides and carbon
nanotubes in warmth trading fluids (e.g. water, oil, ethylene glycolpolymer plan and Bio-fluids); the warm
conductivity of these fluids accept a noteworthy part on the glow trade coefficient between the glow trade
medium and the glow trade surface. Nanoparticles are the particles with width under 100 nm. By showing out
that the use of solid particles as an additional substance suspended into the base fluids is an approach to expand
the glow conversion standard. Along these lines, nanofluid is an exceedingly convincing procedure for
enhancing warmth trade. Bachok et al. [1] reviewed restrain layer stream of nanofluids over a moving surface in
a spilling fluid. Their results demonstrate that twofold game plans exist when the plate and the free stream move
in the reverse direction. Uses of nanofluid: equipment cooling, transportation, surface covering, biomedical, et
cetera. MHD (Magneto-hydrodynamics) is the examination of the development of electrically coordinating
fluids influenced by associated appealing qualities Bondareva [2]. MHD confine layer stream issue of a
nanofluid through a porous medium over an exponentially broadening sheet was thought about by Ferdows et al.
[3]. Ferdows et al. [4] presented the issue of transient mixed convective laminar point of confinement layer
stream of an incompressible, thick, dissipative, electrically coordinating nanofluid from a reliably broadening
vulnerable surface inside seeing alluring field and warm radiation flux. Gorla and Hossain [5], Makinde and
Mustafa et al. circulated papers on nanofluids. Kuznetsov and Nield [12] considered intelligently the free
convective cutoff layer stream of a nanofluid past a vertical plate. They found that the reduced Nusselt number
is a decreasing limit of each of bouncy propels parameter, Brownian development parameter and thermophoresis
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parameter. Warmth and mass move in the farthest point layer stream of unstable gooey nanofluid along a
vertical broadening sheet inside seeing alluring field, warm radiation, warm time, and manufactured reaction are
presented by Eshetu and Shankar [6]. A numerical examination of a trademark convection about a vertical cone
introduced in a non Darcian nanofluid containing gyrotactic microorganisms inundated penetrable medium is
analyzed by Hady et al. [7]. Starting late, Computational examination of Stefan blowing and diverse slip
outcomes for daintiness driven bioconvection nanofluid stream with microorganisms was analyzed by Jashim
Uddin et al. [8]. The issue of breaking point layer stream of a nanofluid past a developing sheet is investigated
numerically Khan [9]. Khan and Makinde [10] used Oberbeck-Boussinesq figure and similarity changes to look
into MHD laminar breaking point layer stream with warmth and mass trade of an electrically coordinating
water-based nanofluid containing gyrotactic microorganisms along a convectively warmed augmenting sheet.
As far as possible layer stream of nanofluid over an exponential developing surface is investigated intelligently
by khan [11] Na and Pop analyzed an unstable stream in light of an augmenting sheet. Bioconvection is a
ponder in which physical laws that manage humbler scales provoke to a wonder evident on a greater scale
Kuznetsove, [12]. The effect of little particles on the security of a suspension of motile gyrotactic
microorganisms in an even fluid layer of restricted significance is inspected by Kuznetsov and Avramenko [13].
II. Mathematical Analysis
Consider a two-dimensional temperamental thermo bioconvection laminar limit layer stream of a gooey
incompressible, electrically directing nanofluid containing gyrotactic microorganisms past a vertical extending
sheet affected by a uniform transversely connected attractive felid and thick scattering. Bioconvection incited
stream just happen in a weaken suspension of nanoparticles. The nearness of nanoparticles is expected to have
no impact on the course in which microorganisms swim and on their swimming speed. We pick the facilitate
framework (x, y) with the x - pivot measured along the extending sheet in the upward course and the y measured in the typical heading to the extending sheet. The cause 0 of the arrange framework is set settled.
From the sheet is extended because of two equivalent and inverse powers are presented along, the x - pivot.
Likewise, the figure demonstrates that a solid attractive field of quality B0 is connected in the y heading. Tw
and nw are the temperature and the thickness of the motile microorganisms at the divider, separately, which are
kept consistent from that point, and the nanofluid molecule part on the limit is inactively as opposed to
effectively controlled. , and are the surrounding estimations of the temperature, nanoparticle volume part, and
thickness of motile microorganisms, individually, far from the plate. With realizing that, the plate temperature
and the thickness of motile microorganisms are raised to and

Tw  T and nw  n , at t > 0.

Utilizing the Oberbeck–Boussinesq estimation, the limit layer approximations of the continuity,
momentum, energy, nanoparticle concentration and conservation for Microorganism’s equations are:

u v

0
x y
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(5)

where t is time, u and v are the velocity components, x and y are the Cartesiancoordinates, T is the temperature,

 is the nanoparticle volume fraction, n isthe density of motile microorganisms, υ is the kinematic viscosity,
 f is the density of the fluid,  p is the density of the nanoparticles,  m is the microorganism density,  is


the fluid electrical conductivity, B0is the strength of magnetic field, g isthe acceleration due to gravity,
volumetric expansion coefficient,

 is the

 is the average volume of a micro-organism, k is the thermal conductivity,

Cpis the specificheat at constant pressure, DTis the thermophoresis diffusion coefficient, DBisthe Brownian
diffusion coefficient, Dnis the diffusivity of microorganisms, b is thechemotaxis constant, and Wcis maximum
cell swimming speed.

t  0, u  Dx, v  0, T  T ,     , n  n , everywhere
t  0, u  0, v  0, T  T ,     , n  n , atx  0

u  Dx, v  0, T  Tw , DB

 DT T

 0, n  nw , aty  0
y T y

(6)

(7)

u  0, v  0, T  T ,     , n  n , aty  
By substituting the following dimensionless quantities:

x
y
u
v
t
X  U 0 , Y  U 0 ,U 
,V 
, t  U 02 ,  (Tw  T )  T  T ,


U0
U0

E (  )      ,  (nw  n )  n  n
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Into Equations (1)-(5) gives the following dimensionless equations:

U V

0
X Y

(8)

U
U
U  2U
U
V

 Gr (  NrE  Rb )  MU
t
X
Y Y 2

(9)




1  2
 U 
 E  
  
U
V

 Ec 
  Q  Nb 
  Nt 

2
t
X
Y Pr Y
 Y 
 Y Y 
 Y 
2

2

(10)

E
E
E 1   2 E Nt  2 
U
V



  K
t
X
Y Le  Y 2 Nb Y 2 

(11)



 Pe  E 
2E  1 2
U
V

 (   ) 2  

t
X
Y Lb  Y Y
Y  Lb Y 2

(12)

Where the Grashof number Gr is defined as

Nr is defined as

Nr 

Gr 

(  p   f  ) 

 f  (1    )(Tw  T )

g (Tw  T )  f (1    )

 f U 03

, the bouncy ratio parameter

, the bioconvection Rayleigh number Rb is defined as



Rb 

   m   f    nw  n 
 f   (1    ) Tw  T 

Pr is defined

Pr 




, the magnetic parameter M is defined as M

as the Eckert number Ec is defined as Ec 

parameter Nb is defined as Nb 

Nt 

DT Tw  T 

 T

DB  






Dn

bioconvection constant σ isdefined as

, the Prandtl number

U 02
,the Brownian motion
C p Tw  T 

, the thermophoresis parameter Nt is defined as

, the nanoparticle Lewis number Le is defined as Le 

number Lb is defined as Lb 

 B02
 f U 02


DB

the bioconvection Lewis

, the bioconvectionPéclet number Pe is defined as Pe 



bWc
, the
Dn

n
.
 nw  n 

The dimensionless form of the initial and boundary conditions are:
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t  0,U  0,V  0,   0, E  0,   0everywhere

(13)

t  0,U  0,V  0,   0, E  0,   0atX  0

E

 Nt
 0,   1atY  0
Y
Y
U  0,V  0,  0, E  0,   0asY  
U  1,V  0,  1, Nb

(14)

The dimensionless form of the local Nusselt number, density number of the motile
Microorganisms and Skin-friction coefficient respectively is defined as:

Nu
Nn
  
  
 U 
 
 
 ,
 ,Cf  

Re x
 Y Y 0 Re x
 Y Y 0
 Y Y 0
Where, the local Reynolds number Re x defined as Re x 

U0



(15)

x.

III. Numerical Analysis
A mathematical formulation has designed for momentum, temperature and nanofluid solid volume
profiles. The coupled partial differential equations are solved using finite difference method. The results for the
dimensionless velocity, temperature, and nanofluid solid volume profiles are discussed with the help of graphs.
The present section, in order to get a clear insight of the physical problem, the velocity, temperature,
nanoparticle volume friction and density of motile microorganism

have been established

by assigning

numerical values to the governing parameters like Magnetic parameter (M), Thermophoresis parameter (Nt),
Prandtl number (Pr), Eckert number (Ec), Lewis number (Le), Biconvection Lewis number (Lb). The Numerical
computations are presented graphically from figures.1-7.
Fig.1, Fig.2 & Fig.3 displays the effects of Magnetic parameter (M), Thermophoresis parameter (Nt)
and Prandtl number (Pr) on velocity field. From these figures illustrates the velocity profile decreases with an
increasing values of Magnetic parameter (M) and Thermophoresis parameter (Nt) but increases with an
increasing values of Prandtl number (Pr).
Fig.4 & Fig.5 displays the effects of Eckert number (Ec) and Prandtl number (Pr) on temperature field.
From these figures illustrates the temperature profile increases with an increasing values of Eckert number (Ec)
but decreases with an increasing values of Prandtl number (Pr).
Fig.6 & Fig.7 displays the effects of Peclet number (Pe) and Biconvection Lewis number (Lb) on
density motile microorganism field. From these figures illustrates the density motile microorganism profile
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increases with an increasing values of Peclet number (Pe) but decreases with an increasing values of
Biconvection Lewis number (Lb).

Fig 1 Effects of Magnetic parameter (M) on velocity Profile

Fig 2 Effect of thermophoresis parameter Nt on velocity profiles
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Fig 3 Effect of Prandtl number Pr on velocity profiles

Fig 4 Effect of Eckert number Ec on temperature profiles

Fig 5 Effect of Prandtl number Pr on temperature profiles

ICOMAC 2019-002; © 2019, AIJRSTEM All Rights Reserved

Page 366

.Rameshkumar and Jeba Stanly, American International Journal of Research in Science, Technology, Engineering & Mathematics, Special
Issue of 5thInternational Conference on Mathematical Methods and Computation (ICOMAC – 2019), February 20-21, 2019, pp. 360-367.

Fig 6 Effect of bioconvection Péclet number Pe on density motile micro organisms profiles

Fig 7 Effect of bioconvection Lewis number Lb on density motile micro organisms profiles
V. Conclusions
The governing equations are reduced to a set of three coupled ordinary differential equations. These
equations are then solved numerically. The result have been graphically presented and discussed by various
parameters like Magnetic parameter (M), Thermophoresis parameter (Nt), Prandtl number (Pr), Eckert number
(Ec), Lewis number (Le), Biconvection Lewis number (Lb).
The conclusions are as follows, The effects of Magnetic parameter (M), Thermophoresis parameter
(Nt) and Prandtl number (Pr) on velocity field. From these figures illustrates the velocity profile decreases with
an increasing values of Magnetic parameter (M) and Thermophoresis parameter (Nt) but increases with an
increasing values of Prandtl number (Pr).The temperature profile increases with an increasing values of Eckert
number (Ec) but decreases with an increasing values of Prandtl number (Pr). The density motile microorganism
profile increases with an increasing values of Peclet number (Pe) but decreases with an increasing values of
Biconvection Lewis number (Lb).
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Single Server Non-Markovian Bulk Arrival Queue with Optional Service
P. Manoharan, N.Thillaigovindan and R. Kalyanaraman
Department of Mathematics,
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Annamalainagar - 608 002, INDIA.
Abstract: MX/G/1 queue with random number of arrivals and with second optional service is studied using
supplementary variables technique. The transient and steady state probabilities for the number of customers
in the queue are obtained. The expression for mean and variance of queue length for the system are derived.
A particular case is deduced. A comparative numerical study is also carried out.
Keywords: Markov process, supplementary variables technique, optional service, transient and
steady state probabilities.
I. Introduction
A number of authors have addressed the MX/G/1 system with compound Poisson input and general service time.
Some notable works on this system are Gaver [7], Adiri [1] and Chaudhry [4]. Madan [11] studied the time
dependent as well as the steady state behaviour of M/G/1 queue using supplementary variables technique. In this
paper the transient and steady state behaviour of an MX/G/1 queue with second optional service has been studied
using supplementary variables technique. In this model all arriving customers demand the first essential service,
whereas only some of them demand the second optional service.
II. Model description
Customers arrive at the system according to a compound Poisson process with mean arrival rate 𝜆 and the size
of arrival X is a random variable. Define C k= Pr{X=k}; k≥1. There is a single server who provides the first
essential service to all arriving customers. Let B(x) and b(x) be the distribution and density functions of the first
service times respectively and let 𝜇1 (𝑥)d(x)be the conditional probability density of the first service, given that
the elapsed time is x. so that
𝑏(𝑥)
𝜇1 (𝑥) =
(1)
1−𝐵(𝑥)

𝑦

𝐵(0) = 0 and hence 𝑏(𝑦) = 𝜇1 (𝑦)𝑒 − ∫0

𝜇1 (𝑥)𝑑𝑥

As soon as the first service of a customer is complete, he may opt for the second service with probability 𝑟 in
which case his second service will commence immediately or with probability (1 − 𝑟)he may leave the system,
in which case another customer at the head of the queue (if any) is taken up for the first essential service. The
1
second service times are assumed to be exponential with mean service time ; 𝜇2 >1.
𝜇2

Further it is assumed that the various stochastic processes involved in the system are independent of each other.
To study the model we define the following probabilities
𝑃1,𝑛 (𝑥, 𝑡) = 𝑃𝑟{at time 𝑡, there are 𝑛(≥ 0) customers in the queue,
excluding the one receiving the first essential service
and the elapsed service time of this customer is 𝑥}
∞
𝑃1,𝑛 (𝑡) = ∫0 𝑃1,𝑛 (𝑥, 𝑡)𝑑𝑥
= 𝑃𝑟{at time 𝑡, there are 𝑛(≥ 0)customers in the queue,
excluding the one receiving the first service irrespective
of the value of 𝑥}
𝑃1,𝑛 = lim 𝑃1,𝑛 (𝑡)
𝑡→∞

= the corresponding steady state probability.
𝑃2,𝑛 (𝑥, 𝑡) = 𝑃𝑟{at time t, there are 𝑛(≥ 0) customers in the queue,
excluding the one being provided the second optional
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service and the elapsed service time is 𝑥}.
∞
𝑃2,𝑛 (𝑡) = ∫0 𝑃2,𝑛 (𝑥, 𝑡)𝑑𝑥
𝑃2,𝑛 = lim 𝑃2,𝑛 (𝑡)
𝑡→∞

= the corresponding steady state probability
𝑄(𝑡) = 𝑃𝑟{at time t, there is no customer in the system and the server is idle}
For |𝑧| ≤ 1, we define the following probability generating functions.
𝑛
𝑛
𝑛
𝑃1 (𝑧, 𝑥, 𝑡) = ∑∞
𝑃2 (𝑧, 𝑥, 𝑡) = ∑∞
𝑃1 (𝑧, 𝑡) = ∑∞
𝑛=0 𝑧 𝑃1,𝑛 (𝑥, 𝑡);
𝑛=0 𝑧 𝑃2,𝑛 (𝑥, 𝑡);
𝑛=0 𝑧 𝑃1,𝑛 (𝑡)
∞
𝑛
∞
𝑛
∞
𝑛
∞
𝑃2 (𝑧, 𝑡) = ∑𝑛=0 𝑧 𝑃2,𝑛 (𝑡); 𝑃1 (𝑧) = ∑𝑛=0 𝑧 𝑃1,𝑛 ; 𝑃2 (𝑧) = ∑𝑛=0 𝑧 𝑃2,𝑛 ; 𝐶(𝑧) = ∑𝑛=1 𝑧 𝑛 𝐶𝑛

Transient Analysis of the Model
Following the notations defined above, the differential-difference equations governing the system are
∂
𝑃 (𝑥, 𝑡)
∂𝑡 1,𝑛

+

∂
𝑃 (𝑥, 𝑡)
∂𝑥 1,𝑛

∂
𝑃 (𝑥, 𝑡)
∂𝑡 1,0

+

+ (𝜆 + 𝜇1 (𝑥))𝑃1,𝑛 (𝑥, 𝑡) = 𝜆 ∑𝑛𝑘=1 𝐶𝑘 𝑃1,𝑛−𝑘 (𝑥, 𝑡); 𝑛 ≥ 1

∂
𝑃 (𝑥, 𝑡)
∂𝑥 1,0

(2)

+ (𝜆 + 𝜇1 (𝑥))𝑃1,0 (𝑥, 𝑡) = 0

(3)
∞

∂
𝑃 (𝑡)
∂𝑡 2,𝑛

+ (𝜆 + 𝜇2 )𝑃2,𝑛 (𝑡) = 𝜆 ∑𝑛𝑘=1 𝐶𝑘 𝑃2,𝑛−𝑘 (𝑡) + 𝑟 ∫0 𝑃1,𝑛 (𝑥, 𝑡)𝜇1 (𝑥)𝑑𝑥 ; 𝑛 ≥ 1

∂
𝑃 (𝑡)
∂𝑡 2,0

+ (𝜆 + 𝜇2 )𝑃2,0 (𝑡) = 𝑟 ∫0 𝑃1,0 (𝑥, 𝑡)𝜇1 (𝑥)𝑑𝑥

(4)

∞

(5)

∞

𝑑

𝑄(𝑡) + 𝜆𝑄(𝑡) = 𝜇2 𝑃2,0 (𝑡) + (1 − 𝑟) ∫0 𝑃1,0 (𝑥, 𝑡)𝜇1 (𝑥)𝑑𝑥
The boundary conditions are

(6)

𝑑𝑡

∞

𝑃1,𝑛 (0, 𝑡) = (1 − 𝑟) ∫0 𝑃1,𝑛+1 (𝑥, 𝑡)𝜇1 (𝑥)𝑑𝑥 + 𝜇2 𝑃2,𝑛+1 (𝑡) + 𝜆𝐶𝑛+1 𝑄(𝑡) ;

𝑛≥0

(7)

Taking Laplace transforms from equations (2) to (7) the results are obtained as follows
∂
𝑃̅ (𝑥, 𝑠)
∂𝑥 1,𝑛

+ (𝜆 + 𝑠 + 𝜇1 (𝑥))𝑃̅1,𝑛 (𝑥, 𝑠) = 𝜆 ∑𝑛𝑘=1 𝐶𝑘 𝑃̅1,𝑛−𝑘 (𝑥, 𝑠); 𝑛 ≥ 1

∂
𝑃̅ (𝑥, 𝑠)
∂𝑥 1,0

(8)

+ (𝜆 + 𝑠 + 𝜇1 (𝑥))𝑃̅1,0 (𝑥, 𝑠) = 0

(9)

∞
(𝑠 + 𝜆 + 𝜇2 )𝑃̅2,𝑛 (𝑠) = 𝜆 ∑𝑛𝑘=1 𝐶𝑘 𝑃̅2,𝑛−𝑘 (𝑠) + 𝑟 ∫0 𝑃̅1,𝑛 (𝑥, 𝑠)𝜇1 (𝑥)𝑑𝑥; 𝑛 ≥ 1

(10)

∞
(𝑠 + 𝜆 + 𝜇2 )𝑃̅2,0 (𝑠) = 𝑟 ∫0 𝑃̅1,0 (𝑥, 𝑠)𝜇1 (𝑥)𝑑𝑥
∞
(𝑠 + 𝜆)𝑄̅ (𝑠) = 1 + 𝜇2 𝑃̅2,0 (𝑠) + (1 − 𝑟) ∫0 𝑃̅1,0 (𝑥, 𝑠)𝜇1 (𝑥)𝑑𝑥

𝑃̅1,𝑛 (0, 𝑠) = (1 −

∞
𝑟) ∫0

(11)

𝑃̅1,𝑛+1 (𝑥, 𝑠)𝜇1 (𝑥)𝑑𝑥 + 𝜇2 𝑃̅2,𝑛+1 (𝑠) + 𝜆𝐶𝑛+1 𝑄̅(𝑠) ; 𝑛 ≥ 0

(12)

Define
𝑛
̅
𝑃̅1 (𝑧, 𝑥, 𝑠) = ∑∞
𝑛=0 𝑃1,𝑛 (𝑥, 𝑠)𝑧 ;

𝑛
̅
𝑃̅2 (𝑧, 𝑠) = ∑∞
𝑛=0 𝑃2,𝑛 (𝑠)𝑧

(13)

Multiplying (8) by 𝑧 𝑛 and summing over 𝑛 from 1 to ∞ and adding the result with (9), we get
∂
𝑃̅ (𝑧, 𝑥, 𝑠)
∂𝑥 1
∂
𝑃̅ (𝑧,𝑥,𝑠)
∂𝑥 1

𝑃̅1 (𝑧,𝑥,𝑠)

+ (𝜆 + 𝑠 − 𝜆𝐶(𝑧) + 𝜇1 (𝑥))𝑃̅1 (𝑧, 𝑥, 𝑠) = 0

= −(𝜆 + 𝑠 − 𝜆𝐶(𝑧) + 𝜇1 (𝑥))

Integrating the above equation with respect to 𝑥 from 0 to 𝑥, we get
𝑃̅1 (𝑧, 𝑥, 𝑠) = 𝑃̅1 (𝑧, 0, 𝑠)𝑒 −(𝜆+𝑠−𝜆𝐶(𝑧))𝑥 (1 − 𝐵(𝑥))

(14)

𝑛

Multiplying equation (10) by 𝑧 and summing over 𝑛 from 1 to ∞ and adding the result with (11), we get
𝑟𝑃̅1 (𝑧, 0, 𝑠)𝑏̅(𝜆 + 𝑠 − 𝜆𝐶(𝑧)) − (𝜆 + 𝑠 − 𝜆𝐶(𝑧) + 𝜇2 )𝑃̅2 (𝑧, 𝑠)

=

0

(15)

𝑛

Multiplying equation (13) by 𝑧 and summing over 𝑛 from 0 to ∞, we get
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[(1 − 𝑟)𝑏̅(𝑠 + 𝜆 − 𝜆𝐶(𝑧) − 𝑧)]𝑃̅1 (𝑧, 0, 𝑠) + 𝜇2 𝑃̅2 (𝑧, 𝑠) − (𝜆 + 𝑠 − 𝜆𝑧)𝑄̅ (𝑠) + 1 = 0

(16)

Solving (15) and (16) for 𝑃̅2 (𝑧, 𝑠) and 𝑃̅1 (𝑧, 0, 𝑠) we get
𝑃̅2 (𝑧, 𝑠) =

𝑟𝑏̅ (𝑠+𝜆−𝜆𝐶(𝑧))[[𝜆(1−𝐶(𝑧))+𝑠]𝑄̅(𝑠)−1]
[(𝜆+𝑠−𝜆𝐶(𝑧))(1−𝑟)+𝜇2 ]𝑏̅ (𝑠+𝜆−𝜆𝐶(𝑧))−𝑧(𝜆+𝑠−𝜆𝐶(𝑧)+𝜇2 )
̅

[[(𝜆(1−𝐶(𝑧))+𝑠)]𝑄(𝑠)−1](𝜆+𝑠−𝜆𝐶(𝑧)+𝜇2 )
𝑃̅1 (𝑧, 0, 𝑠) = [(𝜆+𝑠−𝜆𝐶(𝑧))(1−𝑟)+𝜇 ]𝑏̅
2

(17)

(𝑠+𝜆−𝜆𝐶(𝑧))−𝑧(𝜆+𝑠−𝜆𝐶(𝑧)+𝜇2 )

Integrating (14) with respect to 𝑥 from 0 to ∞ we get
𝑃̅1 (𝑧, 𝑠)

=

̅

1−𝑏 (𝑠+𝜆−𝜆𝐶(𝑧))
𝑃̅1 (𝑧, 0, 𝑠) [
]

(18)

(𝑠+𝜆−𝜆𝐶(𝑧))

Using (17) in (18) we get
̅

1−𝑏 (𝑠+𝜆−𝜆𝐶(𝑧))
𝑃̅1 (𝑧, 𝑠) = [
]×[

[(𝜆(1−𝐶(𝑧))+𝑠)𝑄̅(𝑠)−1](𝜆+𝑠−𝜆𝐶(𝑧)+𝜇2 )
]
[(𝜆+𝑠−𝜆𝐶(𝑧))(1−𝑟)+𝜇2 ]𝑏̅ (𝑠+𝜆−𝜆𝐶(𝑧))−𝑧(𝜆+𝑠−𝜆𝐶(𝑧)+𝜇2 )

(𝑠+𝜆−𝜆𝐶(𝑧))

𝑃̅1 (1, 𝑠) + 𝑃̅2 (1, 𝑠) + 𝑄̅ (𝑠) =

1
𝑠

,

which justifies the various equations derived.
Define
𝑃̅ (𝑧, 𝑠)

=

𝑃̅1 (𝑧, 𝑠) + 𝑃̅2 (𝑧, 𝑠)

(19)

It can be shown that the denominator of RHS of equation (18) has one zero inside the unit circle |𝑧| = 1. Using
this zero 𝑄̅ (𝑠) can be determined and hence 𝑃̅1 (𝑧, 𝑠) and 𝑃̅2 (𝑧, 𝑠) can be completely determined.
III. Steady State Analysis
Using the Tauberian Property lim𝑠[𝐿[𝑓(𝑡)]] = lim𝑓(𝑡), we can find the steady state result as follows.
𝑡→0

𝑡→0

𝑃(𝑧)

=

𝑄{(𝜆−𝜆𝐶(𝑧)+𝜇2 )−[𝜇2 +(1−𝑟)(𝜆−𝜆𝐶(𝑧))]𝑏̅ (𝜆−𝜆𝐶(𝑧))}
[(𝜆−𝜆𝐶(𝑧))(1−𝑟)+𝜇2 ]𝑏̅ (𝜆−𝜆𝐶(𝑧))−𝑧(𝜆−𝜆𝐶(𝑧)+𝜇2 )

𝑁(𝑧)
𝐷(𝑧)

=
=

𝑄{(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 ) − [𝜇2 + (1 − 𝑟)(𝜆 − 𝜆𝐶(𝑧))]𝑏̅(𝜆 − 𝜆𝐶(𝑧))}
[(𝜆 − 𝜆𝐶(𝑧))(1 − 𝑟) + 𝜇2 ]𝑏̅(𝜆 − 𝜆𝐶(𝑧)) − 𝑧(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )

=

𝑁(𝑧)
𝐷(𝑧)

where

Let𝛽̅ (𝑠) be the Laplace transform of the service rendered.
𝛽̅ (𝑠)

Then

=

(1 − 𝑟)𝑏̅(𝑠) + 𝑟𝑏̅(𝑠)

𝜇2
𝜇2 +𝑠

Therefore
̅𝛽 (𝜆 − 𝜆𝐶(𝑧)) = [𝜇2 + (1 − 𝑟)(𝜆 − 𝜆𝐶(𝑧))]𝑏̅(𝜆 − 𝜆𝐶(𝑧))(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )−1

Hence

𝑄[1 − 𝛽̅ (𝜆 − 𝜆𝐶(𝑧))] = 𝑄{(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 ) − [𝜇2 + (1 − 𝑟)(𝜆 − 𝜆𝐶(𝑧))]𝑏̅(𝜆 − 𝜆𝐶(𝑧))}
× (𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )−1
= 𝑁(𝑧)(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )−1

𝛽̅ (𝜆 − 𝜆𝐶(𝑧)) − 𝑧 = {[𝜇2 + (1 − 𝑟)(𝜆 − 𝜆𝐶(𝑧))]𝑏̅(𝜆 − 𝜆𝐶(𝑧)) − 𝑧(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )}
× (𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )−1
= 𝐷(𝑧)(𝜆 − 𝜆𝐶(𝑧) + 𝜇2 )−1
Therefore
𝑃(𝑧)

=

𝑁(𝑧)(𝜆−𝜆𝐶(𝑧)+𝜇2 )−1
𝐷(𝑧)(𝜆−𝜆𝐶(𝑧)+𝜇2 )−1

=

𝑁(𝑧)
𝐷(𝑧)

=

̅ (𝜆−𝜆𝐶(𝑧))]
𝑄[1−𝛽
̅ (𝜆−𝜆𝐶(𝑧))−𝑧]
[𝛽

(20)

where 𝑄 is the probability that there is no customer in the queue and the server is idle in the steady state.
Now 𝑃(1) can be obtained from (20) using L Hospital's rule as
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𝑃(1) =

̅ (0)
𝑄𝜆𝐶′(1)𝛽′
̅ (0) − 1
−𝜆𝐶′(1)𝛽′

𝑃(1) + 𝑄 = 1 gives
̅ (0) + 1
𝑄 = 𝜆𝐶′(1)𝛽′
where
̅ (0) = 𝑑[𝛽̅ (𝜆 − 𝜆𝐶(𝑧))]𝑎𝑡𝑧 = 1 = 𝑏′
̅ (0) − 𝑟
𝛽′
𝜇2
Therefore
̅ (0) −
𝑄 = 1 − 𝜆𝐶′(1) [𝑏′
̅ (0) −
and 0 < 𝑄 < 1 implies that 𝜆𝐶′(1) [𝑏′

𝑟
𝜇2

𝑟
𝜇2

]

(21)

] < 1, which is the required stability condition.

Performance measures
For this model the mean queue length and the variance of the queue length and the mean waiting time of the
queue have been obtained. Let 𝐿𝑞 denote the mean queue length, 𝑉𝑞 denote the variance of the queue length and
𝑊𝑞 denote the mean waiting time of the queue. Then
𝐿𝑞 = 𝑃′ (1)
𝑉𝑞 = 𝑃′′ (1) + 𝑃′ (1)[1 − 𝑃′ (1)]
𝑊𝑞 = 𝜆−1 𝑃′ (1)

(22)
(23)
(24)

where 𝑃′ (1) and 𝑃′′ (1) are first and second derivatives 𝑃(𝑧) at 𝑧 = 1. Therefore

𝑃′(1) =

𝑃′′(1) =

𝑄[𝑁′′(1)𝐷′(1)−𝑁′(1)𝐷′′(1)]
2[𝐷′(1)]2

𝑄{𝑁′′′(1)[𝐷′(1)]2 −𝑁′(1)𝐷′(1)𝐷′′′(1)−2𝑁′′(1)𝐷′(1)𝐷′′(1)+2𝑁′(1)[𝐷′′(1)]2 }
2[𝐷′(1)]3

where
̅ (0); 𝑁′′(1) = 𝜆𝐶′′(1)𝛽′
̅ (0) − 𝜆2 [𝐶′(1)]2 𝛽′
̅ ′(0)
𝑁 ′ (1) = 𝜆𝐶′(1)𝛽′
̅ (0) − 3𝜆2 𝐶′(1)𝐶′′(1)𝛽′
̅ ′(0) + 𝜆3 [𝐶′(1)]3 𝛽′
̅ ′′(0)
𝑁′′′(1) = 𝜆𝐶′′′(1)𝛽′
̅ (0) − 1; 𝐷′′(1) = −𝜆𝐶′′(1)𝛽′
̅ (0) + 𝜆2 [𝐶′(1)]2 𝛽′
̅ ′(0)
𝐷′(1) = −𝜆𝐶′(1)𝛽′
2
3
3̅
̅
̅
𝐷′′′(1) = −𝜆𝐶′′′(1)𝛽′(0) + 3𝜆 𝐶′(1)𝐶′′(1)𝛽′′(0) − 𝜆 [𝐶′(1)] 𝛽′′′(0)
̅ (0) = 𝑏′
̅ (0) −
𝛽′

𝑟
𝜇2

;

̅ ′(0) = 𝑏′
̅ ′(0) − 2𝑟 𝑏′
̅ (0) + 2𝑟
𝛽′
2
𝜇2

𝜇2

and

̅ ′′(0) = 𝑏′
̅ ′′(0) − 3𝑟 𝑏′
̅ ′(0) + 6𝑟 𝑏′
̅ ′(0) −
𝛽′
2
𝜇2

𝜇2

6𝑟
𝜇23

Particular Case
In 𝑀 𝑋 /𝐺/1 model if we take 𝐶(𝑧) = 𝑧, the model reduces to 𝑀/𝐺/1 model studied by Madan[2000]. In (20)
̅ (0) = − 1 , the results coincides with the 𝑀/𝐺/1 model studied by
and (21), if we take 𝐶(𝑧) = 𝑧, and 𝑏′
𝜇1

Madan[2000].
IV. Numerical Results
For the numerical study we assume that 𝑋 follows Geometric distribution with parameter 𝑝, essential
and optional services follow negative exponential distributions.
Fixing the values 𝑟 =0.2(probability of second optional service(SOS)), 𝑝 =0.3, 𝜇1 =8 and 𝜇2 =2 and
varying the values of 𝜆 from 0.1 to 1.0 we obtained the values of 𝐿𝑞 , 𝑉𝑞 and 𝑊𝑞 and the corresponding graphs of
𝜆 verses 𝐿𝑞 and 𝑊𝑞 are shown in Fig. 1 and in Fig. 3. From the figures it is noted that as 𝑟 increases 𝐿𝑞 and 𝑊𝑞
also increase.
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Fixing the values of 𝜆=0.4, 𝑝=0.3, 𝜇1 =8, 𝜇2 =2 and varying 𝑟 from 0.1 to 1.0 we obtained the values of
𝐿𝑞 , 𝑉𝑞 and 𝑊𝑞 and the respective graphs of 𝜆 verses 𝐿𝑞 and 𝑊𝑞 are shown in Fig. 2 and in Fig. 4. From the
graphs it is seen that as 𝑟 increases 𝐿𝑞 and 𝑊𝑞 also increase.

Fig.1 Arrival rate versus mean queue length.

Fig.2 Probability of SOS versus mean queue length.

Fig. 3 Arrival rate versus mean waiting time.

Fig. 4 Probability of SOS versus mean waiting time.
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Abstract: The study of blood flow in the artery has some important aspects due to bio-medical engineering
application. Many of the problems such as heart attacks and strokes are related to blood flow and also the
physical characteristics of the artery wall. The abnormal and unnatural growth in the arterial wall
thickness that develops at various locations of the cardiovascular system under diseased conditions is
called arteriosclerosis or stenosis. The hemodynamic instability behavior of the blood flow is influenced by
the presence of arterial stenosis. This study of magnetic field through blood flow will be helpful in the field
of vascular surgery for proper circulation of blood by controlling blood flow. In this paper, a mathematical
model regarding non-Newtonian blood flow considering shear rate dependent viscosity through arterial
stenosis in presence of magnetic field is developed and solved the model using finite element method. Some
results of numerical simulation are presented for the blood flow through a regular artery, a stenosed artery
and a grafting artery in terms of the velocity profile, pressure distribution and shear rate.
Keywords: Finite element method, Stenosis, blood flow, non-Newtonian flow, Magnetic field.
I.

Introduction

Blood is a very complex fluid, as blood is formed by the suspension of fluid particles in an aqueous solution,
called plasma which is composed of 90% of water and 7% protein. In human blood, red blood cells are more in
number than other cells. The aforesaid cells play an important role in carrying oxygen from the lungs to all parts
of the body and the removal of carbon dioxide which is one of the waste products of cell metabolism in the
body to the lungs. About 45% of the total blood volume is occupied by red cells. Of the remaining 1% are white
cells or leucocytes entrusted with the function to resist the body to infection. 5% of the total blood volume
constituted by Platelets and they perform a pivotal role in blood clotting. Blood flow in arteries is dominated by
unsteady flow phenomena. The cardiovascular system is an internal flow loop with multiple branches in which
a complex liquid circulates. The normal blood flow is disturbed abnormally in presence of arterial diseases
whose consequences cause several types of cardiovascular diseases. The heart diseases mainly occur due to
temporary deficiency of oxygen or blood supply to the heart. This deficiency may be due to a constriction or
obstruction in the blood supply to that part; the constriction involves the deposition of some fatty substances
like cholesterol, cellular waste product, calcium, etc. The study of blood flow in the artery [1] has some
important aspects due to engineering and medical application. Maiti [2] investigated mathematical modelling on
blood flow under atherosclerotic condition and observed that resistance to flow decreases as stenosis shape
parameter and viscosity increases, but the reverse effect occurs when stenosis size increases. Several researchers
(Bessonov et al [3], Tu and Deville [4], Shukla [5], Maiti [6], Nadeem et al [7], Srivastav [8]) have studied the
flow of blood in stenosed artery.
It is well known that blood, at low shear rates and during its flow through narrow blood vessels, behaves like a
non- Newtonian fluid. Harjeet et al [9] shows that the non-Newtonian character of blood is helpful in reducing
the abnormal effect of the stenosis. Mathur and Jain [10],Gayathri et al [11] studied mathematical modeling of
non-Newtonian blood flow resistance and pressure drop through artery. Rabby ea al [12] trying to find out how
blood behaves in arterial stenosis when it is assumed as Newtonian and non-Newtonian fluid. Maiti [13] studied
Role of Arterial Stenosis on Non-Newtonian Flow of Blood in Presence of Slip Velocity.
Since blood consists of a suspension of red blood cells containing hemoglobin which contains iron oxide, it is
quite apparent that blood is electrically conducting and exhibits magnetohydrodynamic flow characteristics.
Boesiger et al. [14] used magnetic resonance imaging (MRI) to study arterial hemodynamics. Gupta and Kapur
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[15] studied finite element Galerkin’s scheme for flow in blood vessels with magnetic effects. Gupta [16]
investigated the performance model and analysis of blood flow in small vessels with magnetic effects and found
the effects of a magnetic field have been used to control the flow. Blood flow in an aneurysmal geometry,
subjected to a static and uniform magnetic field, was studied by Raptis et al [17]. Computational Analysis of
Transient non-Newtonian Blood Flow in Magnetic Targeting Drug Delivery in Stenosed Carotid Bifurcation
Artery is investigated by Alimohamadi [18]. Misra [19] trying to find the effect of magnetic field on blood flow
through an artery. Bali and Awasthi [20] study a multiple stenosed artery in the presence of magnetic field and
found that the magnitude of velocity is decreased in the presence of magnetic field.
From the above literature review it is seen that the numerical analysis of a blood flow model considering shear
rate dependent viscosity for arterial stenosis in presence of external magnetic field is yet to be reported in the
literature. The objective of this work is to study the influence of magnetic field on the blood flow. The study
focuses specifically on the effects of magnetic field on the velocity profile, pressure distribution and shear rate.
II.

Physical Model and Governing Equations

A two dimensional arterial segment with arterial stenosis and a bypass segment as shown in Fig 1. is considered
with appropriate boundary conditions. The domain is permeated by the uniform external oriented magnetic field
2
2
B0 = Bx ex +By ey (where Bx and By are space independent) of constant magnitude B0  Bx  B y and ex and ey

are unit vectors in Cartesian coordinate system. The orientation of the magnetic field forms an angle  with
By
horizontal axis, such that tan 
.
Bx

By
P_in

B0

Bx

Fig.1. Schematic diagram for the physical system

In the present study, a non-Newtonian flow model is considered. The equations to solve are the momentum and
continuity equations:



u
   u.  u  p  . (u  (u)T )  F
t

.u  0

.

( n 1)

    ( 0   )[1  (  )2 ] 2
2
2
and the body force in the x momentum is  B0 (v sin  cos   u sin  )
2
2
the body force in the y momentum is  B0 (u sin  cos   v cos  )
where,  is the infinite shear rate viscosity,  0 is the zero shear rate viscosity,  is a parameter with units of
time, n is a dimensionless parameter,  is the electrical conductivity, B0 is magnetic field intensity and  is
where the viscosity is given by

the inclination of magnetic field with the x axis.
The boundary conditions at the inlet and outlet are set to fixed pressures:
At the inlet: p  pin
At the outlet: p  0

while all other boundaries impose the no-slip condition:

u0

The thermo-physical properties of blood are listed in Table 1.
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Table 1. Thermophysical properties of blood
Property

Blood
-1

-1

Specific heat, cp (J Kg K )
Density, ρ

3770.0

(Kg m-3)

1060.0
o

Arterial blood temperature, ( C)

37

Average blood flow in normal arterial pressure, (KPa)

10

III.

Solution Technique

Galerkin weighted residual method of finite element is used in the study as the solution technique. In this
method, the solution domain is divided into finite number of elements, which are formed of non-uniform
triangular elements. Then by using Galerkin weighted residual method the governing non-linear partial
differential equations (i.e. mass, momentum and energy equations) are transferred into a system of integral
equations. The integration involved in each term of these equations is performed by using Gauss's quadrature
method. Newton's method is used to modify the non-linear algebraic equations into linear equations with the
help of the boundary conditions. Then finally we use Triangular Factorization method to solve these linear
equations.
IV.

Mesh Generation

The discrete locations at which the variables are to be calculated are defined by a mesh which covers the
geometric domain on which the problem is to be solved. It divides the solution domain into a finite number of
sub-domains called finite elements. The computational domains with irregular geometries by a collection of
finite elements make the method a valuable practical tool for the solution of boundary value problems arising in
various fields of engineering. Figure 2 displays the finite element mesh of the present physical domain. The
length and width of the computational domain are 1m and 0.25m respectively.

Fig. 2: Mesh generation of the 2D domain

V.

Grid Size Sensitivity Test

A grid independence study was executed to make sure the correctness of the numerical results at the
representative value of α=0, B = 50 and P = 10. Non-uniform triangular element grid system is employed in the
present study. The extreme value of velocity is used as a sensitivity measure of the accuracy of the solution and
is selected as the monitoring variable considering both the accuracy of numerical value and computational time.
This is described in Table 2. and Figure 3. It is observed that the magnitude of the velocity for 18996 elements
shows a very little difference with the results obtained for the other higher elements. The element 18996 is
chosen for further calculation.
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Table 2. Sensitivity Check at α=0, B = 50 and P = 10
Elements

1512

2866

8158

18996

44868

Velocity

187.945

189.1954

189.788

189.913

189.952

190.5
190
189.5
189

Velocity

188.5
188

187.5
187
186.5
186
185.5
185

0

10000

20000

30000

40000

50000

Number of Elements

Fig. 3: Grid sensitivity test

VI.

Results And Discussion

The present numerical study deals with the blood flow through a regular artery, a stenosed artery and a grafted
artery in the influence of the magnetic field. The results are shown in terms of velocity contour, pressure
distribution and shear rate. Also the velocity profiles at different locations of the artery for the mentioned case
are presented graphically.
Figure 4. shows the velocity, pressure and shear rates contours for regular, stenosed and grafted artery with α=0,
B = 0.5T and p-in = 10000 Pa. In the figures the changes of color from blue to red represents lower to higher
values for all cases. The arrow lines indicate the direction of the flow field. From the first column, it is seen that,
for the regular artery, the velocity contours at the mid line of the artery is of elliptical shape and higher velocity
exist at the central area of the artery whereas the lower velocity is at the wall because of no slip condition. The
direction of flow is parallel to the walls of the artery. For the case of stenosed artery, the velocity contours are of
elliptical shape at the stenosed portion. Maximum velocity contours occurs at the middle part of the stenosis.
The direction of the flow field takes the shape of the artery that is from the inlet it converges to the stenosed area
and from there it diverges to the outlet. In the case of grafted artery, velocity contours are similar to the stenosed
portion where as some contour lines appear in the bypass section. That is blood is flowing through the bypass.
As shown in the second column of Fig 4., pressure lines are parabolic shape at the inlet and outlet port and on
the other area; they are almost parallel to the vertical line. For the stenosed and grafted artery, the pressure
distribution is of elliptic shape and has maximum pressure lines at the stenosed portion. For all three cases,
pressure becomes lower with the length of the artery while after the stenosis it becomes very low indicates lower
velocity at that region.
The third column of Fig 4. shows the shear rate effect for the considered cases. Shear rate is the rate of change
of velocity and this represents the rate at which a fluid is sheared or “worked” during flow. Shear rate has the
similar pattern as the velocity. That is Higher shear rate exist at the central area of the artery whereas the lower
values are at the wall because of no slip condition. Maximum shear rate exists at the middle part of the stenosis
due to the contraction of the domain.
Figure 5-7. depict the velocity profiles versus arc length at the outlet for a regular shaped, stenosed and grafted
artery respectively. Different pressures: 10 KPa and 15KPa are considered which corresponds to the average
normal and high blood pressure for human. Here the magnetic field intensity varies from 0T to 1T where as in
Magnetic Resonance (MR) devices upto 3T may be used.
For the first two cases, velocity profiles are parabolic which is similar to the plane poiseuille flow where as for
the bypass flow, parabolic pattern is slightly distorted for greater magnetic field effect. From these figures it is
clearly seen that, velocity magnitude at 10 KPa is about 13 cm/s and 50 cm/s for 15 KPa for the regular artery
which decreases to 10 cm/s and 42 cm/s respectively due to the stenosis. Higher pressure (15KPa) causes higher
velocity for all three cases. For both the pressures, velocity reduces for the diseased state. Though the outlet
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velocity for the stenosed and grafted case are almost similar, the pressure distribution through the bypass
lowering the pressure as well as the velocity at the stenosed portion. The total flow divided into two portions:
the main artery and the bypass section.
The imposed magnetic field affects the flow significantly. The velocity magnitude is high in the absence of
magnetic field effect (B0 = 0). Higher values of B0 causes lower velocity. Similar influences are seen for all
considered cases. For, the grafting artery, outlet velocity pattern slightly changes from parabolic shape. This
happens due to the fact that the magnetic field is applied to the horizontal direction where the flow is not fully
horizontal; it is the sum of the regular flow and through bypass flow. Here magnetic field applied to the
direction parallel to the regular flow. Other direction may cause notable effect.

(a)

(b)

(c)

Velocity

Pressure

Shear
rate

Fig. 4: Velocity (×10-1cm/s) , pressure (Pa) and shear rate contours for (a) regular (b) stenosed and (c) grafted artery for α=0, B = 0.5T and
p-in = 10000 Pa.
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Fig. 5: Velocity at the outlet for different magnetic field (a) p-in = 10KPa (b) p-in = 15KPa for regular artery.

Fig. 6: Velocity at the outlet for different magnetic field (a) p-in = 10KPa (b) p-in = 15KPa for stenosed artery.

Fig. 7: Velocity at the outlet for different magnetic field (a) p-in = 10KPa (b) p-in = 15KPa for grafted artery.
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VII.

Conclusions

The effects of external magnetic field on velocity, pressure and shear rate have been studied in detail in a
normal, a stenosed and a grafting artery. From the present investigation the following conclusions may be
drawn:


Lower velocity and pressure are observed in the case of stenosed grafting artery compared to the normal
artery.
 The magnitude of velocity decreases with the increase of magnetic field.
 The high blood pressure cases higher velocity while magnetic field has similar impact on both cases.
In view of these arguments, the present study may be useful to control the blood flow in diseased state. This
research may be extended including a mechanical analysis of the deformation of the tissue and artery with
applying magnetic field on different directions.
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Abstract: In this paper we have developed an integrated supply chain model for inventory items with
backorder using Yager ranking method. Generally, the problems of vendor and the buyer are treated
separately. But in this paper, we present a joint integrated vendor buyer model in both crisp and fuzzy
sense. Nowadays the scope of inventory management ease out a balance between factors like
replenishment lead time, carrying costs of inventory, inventory forecasting, inventory valuation, inventory
visibility, future inventory price forecasting, physical inventory, available physical space, quality
management, replenishment, return of defective goods and demand forecasting. Balancing these
competing necessities leads to optimal inventory level, which is an ongoing process as the business desires
thereby shift and react to the wider environment. Here shortages and lead time are allowed. Finally, a
numerical example and sensitivity analysis are given to illustrate this model. Yager ranking method is used
to defuzzify the results.
Keywords: Supply Chain, Lead Time, Quality Assurance, Backorder, Integrated Vendor – Buyer,
Trapezoidal Fuzzy Numbers, Yager Ranking Method.
I. Introduction
Inventory management is an authority on specifying the shape and placement of stocked goods. It is essential at
different locations of a provided network to ensure standard stock materials and intended route of production.
The idea of stock or work-in-process has been stretched out from assembling frameworks to benefit
organizations and tasks. Resource limitations and geographical distances challenges the timely delivery of goods
and services to the customers. Supply chain management plays a vital role in operational co-ordination across
their supply chain to further reduce costs while improving services to the consumers. In supply-chain
management, inventory management plays an essential role. Inventory involves various cost, investment, space
management, etc. It is vital to have an incredible stock administration for an association. Various stock models
have concentrated on inferring ideal request amounts for the buyer. Such models disregard two chances. To start
with, it might be conceivable to diminish costs without modifying the requesting strategy. Second, the
organizations can discover a request amount that is mutually ideal for the purchaser and seller. Supply Chain
Management refers to co-operative management of materials and information flown between partners of supply
chain to diminish all unnecessary costs, subject to satisfying administration necessities. Supply chain integration
is another sort of hierarchical model, taking enthusiastic partnership of supply chain as a subject to get a handle
on worldwide asset incorporation, through intuitive work-together activity of supply chain. In 1977, Goyal [2]
first introduced the idea of a joint total cost for a single vendor and a single buyer assuming an infinite
production rate for the vendor and lot policy for the shipments from the vendor to the buyer. In 1986, Banerjee
[1] established a joint economic lot size model for a single vendor with finite production rate. In 1997, Ha and
Kim [3] proved the JIT system between the vendor and the buyer using geometric programming. In 1998, Lee,
H.M and Yao [8] discussed an economic production quantity for fuzzy demand and fuzzy production quantity.
In 2000, Yang and Wee [14] demonstrated an integrated approach on economic order policy of deteriorated item
for vendor and buyer.
In 2001, Hwang et all [4] suggests that the climate of increasingly strict regulations for energy efficiency,
material composition, waste reduction and product recycling and Miltenburg [10] constructed that the term JIT
could be adopted to signify techniques, improving quality products and reduce costs by eliminating all waste
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from the production system In 2002, Kao and Hsu [6] investigated that a single period inventory model with
fuzzy demand. In 2007, Yang, Wee and Yang [15] obtained a global optimal policy for vendor-buyer integrated
inventory system within just in time environment.
In 2012, Roy, Sana and Chaudhuri [13] coined an integrated producer buyer relationship in the environment of
EMQ and JIT production systems. In 2013, Nagoor Gani and Sabarinathan [11] obtained an optimal policy for
vendor-buyer integrated model with fuzzy environment situation and Li - Hsing Ho and Wei – Feng Kao [7]
derives that a supply chain model with inventory and waste reduction considerations. In 2016, Maragatham and
Jayanthi [9] established an integrated supply chain model for deteriorating inventory items and waste reduction
contemplations through JIT with price dependent demand in fuzzy environment.
Recently, Ritha and Sagayarani [12] proved that a determination of optimal order quantity of an integrated
inventory model using yager ranking method. In 2017, Jayanthi and Maragatham [5] constructed that the
optimal joint total cost of an integrated supply chain model for deteriorating inventory items with backorder
through just in time: A Fuzzy Approach.
This paper derives the minimum optimal solution which integrates inventory and quality assertion in a supply
chain. This model assumes that shortages and lead time are allowed. Transportation cost is considered.
We focus here around one demanding positioning strategy presented by Yager. This positioning strategy
depends on idea of associating with a fuzzy number to a crisp esteem. At that point we will perceive how to
figure the valuation of a trapezoidal fuzzy number. We will examine and interpret the results to get a more
profound understanding of the procedure.
II. Methodology
2.1 Fuzzy Numbers
Any fuzzy subset of the real line R, whose membership function

~
generalized fuzzy number A .
(i)
(ii)
(iii)
(iv)
(v)
(vi)

 A satisfied the following conditions, is a

 A is a continuous mapping from R to the closed interval [0, 1].
 A = 0,    x  a1 ,
 A = L(x) is strictly increasing on [a1, a2]
 A = wA, a 2  x  a3
 A = R(x) is strictly decreasing on [a3, a4]
 A = 0, a4  x  

0  wA  1 and a1, a2, a3 and a4 are real numbers. Also this type of generalized fuzzy number be
~
~
denoted as A  a1 , a 2 , a3 , a 4 : wA LR ; When wA = 1, it can be simplified as A  a1 , a 2 , a3 , a 4 LR
Where

2.2 Trapezoidal Fuzzy Number
A trapezoidal fuzzy number 𝐴̃ = (a, b, c, d) is represented with membership function 𝜇𝐴̃ as:
𝐿 (𝑥) =
1
𝑅 (𝑥) =

𝜇𝐴̃ (𝑥) =
{

0

𝑥−𝑎
𝑏−𝑎

, 𝑤ℎ𝑒𝑛 𝑎 ≤ 𝑥 ≤ 𝑏;
, 𝑤ℎ𝑒𝑛 𝑏 ≤ 𝑥 ≤ 𝑐;

𝑑−𝑥
𝑑−𝑐

, 𝑤ℎ𝑒𝑛 𝑐 ≤ 𝑥 ≤ 𝑑;
,

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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2.3 The Function Principle
The function principle is used for the operation of addition, subtraction, multiplication and division of fuzzy
numbers.
Suppose 𝐴̃ = (𝑎1, 𝑎2, 𝑎3, 𝑎4) 𝑎𝑛𝑑 𝐵̃ = (𝑏1, 𝑏2, 𝑏3, 𝑏4) are two trapezoidal fuzzy numbers, then arithmetical
operations are defined as:
1. 𝐴̃ ⨁ ̃𝐵 = (𝑎1 + 𝑏1, 𝑎2 + 𝑏2, 𝑎3 + 𝑏3, 𝑎4 + 𝑏4)
2. 𝐴̃ ⨂𝐵̃ = (𝑎1𝑏1, 𝑎2𝑏2, 𝑎3𝑏3, 𝑎4𝑏4)
3. 𝐴̃ ⊝ 𝐵̃ = (𝑎1 − 𝑏4, 𝑎2 − 𝑏3, 𝑎3 − 𝑏2, 𝑎4 − 𝑏1)
𝑎
𝑎
𝑎
𝑎
4. 𝐴̃ ø 𝐵̃ = ( 1 , 2 , 3 , 4 )
𝑏4

5. α ⨂𝐴̃

𝑏3

𝑏2

𝑏1

(αa1, αa2, αa3, αa4) , α ≥ 0
= {
(αa4, αa3, αa2, αa1) , α < 0

2.4 Yager’s Ranking Method

~

~

If the α cut of any fuzzy number A is [AL (α), AR (α)], then its ranking index I( A ) is,



1
~
I A 
2

1

 A    A   d .
L

R

0

2.5 Notations and Assumptions

The mathematical model in this paper is developed on the basis of the following notations and
assumptions.
2.5.1 Notations
Q
R
P
n
nQ
HV
HB
SV
SB
Cv
L
r
K
1-K
ΠB
TCV
TCB
JTC

~
R

~
HV
~
HB

~
SV

~
SB

~
Cv
~
r

-

-

Order Quantity of the buyer
Annual demand rate
Production rate
Total number of shipments per lot from the vendor to the buyer
Vendor’s lot size per delivery
Vendor’s holding cost per unit per unit time
Buyer’s holding cost per unit per unit time
Production cost paid by the vendor
Purchasing cost paid by the purchaser
Transportation cost paid by the vendor
Lead Time
Annual inventory holding cost
Backordering ratio
Non-backordering ratio
Unit backordering cost of the buyer
Total annual cost of the vendor
Total annual cost of the buyer
Joint annual total cost of the vendor and the buyer

-

Fuzzy annual demand rate

-

Vendor’s fuzzy holding cost per unit per unit time

-

Buyer’s fuzzy holding cost per unit per unit time

-

Fuzzy Production cost paid by the vendor

-

Fuzzy Purchasing cost paid by the purchaser

-

Fuzzy transportation cost

-

Fuzzy annual inventory holding cost

~
JT C -

Joint fuzzy integrated total annual cost of the vendor and the buyer
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2.5.2 Assumptions











The integrated system of a single vendor and single buyer for a single product is considered.
The vendor and the buyer have complete knowledge of each other’s information.
Production rate is uniform and finite.
Demand rate is constant over time.
Both the production and demand rates are constant and the production rate is greater than the demand
rate.
Buyer’s shortages are allowed.
Lead time is allowed.
Inventory is continuously reviewed.
Transportation cost is considered.
Demand rate (R), holding cost of the vendor (H V), holding cost of the buyer (HB), production cost of
the vendor (Sv), purchasing cost of the buyer (SB), transportation cost of the vendor (CV), annual
inventory holding cost (r) and unit backordering cost of the buyer (Π B) are taken as a trapezoidal fuzzy
numbers.
III. Model Formulation

3.1 Proposed Joint Integrated Inventory Model in Crisp Sense
From the above notations and assumptions, optimal order quantity and the joint total annual cost for the both
vendor and buyer are determined.
Then, the joint total annual cost is given by,
JTC (Q, n)
= vendor’s set up cost + vendor’s holding cost + vendor’s transportation cost +
Lead time+ buyer’s ordering cost + buyer’s carrying cost + buyer’s backordering cost
In vendor’s inventory model, the total annual cost of the vendor is given by,
TCV (Q, n)
= set up cost + holding cost + transportation cost + lead time
In buyer’s inventory model, the total annual cost for the buyer is given by,
TCB (Q)
=
ordering cost + carrying cost + backordering cost
The average inventory for vendor IV is determined as follows ,

nQ 2
1 1
1 1
1 1
1 1
 Q 2     2Q 2     3Q 2     ...  nQ 2   
2P
R P
R P
R P
R P
IV 
nQ
R
=

IV 

R  nQ 2 n (n  1) Q 2  1 1 

  

nQ  2 P
2
 R P 
Q   R
2R 
n 1    1 

2   P
P 

(1)

Vendor’s total annual cost is,

TCV (Q, n) 

SV R rQH V

nQ
2

  R
2R 
 n 1  P   1  P   C v Q  L

 


(2)

Buyer’s total annual cost is,

S B R r 1  K  QH B
K 2 Q B


Q
2
2
2

TC B (Q) 

(3)

Then, the joint total annual cost is given by,

JTC (Q, n) = Vendor’s total annual cost + Buyer’s total annual cost
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=

JTC (Q, n) 

TCV (Q, n)  TC B (Q)

SV R rQH V

nQ
2

  R
2R 
 n 1  P   1  P   C v Q  L +

 

S B R r 1  K  QH B
K 2 Q B


Q
2
2
2

(4)

Partially differentiate equation (4) with respect to Q, we get

S R rH   R 
S B R r (1  K ) 2 H B
JTC (Q, n)
2R 
  V 2  V  n 1    1 

C


v
Q
2   P
P 
2
nQ
Q2
K 2 B

2
(5)
Again, differentiate equation (5) with respect to Q, we get,

 2 JTC (Q, n) 2 SV R 2 S B R


 0
 2Q
nQ 3
Q3

(6)

Now, set the equation (5) to zero and we compute for Q, then,


S

2 R V  S B 

 n

Q  

  R
2R 
2
2
 2C v
 r (1  K ) H B  K  B  rH V n 1    1 
P 
  P


1

2






(7)

3.2 Proposed Joint Integrated Inventory Model in Fuzzy Sense using Yager’s Ranking Method
We consider the joint integrated inventory model in fuzzy environment. Here, Demand rate (R), holding cost of
the vendor (HV), holding cost of the buyer (HB), production cost of the vendor (SV), transportation cost of the
vendor (Cv), purchasing cost of the buyer (SB), annual inventory holding cost (r) and unit backordering cost of
the buyer (ΠB) are taken as a trapezoidal fuzzy numbers.
Apply Yager Ranking method to defuzzify the optimal order quantity and the joint total annual cost of the
vendor and the buyer.

~
~ ~ ~ ~ ~
R , H V , H B , SV , S B , ~
r , C v , ~B be trapezoidal fuzzy numbers and they are defined as follows. [(ie) they

Let

are described by the α – cuts]



H     L   , R   
H     L   , R   
S     L   , R   
S     L   , R   
r     L   , R   
R  R   LR1  R  , RR1  R 
V

HV

1
HV

HV

1
HV

HV

B

HB

1
HB

HB

1
HB

HB

V

SV

1
SV

SV

1
SV

SV

B

SB

1
SB

SB

1
SB

SB

r

1
r

r

1
r

r
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    L  , R  
Cv  r   LC1v  r  , R C1v  r 
B

1
B

B

1
B

B

B

The joint total annual cost is given by,

~
JT C (Q, n) = vendor’s set up cost + vendor’s holding cost + vendor’s transportation cost + Lead time +
buyer’s ordering cost + buyer’s carrying cost + buyer’s backordering cost

In vendor’s inventory model, the total annual cost of the vendor is given by,

~
TCV (Q, n) =

set up cost + holding cost + transportation cost + Lead time

In buyer’s inventory model, the total annual cost for the buyer is given by,

~
T C B (Q )

=

ordering cost + carrying cost + backordering cost

The average inventory for vendor IV is determined as follows,

nQ 2
1 1
1 1
1 1
1 1
 Q 2  ~    2Q 2  ~    3Q 2  ~    ...  nQ 2  ~  
2P
R P
R P
R P
R P
IV 
nQ
~
R

~
R  nQ 2 n (n  1) Q 2  1 1 

=
 ~  

nQ  2 P
2
 R P 
IV 

~
~
Q  R
2R 


n
1


1



2   P 
P 

(8)

Vendor’s total annual cost is,

~ ~
~
~
~
SV R ~
r QH V   R 
2R  ~
~
TCV (Q, n) 

 n 1    1 
  Cv Q  L
nQ
2   P 
P 

(9)

Buyer’s total annual cost is,

~ ~
~
S R ~
r (1  K ) 2 QH B
K 2 Q~B
~
TC B (Q)  B 

Q
2
2

(10)

Then, the joint total annual cost is given by,

~
JT C (Q, n) = Vendor’s total annual cost + Buyer’s total annual cost
~
~
= TCV (Q, n)  TC B (Q)
~ ~
~
~
~
SV R ~
r QH V   R 
2R  ~
~



 1
JT C (Q, n) 
n 1 
  Cv Q  L +
nQ
2   P 
P 
~ ~
~
SB R ~
r (1  K ) 2 QH B
K 2 Q~B


Q
2
2

(11)

The above equation can be rewritten as,
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~ ~
~
~ ~ ~ ~
~
~
~
SV R
r QH V
r QH V R S B R ~
r (1  K ) 2 QH B
~
JT C (Q, n) 
 n 1
 2  n 



nQ
2
2P
Q
2
K 2 Q~B
~

 Cv Q  L
2

(12)

Using Yaker Ranking Method for equation (12), we have,

K1



SV

, R



K 2  r ,  HV

1
1
1
1

1  1
1
1
1
 LSV  SV d SV .  LR  R d R   RSV  SV d SV .  RR  R d R 
4 0
0
0
0





 

1
1
1
1

1  1
1
1
  Lr  r d r .  LHV  H H d HV   Rr  r d r .  RH1V  HV d HV 
4 0
0
0
0






K 3  r ,  HV ,  R





K 4  SB , R 



K 5  r , H B



 







1
1
 1 1

1
1
 Lr  r d r .  LHV  H H d HV .  LR ( R )d R

1 0

0
0
  1

1
1
8

1
1
1
 
  Rr  r d r .  R HV  H H d HV .  R R ( R )d R 
0
0
 0












1
1
1
1

1  1
1
1
1
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.
L

d


R

d

.
 S B S B
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R
R
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S B  RR  R d R 

4 0
0
0
0


 

 

1
1
1
1

1  1
1
1
  Lr  r d r .  LH B  H B d H B   Rr  r d r .  RH1B  H B d H B 
4 0
0
0
0










1
1

1  1
1
L
(

)
d


R
(

)
d

  B  B

B



0 B B
B
2 0


K 6 (  B )



K 7 ( Cv )

1
1

1  1
1

 LCv ( C v ) d C v   RCv ( Cv ) d Cv 
2 0
0


Therefore, equation (12) becomes,

















K 1  SV ,  R
QK 2  r ,  HV
QK 3  r ,  HV ,  R
~
JT C (Q, n) 
 n  1
 2  n 

nQ
2
2P
K 4  SB , R
Q





Q(1  K ) 2 K 5  r ,  H B



2



 

K 2 QK 6   B
2

 QK 7 ( C v )  L
(13)

To determine the optimal order quantity,
Partially differentiate equation (13) with respect to Q, we get













(1  K ) 2 K 5  r ,  H B



~
 K 1  SV ,  R
K 2  r ,  HV
K 3  r ,  HV ,  R
JT CQ, n 






n

1

2

n
Q
2
2P
nQ 2


K 4  SB , R
Q2





2





 

K 2 K6 B
2



 K 7 ( Cv )
(14)

Again, differentiate equation (14) with respect to Q, we get,
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~
 2 JT C (Q, n) 2 K 1 ( SV ,  R ) 2 K 4  S B ,  R


 2Q
nQ 3
Q3



 0

(15)

Now, set the equation (14) to zero and we compute for Q, then,





1


2
 K 1  SV ,  R



2 P
 K 4  S B ,  R 
n




Q  

2
 (n  1) PK 2  r ,  HV  (2  n) K 3  r ,  HV ,  R  (1  K ) PK 5 ( r ,  H B ) 


 K 2 PK 6   B  2 PK 7  C v 















 

(16)
IV. Numerical Example
4.1 Numerical Example in Crisp Sense
The annual demand of an item is 900 unit / year and the production rate is 3600 unit / year and the number of
shipments is 4. Annual inventory holding cost is Rs. 1 per unit. The holding cost for the vendor is Rs.18 / unit,
the holding cost for the buyer is Rs.20 / unit, the production cost for the vendor is Rs. 480 / set up and the
production cost for the buyer is Rs. 45 / order, the transportation cost for the vendor is Rs.10/unit, back ordering
ratio is 10%, unit backordering cost for the buyer is Rs. 5 per unit and the lead time is 0.5. Optimal order
quantity and joint total annual cost for both the vendor and the buyer are determined.
Sol:
R = Rs. 900 unit / year
P = Rs. 3600 unit / year
n = 4
r
= Rs. 1 / unit
HV = Rs. 18 / unit
HB = Rs. 20 / unit
SV = Rs. 480 / setup
SB = Rs. 45 / order
C = Rs. 10/unit
K = 10%
ΠB = 5
L = 0.5

4.1.1 Order Quantity


S

2 R V  S B 

 n

Q  

  R
2R 
2
2
 2C v
 r (1  K ) H B  K  B  rH V n 1    1 
P 
  P


1

2

 = 60.46




4.1.2 Joint Total Annual Cost of the Vendor and the Buyer

JTC (Q, n) 

SV R rQH V

nQ
2

  R
2R 
 n 1  P   1  P   C v Q  L +

 

S B R r 1  K  QH B
K 2 Q B


Q
2
2
2

JTC (Q, n) = Rs. 4912.86
4.2 Numerical Example in Fuzzy Sense
To validate the proposed model consider the data
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~
R

Let

=
=
=
=

P
n

~
r

(800, 900, 1000, 1100) unit / year
Rs. 3600 unit / year
4
(Rs.0.5, Rs.1, Rs.1.5, Rs.2) unit/year

~
H V = (Rs.16, Rs.18, Rs.20, Rs.22) unit/year
~
H B = (Rs.18, Rs.20, Rs.22, Rs.24) unit/ year

~
SV

=

(Rs.460, Rs.480, Rs.500, Rs.520) / setup

~
SB =

(Rs.40, Rs.45, Rs.50, Rs.55) / order

~
C =
K

~B
L

Sol:

(Rs.9, Rs.10, Rs.11, Rs.12)
10%
(RS. 4, Rs. 5, Rs.6, Rs.7)
0.5

=
=
=

~
R  R 

 800100 , 1100100 

P
n

=
=
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4

~
r  r 
 0.5  0.5 , 2  0.5 
~
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~
H B  H   18  2 , 24  2 
~
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~
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~
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V

B

V

B

B
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B



=
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K 6 (  B )
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1  1
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2 0
0
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K 7 ( Cv )
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1

1  1
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)
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  Cv Cv
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4.2.1 Fuzzy Order Quantity
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4.2.2 Joint Fuzzy Total Annual Cost of the Vendor and the Buyer













Q(1  K ) 2 K 5  r ,  H B





K 1  SV ,  R
QK 2  r ,  HV
QK 3  r ,  HV ,  R
~
JT C (Q, n) 
 n  1
 2  n 

nQ
2
2P
K 4  SB , R
Q





2





 

K 2 QK 6   B
2

 QK 7 ( Cv )  L

~
JT C (Q, n) = Rs. 3250.0401.
V. Sensitivity Analysis
n=3
n=4
n=5
n=6
n=7
n=8
n=9

Q*
60.4530
49.7012
42.6613
37.6611
33.9096
30.9809
28.6247

JTC(Q, n)
3232.9784
3250.0401
3261.6512
3280.8484
3315.5159
3386.4272
3409.0770
VI. Conclusion

In this paper, we studied the ranking process based on Yager’s ranking method. In this model, we develop a
Joint integrated total annual inventory cost of the vendor and the buyer with backorder in the crisp sense as well
as in the fuzzy sense. Annual demand, Annual inventory holding cost, holding cost and purchasing cost of the
vendor and buyer transportation cost and backordering cost are taken as a fuzzy numbers. When the number of
shipments (n) is increasing, the order quantity is decreasing and the joint total integrated cost is increasing. It
implies that the dealer will order more number of quantities to reduce the annual inventory cost. Finally, the
proposed model has been verified by the numerical example along with the sensitivity analysis. In the future
study, we apply the fuzzy concept for all provisions in this proposed model.
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