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I. Introduction 

The variety of studies on boundary layer flow due to stretching surface have increased in a lot of engineering 

processes with industrial applications such as materials manufactured by crystal growing, polymer extrusion, 

paper production, wire drawing, annealing and tinning of Copper wires, stretching of plastic films and more. The 

new kind of fluids called Nanofluid, a mixture of some fluids and some nanoparticles was introduced by 

Choi[8].This The nanoparticles are made of metals such as aluminum, copper, gold, titanium, iron or their oxides 

and the most commonly used base are water, ethylene-glycol, toluene and oil. The base fluid and the particles we 

choose depend on the application for which the Nanofluid is intended. An improved way of upgrading the heat 

transfer of fluids is to suspend small amounts of nanometer sized (10-50 nm) particles and fibres in fluids. 

Nanofluid with all the potential applications in industrial engineering and biomedicine, have in the recent time 

attracted interesting and intensive studies, for instance, Xuan and Li, [10];Wen and Ding,[3]; Bachok et al.,[1]; 

Hamad. M.A.A., [5]; Anjali and Andrews, [7] among others. 

The Dynamics of the Boundary Layer Flow over a Stretching Surface was also pioneered by Sakiadis [2], he 

initiated the study of boundary layer flow over a continuous solid surface moving with constant speed. Theoretical 

study of boundary layer flow over a stretching surface was also particularly studied by Crane [4]. O.D. Makinde 

and W. N. Mutuku [6] investigated Hydro magnetic Thermal Boundary Layer of Nanofluid over a Convectively 

Heated Flat Plate with Viscous Dissipation and Ohmic Heating, they both also worked on Hydro magnetic 

Boundary Layer Flow of Nanofluid over a Permeable Moving Surface with Newtonian Heating [9],which formed 

a good basis for the present work. In this paper however, we would examine numerically the effect of degrees of 

permeability on the hydro magnetic boundary layer flow of Nanofluid past a stretching surface and analyse what 

influence some basic parameters would have on the fluid. 

 

II. Mathematical Formulation 

We consider a steady unidirectional boundary layer flow of an electrically conducting Nanofluid (Cu-water and 

Al2O3-water) with specific emphasis on the permeability parameter and its effects on the Nanofluid in the presence 

of uniform transverse magnetic field of strength B0 applied parallel to the y-axis (Fig 1). We also assumed that 

the induced magnetic field and external electric field are negligible. At the boundary, the plate stretches at a 

velocity U0. [We are aware that the reactions that will occur will bring about some heat transfer and heat change, 

we are however silent about the energy equation and the proceedings therein]. 

The x-axis is taken along the direction of the plate and y-axis normal to it. Under the boundary layer 

approximations, the Nanofluid governing equations for continuity and momentum are given below; 
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with the boundary conditions 
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u (x,0) = 𝑈0, u(x,∞) = 0                       (3) 

where (u, v) are the velocity components of the Nanofluid in the (x, y) directions respectively. 𝑈0 is the plate 

velocity, T is the temperature of the Nanofluid, 𝑇𝑓 is the temperature of the hot convectional fluid, 𝜇𝑛𝑓 is the 

dynamic viscosity of the nanofluid, 𝜌𝑛𝑓 is the density of the nanofluid, 𝜎𝑛𝑓 is the electrical conductivity of the 

nanofluid. 

Introducing the dimensionless variables and the quantities listed below into the governing equations above; 
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Fig. 1. Flow configuration and coordinate system 
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We thus obtain; 
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With the boundary conditions 

𝑊(0) = 1 𝑎𝑛𝑑 𝑊(∞) = 0         (7) 

Where W is the dimensionless Nanofluid velocity, S the suction velocity parameter, Ha is the Hartmann number, 

𝜑 is the solid volume fraction parameter of the Nanofluid, Kp is the permeability parameter, 𝜇𝑓 is the viscosity of 

the base fluid, 𝜌𝑓 and 𝜌𝑠 are the densities of the base fluid and the nanoparticles respectively, 𝜎𝑓 and 𝜎𝑠 are the 

electrical conductivities of the base fluid and the nanoparticles respectively. It must be noted that 𝜑 =
0 corresponds to a regular fluid scenario with magnetic field effect. 

The skin friction coefficient, a physical quantity of practical importance to our work is defined  

 𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈0
2 Where 𝜏𝑤 is the skin friction 
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Substituting from the boundary conditions  

 𝐶𝑓 =
1

(1−𝜑)2.5 𝑊′(0) 

These were solved under the boundary conditions given earlier numerically using Runge-Kutta Fehlberg method 

with shooting technique implemented on Maple 18. The numerical values derived from the above were used in 

making graphical representation and the interpretations drawn. 

 

III. Results and Discussion 

The solution to the model equations being derived, we go ahead to find out the effects of various dimensionless 

parameters on the velocity profiles. These are shown in the figures 2-5 below. The nanoparticle volume fraction 

parameter φ is varied from 0 to 0.2 while the values of the Magnetic parameter Ha taken ranged from 10-10 to 10-

13. φ =0 typifies a regular fluid and Ha=0 corresponds to the absence of magnetic field. 

 

Thermo physical properties of water and the elements Cu and Al2O3 [6] 

u = 0 

y 
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Materials ρ(kg/m3) Cp(J/kgK)  k(W/mK ) σ(S/m ) 

Pure water 997.1 4179 0.613 5.5×10^-6 

Copper(Cu) 8933 385 401 58×10^6 

Alumina(Al2O3) 3970 765 40 35×10^6 

 

IV. Velocity Profiles 

The Figure 2-5 shows the effects of various physical parameters on the velocity profiles of the Nanofluid. We 

observe that in all cases of the various significant parameters, the velocity is highest at the stretching plate surface 

but gradually reduces to zero at the free stream very distant from the surface of the plate, which clearly satisfy the 

boundary conditions. 

Figure 2 shows that Cu-water has a smaller momentum boundary layer thickness compared to that of Al2O3 -water  

Figure 3 also show that the momentum boundary layer thickness decreases with increasing magnetic parameter 

(signifying the field intensity) thus slowing down the movement of the Nanofluid because it produces Lorentz 

force, a resistive force which acts opposite to the flow direction. 

Figure 4 shows that an increase in the nanoparticle’s volume fraction causes a decrease in the momentum boundary 

layer thickness. 

Figure 5 shows that as the suction parameter increases the momentum boundary layer thickness decreases. 

 

 

 
Figure 2: Velocity profile for S=1, Br=Bi=0.1, Ha=10-10 showing the momentum boundary layer thickness 

of Cu water and Al2O3 
 

 

 
Figure 3: Velocity profiles of  Cu-water nanofluid for S=1, Br=Bi= 𝝋 =0.1 with different values of Ha 
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Figure 4: Velocity profiles of Cu-water nanofluid with different values of  𝝋  for S=1, Br=Bi=0.1, Ha=10-10 

 
 

Figure 5: Velocity profiles of Cu-water nanofluid with different values of S for Br=Bi=0.1, and Ha=10-10 

 

V. Conclusions 

The effects of permeability on the momentum boundary layer of water-based Nanofluid containing Cu and Al2O3 

as nanoparticles are investigated theoretically. The governing partial differential equations were transformed into 

ordinary differential equations using some dimensionless variables and solved numerically using the Maple 18 

software. Our results show the influence of permeability depicted by various physical parameters on the fluid. 

Al2O3- water shows a thicker momentum boundary layer compared to Cu- water. As the Ha, φ and S increases in 

each case, we observe a corresponding decrease in the thickness of the momentum boundary layer. 
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