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I. Introduction 

Railway traction model is a complex mix of electrical and mechanical parameters. Pantograph acts as an active 

link between the catenary and electric drive used for driving the electric loco. It collects the current from the 

catenary and supplies it to loco transformer for feeding to the drive. Stable current collection is one of the 

foremost requirements for the efficient and reliable operation of locomotives. This becomes even more 

important for high speed locos. Normally speed of the train is less than the wave speed of the contact wire. As 

train speed approaches wave speed, chances of loss of contact are increased which results in electric arc between 

contact wire and pantograph further aggravating the problem[1].  It is, therefore, necessary to study the effect of 

controller parameters on dynamic behavior of pantograph- catenary system to improve the performance of the 

pantograph. The authors in this paper have first developed the mathematical model of active pantograph - 

catenary system with PID controller. The Zeigler-Nicholas method has been used for computing the parameters 

of the controller. Then the effect of controller parameters on the system has been studied using sensitivity 

analysis.   The sensitivity functions of the active control system model wrt parameters of interest have been 

developed first time in the literature in this paper. The effect of train speed on   sensitivity functions have been 

observed and analyzed. The effect of parameters of open loop pantograph- catenary system has already been 

studied by the authors[2]. 

The mechanical and dynamic model of pantograph-catenary system has been presented by various 

researchers[3]-[9]. T.J. Park et al [10] have studied the dynamic interaction between catenary and pantograph 

using the sensitivity analysis method. It was also observed that span length and plunger spring constant are some 

of the important design variables of the PAC system[11].  

II. Modeling Of Pantograph-Catenary System  

Pantograph is an important link to transfer the electric energy from the power conductor to loco transformer. 

It is a mechanical system composed of an articulated frame, carrying a collector head on which the collector 

strips for current collection are mounted. Constant pressure is applied at the head of the pantograph through 

pneumatic control mechanism to ensure that it always remain in contact with the contact wire.  When the 

electric train moves, a dynamic force is applied on the contact wire by the head of the pantograph. The contact 

wire after the passage of pantograph suddenly sags and starts vibrating due to the elasticity of the system. The 

quality of current collection by the pantograph depends upon the contact pressure between the pantograph head 

and speed of the train[12,13]. If the pressure is kept too low, it may lead to unsatisfactory current collection and 
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sparking whereas very high pressure increases the wear and tear of the contact wire. For 25kV ac system, the 

pressure between 4-6 bars is considered optimum. The supply from catenary to the power conductor to loco 

transformer through pantograph form a dash pot mass spring system. Fig. 1 shows the physical representation of 

pantograph[14]. 
 

 

Figure 1  Physical Representation of Pantograph 

 

 

    The pantograph is modeled as a set of masses, springs and shock absorbers. For a symmetric pantograph, it is 

assumed that complete pantograph frame moves as a rigid body[14]-[15] and the pantograph-catenary system  

can be represented by the two degrees of freedom of mechanical system as shown in fig.2. The upper mass 

represents the head mass while mass of frame is represented by lower mass. The contact between the head of the 

pantograph and the catenary is represented by a spring with a constant stiffness. The displacement of catenary is 

the function of force on the catenary due to pantograph.  
 

Fig.2.  Representation of  Pantograph- Catenary System 

2(a) Pantograph- Catenary System as dash pot spring mechanism       2(b) Series analog of Pantograph- Catenary System    

 
A. Open Loop Model[2]:  

Pantograph -catenary system has been modeled as dash pot mass spring system as shown in fig. 2(a). Applying 

Newton’s law of motion, the dynamic equations can be formed. Taking the laplace transform of these 

equations and solving them, we obtain the open loop transfer function of the pantograph-catenary system, as 

given by (1),  

 

               
         

   
   

         

                        
                                                                                               (1)  

 Here, C4  = WfWh ,                     C3= (Wh Pvf+WhPhv+PhvWf),          

C2= (K2 Wf+ Pvf Phv+KhMh),      C1= (K2 Pvf + K2 Phv+4Kh Phv),    C0 = (K2Kh-Kh
2
) 

where       displacement of pantograph head,       displacement of catenary, 

     upward force applied to the pantograph, Wf = Mass of frame, Wh = Head Mass,  
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kh = Head Spring Constant, kc = Catenary represented by spring, ks = Shoe Spring Constant,  

 Phv = Viscous damping of pan-head suspension,  Pvf =Viscous co-efficient of frame suspension. 

B. Closed Loop Model:  

Force applied to the pantograph as derived above is quite sensitive to external disturbances and internal 

variations in the system parameters. To stabilize the oscillation of contact wire, PID controller and actuator are 

added in forward path of the pantograph and feedback mechanism is provided as shown in fig. 3 to reduce the 

sensitivity of the pantograph system. The transient response and steady state error can thus be controlled in 

closed loop system by adjustment of gain in the loop or by redesigning the controller. The simple models of the 

catenary are used to develop the control strategy of the active pantograph. 

 
Figure 3 Block Diagram for Closed Loop Model 

 
The transfer function of closed loop system shown in fig. 3 is given by (2), 

     
        

   
   

          

              
                                                                                                        (2)   

where,              are gain of input transducer, controller, actuator and feedback, respectively. 

The transfer function of PID controller designed is given by (3). 

           
 

   
                                                                                                                        (3) 

where, Kp= proportional gain, Ti= integral time constant,  Td=derivative time constant. 

From (2) and (3), the closed loop transfer function with PID controller is given by (4), 

     
        

   
   

                                                 

    
     

     
     

         
                                         (4) 

where,        ,                 ,                                              , 

                                                         ,              

PID controller is designed using Ziegler-Nichols frequency response tuning method and then fine tuning is 

done depending on the response. 

III. Effect of Parameters on PAC System 

The effect of parameters on open loop system and closed loop system has been studied using sensitivity 

analysis. Sensitivity analysis is an effective method to predict the effect of a parameter on the response of the 

system[16]-[18]. Mathematically, it is given by (5): 

 

   
   

    

    
   

 

 
  

  

  
  

       

       
                                                                                                                  (5)   

A. Open Loop System[2]  

The sensitivity function of open loop transfer function, G(s), with respect to the generic parameter xi is given 

by (6),  

  [   

    
] = 

     

   
 

  

    
                                                                                                                                             (6) 

Thus the sensitivity functions of open loop transfer function, G(s) wrt parameters of interest are given by (7)- 

(11), 

The sensitivity function of G(s) wrt mass of frame, Wf, is given by,  

[   

    
] = 

                 
         

         
                                                                                                           (7)   

 

The sensitivity function of G(s) wrt head mass, Wh, is given by, 
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[   

    
] = 

                                

         
                                                                                                 (8) 

 

The sensitivity function of G(s) wrt head spring constant, kh, is given by, 

[   

    
] = 

  

         
 

                         
  
  

   
 

  
  

         
                                                                               (9) 

The sensitivity function of G(s) wrt viscous friction,    , is given by,  

[    

    
] = 

                      

         
  (s)                                                                                                              (10) 

The sensitivity function of G(s) wrt damping co eff,    , is given by,  

[    

    
]=  

    

         
 

                                

         
  (s)                                                                            (11) 

B.   Closed Loop System: 

In the closed loop system, the error is fed to PID controller, Gc, and the closed loop model is developed in 

section II(B). In order to study the effect of controller parameters variations on the closed loop model of 

pantograph, the sensitivity functions wrt controller parameters i.e. Kp, Ti, Td are developed as given by (12)- 

(14). 

    

    
  

    

                                       
                                                                                                 (12) 

    

    
  

     

                                                     
                                                                           (13) 

    

    
  

  
     

                                                     
                                                                           (14) 

Where,       
     

     
          

 

IV. Numerical Results 

      In order to show the utility of the developed model, simulation studies using Matlab version 7.0 are carried 

out. The data for the parameters of the pantograph, catenary, and gain of the input transducer, actuator, 

proportional controller and feedback device are given in Appendix I. Substituting these values of  parameters of 

the pantograph and catenary in (1), the open loop transfer function is obtained as given by (15), 

     
      

                                                                                                                                         (15) 

 

Using Ziegler-Nichols frequency response tuning method and fine tuning the response, we get, 

Kp=1.02x10
5
, Ti=0.002, Td=8x10

-3 

 

Putting these values in (3), we get, 

 

      
     

 
                                                                                                                                 (16) 

 

Substituting in (2), 

       
                                 

                                                            
                                                                    (17)  

 

 

The step response of open loop transfer function and transfer function with PID controller is plotted as shown in 

fig. 4(a) and 4(b) respectively. It has been observed that the overshoot decreases from 45% to just 4.8% using 

PID controller.  Fig.5 shows the bode plot of  the system with PID controller. It is observed from the fig. that the 

system is stable with given parameters.  
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Figure 4(a) Response of the open loop model                            Figure 4(b) Response of the close loop model with PID  Controller  

 
 

Figure 5 Bode Plot of the system with PID controller 

 
Table I shows the variations in frequency of oscillations of contact wire for different span length and train 

speed. It is seen that the frequency of oscillations increases as train speed increases. 
 Table I Variations in frequency of oscillations of contact wire for different span length and train speed  

  

Train Speed Frequency of Oscillations(  
   

 
) 

Span length, l, 54m Span length, l, 63m Span length, l, 72m 

100km/h 3.23 2.76 2.42 

200km/h 6.46 5.52 4.84 

300km/h 9.69 8.28 7.26 

  

For different train speeds, the normalized sensitivity of open loop system and closed loop system with PID 

controller has been calculated, with respect to parameters of interest. The results are presented in table II and 

table III respectively.  It has been observed that as the frequency of oscillations increase, the system becomes 

more sensitive wrt all the parameters of interest for both open loop and closed loop system. Further, for closed 

loop system, the system is more sensitive to proportional gain and time integral constant whereas it is least 

sensitive wrt time derivative constant. 
Table II Computed values of normalized sensitivity of open loop system from sensitivity functions developed 
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Bode Diagram

Gm = 2.35 dB (at 21.8 rad/sec) ,  Pm = 17.4 deg (at 20.7 rad/sec)

Frequency  (rad/sec)

Parameter,p →  Normalised sensitivity  

(ω=2.42) 

Normalised sensitivity  

(ω=4.84) 

Normalised sensitivity  

(ω=7.26) 

    

    
 0.0150 - 0.0010i 0.0621 - 0.0090i 0.1473 - 0.0348i 

    

    
 -1.1862x10-4 +4.5086x10-5i -2.2586x10-4 +3.4139x10-4i -0.0007 + 0.0013i 

 

     

    
 -0.0008 - 0.0110i -0.0033 - 0.0226i -0.0084 - 0.0357i 

 

     

    
 -0.0803 - 1.1021i -0.3474 - 2.2721i -0.8932 - 3.5780i 

    

    
 0.9471 - 0.0576i  0.9413 - 0.1161i 0.9312 - 0.1766i 
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Table III Normalized sensitivity of closed loop system from sensitivity functions developed 

 

 

In order to verify the correctness of sensitivity functions, the sensitivity values of closed loop system are also 

computed by using difference equations at ω=2.42  as shown in table IV.  The results conform to each other. 
 

 

Table IV Validation of Results for closed loop system 

    

 

V. Conclusions 

The mathematical model of active pantograph-catenary system using PID controller has been developed and the 

effect of controller parameters on the system has been studied using sensitivity analysis  has been studied first 

time in the literature. The system is found to be most sensitive wrt proportional gain and time integral of the PID 

controller.  

The sensitivity of the pantograph-catenary system wrt parameters of interest is also dependent on the frequency 

of oscillations of contact wire, which depend on the train speed. The system becomes more sensitive at higher 

frequency of oscillations.  

The numerical results are validated using difference equations. These studies shall be useful in improving the 

performance of the active controller for pantograph-catenary system. 

Appendix I 

Data for pantograph-catenary system, 
Mass of frame, Wf = 17.2kg, Head Mass, Wh = 9.1kg, Head Spring Constant, kh = 7×103N/m,   

Catenary represented by spring,  kc = 1.535×106N/m , Shoe Spring Constant, ks = 82.3×103N/m 

Damping co-efficient, Phv =130Ns/m, Viscous co-efficient, Pvf =30Ns/m, Phv=130Ns/m 
Gain of input transducer, Gi =1/10, Gain of actuator, Ga =1/10, Feedback, H=1 
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