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I. INTRODUCTION 

A time series {Xt, t= 1, 2,…, N} is “a sequence of observed data, usually ordered in time” where t is a time 

index, and N is the number of observations.  Time series analysis is fundamental to engineering, scientific, and 

business endeavors.  Researchers study systems as they evolve through time, hoping to discern their underlying 

principles and develop models useful for predicting or controlling them.  Time series analysis may be applied to 

the prediction of data which are observed over time. 

Traditional time series analysis methods such as the Box-Jenkins or Autoregressive Integrated Moving Average 

(ARIMA) method can be used to model such time series.  However, the ARIMA method is limited by the 

requirement of stationarity of the time series and normality and independence of the residuals.  The statistical 

characteristics of a stationary time series remain constant through time.  Residuals are the errors between the 

observed time series and the model generated by the ARIMA method.  The residuals must be uncorrelated and 

normally distributed. 

For real-world time series such as stock market prices, the conditions of time series stationarity and residual 

normality and independence are not met.  A severe drawback of the ARIMA approach is its inability to identify 

complex characteristics.  This limitation occurs because of the goal of characterizing all time series 

observations, the necessity of time series stationarity, and the requirement of residual normality and 

independence. 

It is commonly assumed that the ARIMA time series models developed with past data will apply to future 

prediction.  This is the stationarity assumption that models will not need to vary through time.  ARIMA models 

also assume that the system generating the time series is linear, i.e., can be defined by linear differential or 

difference equations.  Unfortunately, the systems generating the time series are not necessarily linear or 

stationary. 

The following is the organization of the paper. Section two provides review of time series models associated with 

sunspot time series data.  Section three provides FRAR time series model to sunspot data. Summary of the paper 

is presented in Section four. 

 

II.  REVIEW OF TIME SERIES MODELS 

This section reviews some parametric models that have been fitted to the Wolf sunspot number, for the period 

1749-1960, both years inclusive.  

The Wolf sunspot number is an index which has been used to measure sunspot activity since its introduction by 

Prof. Rudolf Wolf of Zurich in 1849.  It is defined as R= K(10g+f) where g is the number of groups of sunspots, 

f is the total number of sunspots and K is a constant for the observatory where the observations are made. From 

the study of a large number of sources Wolf determined sunspot numbers over the previous 100 years, from 

1749 to 1848, so that data are available from 1749 can be found in Waldmeier (1961).   

Attention has been drawn to the need for such forecast by Benson et.al (1968) who shown that there is a 

relationship between sunspot activity and the density of the upper atmosphere which in turn affects the lifetime 

of orbiting satellites.  Sunspot activity has also been linked with agricultural productivity and weather.  

Attempts have also been made to describe the series of sunspots numbers by an autoregressive model and Moran 

(1954) was the first to use AR approach. Because the cycle in the raw data {Xt} is very asymmetrical with a 

sharp and large peak and a relatively smooth and small trough, he used a common log-transformation of the data 

and estimated the AR(2) model. 

Abstract: This paper forecasts the sunspot time series data using the Full Range Autoregressive (FRAR) 

model, which is free from order determination processes, provides an acceptable alternative to the more 

widely adopted class of ARIMA models  
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 Xt = 14.524 + 1.350 Xt-1 – 0.6613 Xt-2 + et  

With et ~ WN (0, 0.04591); hereafter WN (0, 
2 ) stands for a white noise process with mean 0 and variance 

2 . 

Moran noting that one-step-ahead predictors for the data were not particularly good, however, he suggested that 

the process would be better represented by “some kind of non-linear model” Since, a fitted AR(2) model does 

not provide a very good match to the sample auto-covariance function, the auto-covariance function of the 

model damping much more rapidly than that computed from the data. 

An extensive account of the statistical and historical aspects of the modeling of the sunspot data is contained in 

Morris (1977), he identified and estimated AR(9) model for the sunspot data, and is given by  

Xt =  5.055 + 1.250 Xt-1- 0.538 Xt-2 + 0.03 Xt-3- 0.09 Xt-4 + 0.04 Xt-5  

  - 0.004 Xt-6 + 0.08 Xt-7 - 0.04 Xt-8 + 0.189 Xt-9  

  + te  

           With et ~ WN (0, 0.84)  

In the early days of time series analysis, owing to the limitation of computing facilities, most of the model fitted 

was restricted to those of very low orders. However, with the advantage of high-speed computers, there is no 

longer any ground for this restriction and our re-examination of the sunspot time series data clearly re-affirms 

the necessity for models of the type FRAR models in some cases. The following section describes the FRAR 

time series model.  

 

III.  THE FULL RANGE AUTOREGRESSIVE MODEL 

This section provides a brief review of FRAR models that are needed here.  

We define a family of models by a discrete-time Stochastic process  tX , ,...2,1,0 t , called the Full 

Range Auto Regressive (FRAR) model, by the difference equation 




  
1r trtrt eXaX

   
      

where     r

r rrka  /cossin ,  ...3, ,2 ,1r , k ,  ,   and   are parameters, 1e , 2e , 3e , … are 

independent and identically distributed normal random variables with mean zero and variance 
2 . The initial 

assumptions about the parameters are as follows: 

 

It is assumed that tX  will influence ntX   for all positive n and the influence of tX  on ntX   will decrease, at 

least for large n, and become insignificant as n becomes very large, because more important for the recent 

observations and less important for an older observations. Hence na  must tend to zero as n goes to infinity. 

This is achieved by assuming that 1 . The feasibility of tX  having various magnitudes of influence on 

ntX  , when n is small, is made possible by allowing k to take any real value. Because of the periodicity of the 

circular functions sine and cosine, the domain of   and   are restricted to the interval  2 ,0 . 

 

Thus, the initial assumptions are 1 , Rk , and  ,   2 ,0 . i.e.,   * , , , Sk   , where 

   2 ,0 , ,1 ,   , , ,*  RkkS . Further restrictions on the range of the parameters are 

placed by examining the identifiability of the model and is finally deduced that the region of identifiability of 

the model is given by     2/,0 ,,0 ,1 ,   , , ,   RkkS . For more information on these 

topics, we recommend Venkatesan and Gallo (2012). 

Bayesian predictive distribution of the (r+l)th observation, using the first r observations, is obtained. The mean of 

this distribution is taken to be the (r+l)th predicted value of the Lynx data. Since the direct evaluation of the 

mean of the one-step ahead predictive distribution involves four dimensional numerical integration, instead of 

the marginal predictive distribution of XN+1, the conditional predictive distribution of XN+1, given by Venkatesan 

and Gallo(2012) got by fixing the parameters K,  ,    and   at their estimates, is used and the mean is 

calculated. The posterior mean of the predictive distribution is computed numerically after fixing the parameters 

at their respective estimated value. These predictions are done for the some cases and are given in the Table I. 

Table I contains both the true values and the one-step ahead predicted values for the sunspot data for fifty 

observations. 
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Table I: One-Step-ahead predicted values of the sunspot data 

S.No Y Ŷ (Predicted 
value) 

S.No Y Ŷ (Predicted 
value) 

1 17.1 - 26 9.5 6.80 

2 11.3 - 27 2.7 0.08 

3 12.3 - 28 5.0 4.09 

4 3.4 - 29 24.4 18.70 

5 6.0 - 30 42.0 31.41 

6 32.3 26.49 31 63.5 66.75 

7 54.3 37.56 32 53.8 47.42 

8 59.7 49.01 33 62.0 64.82 

9 63.7 68.63 34 48.5 49.38 

10 63.5 64.00 35 43.9 37.39 

11 52.2 46.95 36 18.6 15.99 

12 25.4 13.35 37 5.7 0.41 

13 13.1 6.45 38 3.6 7.57 

14 6.8 4.75 39 1.4 1.31 

15 6.3 6.14 40 9.6 8.65 

16 7.1 6.36 41 47.4 48.83 

17 35.6 36.08 42 57.1 48.65 

18 73.0 74.88 43 103.9 123.90 

19 84.9 79.08 44 80.6 78.31 

20 78.0 75.43 45 63.6 55.16 

21 64.0 53.84 46 37.6 28.65 

22 41.8 28.75 47 26.1 16.52 

23 26.2 16.01 48 14.2 11.59 

24 26.7 24.69 49 5.8 0.68 

25 12.1 7.58 50 16.7 16.36 

 

IV.  CONCLUSION 

FRAR model provides the best fit for the sunspot time series data and therefore, the FRAR model certainly 

provides a viable alternative to the existing time series methodology, from the predictive power of the model 

and from the point of view of pure data analysis completely avoiding the problem of order determination. 
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