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I. Introduction 

The discipline of nanoscience and nanotechnology has recently become one of the most important areas of 

knowledge encompassing various scientific disciplines including physics, chemistry, biology and engineering. 

This tremendous interest is mainly due to two reasons. Firstly, nanoscale materials have many prospects in various 

technological applications because most of the time, they show novel functionalities. Secondly, there is 

tremendous scope of creating new knowledge in explaining the size-dependence of the evolution of various 

physical and chemical properties, and in explaining new and previously unnoticed features, etc. [1,2]. 

Nanomaterials are very challenging due to strong size and shape effects which cannot be explained by 

conventional theories. Thus, a good understanding of the behavior or properties of nanomaterials is very important 

for increasing one’s knowledge as well as identifying and characterizing further applications in various fields. The 

thermodynamicproperties of nanomaterial are different from the corresponding bulk materials. The properties of 

nanoparticles depend on the particle size [3,4,5]. The thermodynamic properties are important for the stability of 

nanomaterials and devices, especially for nanomaterials with potential and broad applications. Many theoreticians 

and experimental scientist have studied and analyzed various thermodynamic properties like cohesive energy, 

melting temperature, and Debye temperature etc. of the different nanomaterials. 

Kastle et al [6] have experimentally observed that the Debye temperature of Au nanocrystal decreases with a 

decrease in size. Yang and Li [7] have developed a theoretical model for size-dependent melting temperature, 

Debye temperature, diffusion activation energy and vacancy formation energy of nanocrystals. They have found 

that these properties have the same size-dependent trend which is contributed by the essential effects of surface 

area to volume ratio. Zhu et al [8] have observed that Debye temperature increases with increase in particle size. 

Sadiyandi [9] has theoretically observed that Debye temperatures of Ag and Al nanoparticles decrease with 

decrease in grain size. Guisbiers [10] has developed a universal relation to describe the size dependent material 

properties considering the knowledge of the surface area to volume ratio of the nanomaterial. Xiong et al [2] have 

observed that most of thermodynamic properties of nanoparticles vary linearly ininverse of the size. Kumar and 

Kumar [11] have studied the effect of size on cohesive energy, melting temperature and Debye temperature of 

various nanomaterials. They have considered W, Ag, Al, Co and Au nanoparticles for the study of cohesive energy 

and Al, Au, Ag, Zn and Bi particles for melting and Debye temperature.  

It is very much evident from the above discussion that various theoretical and experimental studies have been 

performed to study the size-dependent Debye temperature of nanomaterials, but in all these studies the crystal 

order of the materials has not been considered as it plays a vital role in the study of Debye temperature of 

nanomaterials. One of the most critical characteristics of nanoparticles is their very high surface to volume ratio. 
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When the concentration of building blocks (atom or ions) of a solid becomes sufficiently high, they accumulate 

into small clusters through homogeneous nucleation. With continuous supply of the building blocks, these clusters 

tend to coalesce and grow to form a large cluster assembly. The cluster may be considered as an onion-like 

structure formed by several concentric shells around the central site. All the surface site, which may belong to 

various shells, are defined as crusts, the number of crusts, n, defines the order of the cluster [12]. It is, therefore, 

interesting to study and analyze Debye temperature of nanomaterials by considering the effect of the cluster order. 

Therefore, we have planned to incorporate the effect of cluster order while studying the Debye temperature of 

nanomaterials. In the present work, we have modified various theoretical models by including cluster order for 

the study of the Debye temperature of various fcc nanomaterials.       

 

II. Theoretical Model 

The surface to volume ratio[
𝑁𝑠

𝑁
]  for fcc structures as a function of cluster order ‘n’ is given as [12,13] - 

[
𝑁𝑠

𝑁
] = 

30 𝑛2+ 6

10𝑛3+15𝑛2+11𝑛+3
          (1) 

where ‘N’, ‘Ns’ and ‘n’ are total number of atoms, number of atoms in surface and the cluster order respectively. 

Cluster order (n) is given as [12] - 

n =   
1

2
(

𝑟

𝑟𝑜
− 1)        (2) 

where ‘r’ is the particle size and ‘r0’ is atomic radius of the nanoparticle 

Using equation (2), the equation (1) takes the form - 
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Above equation can be written in terms of diameter (D) as - 

𝑁𝑠

𝑁
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(Since r0 = 
𝑑

2
and r =  

𝐷

2
 ) 

where ‘d’ is atomic diameter and ‘D’ is particle diameter. 

 The Lindemann criterion [14] for melting, which is valid for both of bulk and nanomaterials [15,16] 

which states that a crystal melts when the root mean square displacement of atom in the crystal exceeds a certain 

fraction of equilibrium interatomic distance. Combing with Einstein’s explanation for the low temperature specific 

heat of crystals, a simple relationship between the melting temperature (Tm) and the Debye temperature (θD) of 

the crystal can be written as follows [17] - 

𝜃𝐷 = 𝑐 (
𝑇𝑚

𝑀𝑉
2

3⁄
)

1
2⁄

          (5)

  

where M is the molar atomic or molecular weight, V denotes the molar volume of crystal and c is constant. Using 

equation (10) Liang and Baowen [18] reported the following relation- 

𝜃𝐷𝑛

𝜃𝐷𝑏
=  (

𝑇𝑚𝑛

𝑇𝑚𝑏
)

1
2⁄

           (6) 

where 𝜃𝐷𝑛 is the Debye temperature of nanomaterials and 𝜃𝐷𝑏 is the Debye temperature of corresponding bulk 

materials 

 Since the melting temperature of a nanomaterials is the function of Ns/N which depends on the size and 

shape of the nanomaterials, its melting temperature should follow a relation as [19]– 

𝑇𝑚𝑛 =  𝑇𝑚𝑏 (1 −
𝑁𝑠

2𝑁
)           (7) 

Using equation (7), equation (6) becomes - 

𝜃𝐷𝑛
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2𝑁
)

1
2⁄

          (8)

  

Combining equations (3) and (8) we get the following relation for Debye temperature as - 

𝜃𝐷𝑛 =  𝜃𝐷𝑏 [1 − {
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         (9) 

where 𝜃𝐷𝑛 is the Debye temperature of nanomaterials and 𝜃𝐷𝑏 is the Debye temperature of corresponding bulk 

materials, ‘d’ is atomic diameter and ‘D’ is particle diameter of the nanostructured materials. 

 An equation (9) isthe modified equations for Debye temperature of Gold, Silver and Aluminium 

nanomaterials. Obviously, these equations have been derived by including the effect of cluster order ‘n’ in terms 
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of the size of the nanomaterials. We can study and analyze the Debye temperature of Gold, Silver and Aluminium 

nanomaterials with size effect. 

 

III. Result And Discussion 

The modified equation (9) has been used to study size-dependent Debye temperature of Gold, Silver and 

Aluminium nanomaterials. Nanomaterials can have different geometrical shapes such as cubo-octahedral (co), 

icosahedra (ico), body-centered cubic (bcc), and simple cubic (sc). Clusters with a small number of atoms 

crystallized in the form of ico. The structure becomes unstable for a large number of atoms and transforms to co 

which just a patch of the face centered cubic (fcc) lattice [12,13]. In the present work, we have calculated Debye 

temperature of Au, Ag and Al nanomaterials with their size. Here we have considered Au, Ag and Al 

nanomaterials with fcc structure. The input parameters used in this work are given in Table 1. 

 

Table 1: Values of input parameter used in calculation [20, 21] 
Nanoparticle d (nm) θDb (K) 

Gold (Au) 

Silver (Ag) 

Aluminium (Al) 

0.2884 

0.2880 

0.2860 

178 

225 

428 

 

The Debye temperature of Au nanomaterial has been plotted with particle size in Figure 1. It is seen that the value 

of the Debye temperature of Au nanomaterial increases with an increase in the size of the nanomaterial. From the 

figure 1, it is found that the Debye temperature of Au nanomaterials increases rapidly with particle size below 10 

nm because surface atoms are highly unstablebelow 100 nm but the most of the atoms lie at the surface below 10 

nm, while this rate of increment in Debye temperature of the Au nanomaterial becomes slower when we tend to 

the particle size > 10 nm. 

 

 

FIGURE 1. Particle size vs Debye temperature of Au nanomaterial 

 

 
 

Equation (9) has been used to calculate the size-dependence Debye temperature of Silver nanomaterials. It is 

shown in figure 2 along with the other theoretical model.The Debye temperature increases with increase in particle 

size (D), which indicates the consentaneity of our model. The Debye temperature strongly depends on the structure 

of the materials and is directly related to the binding force between the atoms and provides fundamental 

information for understanding the thermodynamic properties, such as cohesive energy, melting temperature, 

Helmholtz free energy, lattice vibration thermal conductivity, specific heat capacity etc. [15,22]. 

 

FIGURE 2. Particle size vs Debye temperature of Ag nanomaterial 
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 Figure 3 compares the model prediction with the molecular dynamic simulation results for Debye 

temperature of Aluminium nanomaterial. It is evident that our model predictions are consistent with the molecular 

dynamic simulation results and other theoretical results. It is also obvious from figure that with the inclusion of 

cluster order ‘n’, our theoretical results (equation 9.) are more effective and has a close agreement with the existing 

experimental values [6] in comparison of other theoretical models (equation 8.). 

 

FIGURE 3. Particle size vs Debye temperature of Al nanomaterial 

 

 
 

IV. Conclusion 

In the present work, Debye temperature has been calculated for Gold, Silver and Aluminium nanomaterials 

considering their fcc structure. It is obvious that with the inclusion of cluster order ‘n’, our theoretical results on 

Debye temperaturehas improved value and a close agreement with existing experimental data which shows the 

validity of our work. 
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