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I. Introduction 

Bi-level programming is a powerful and robust technique for solving hierarchical decision-making problems. In 

this paper we deal with the bi-level quadratic fractional programming problem (BLQFPP) with the essentially 

co-operative decision makers (DMs) and propose an algorithm to solve bi-level quadratic fractional 

programming problem via. Goal Programming (GP). The idea of using multiple criteria in order to take 

decisions has led to the development of a more realistic alternative to the traditional approach: the multi-criteria 

decision paradigm. This aims to optimize simultaneously several objective functions, which may be conflicting 

and may need therefore, to be dealt with together, as a whole. This paradigm, which first appeared in the 1970s, 

has revolutionized the field of decision theory. Rao et al. [28] have proposed a method for comparing different 

sets of aspiration levels assigned to goals in GP problem. Charnes and Cooper [11] introduced the idea of GP in 

multi-criteria decision making (MCDM) problem. Ijiri [20], Dauer and Krueger [13], Herminia and Carmen [16] 

and others have contributed theoretical works in the development of GP.  However ,it has not yet made a 

significant break through  in the field of multi-level (or bi-level) fractional programming problem. Although 

various non-linear optimization tools are available, the efficiency of these techniques depends to a great extent 

on the nature of the mathematical formulation of the problem. Some of these traditional techniques, which give 

accurate results are computationally expansive and become inefficient for a large domain. 

Multi-level optimization plays an important role in engineering design, management, and decision making in 

general. Ultimately, a designer or decision maker needs to make tradeoffs between disparate and conflicting 

design objectives. The field of multi-level optimization defines the art and science of making such decisions. 

The prevailing approach for address this decision-making task is to solve an optimization problem, which yields 

a candidate solution. 

A bi-level programming problem (BLPP) is formulated for a problem in which two decision makers (DMs) 

make decisions successively i.e. BLPP is a sequence of two optimization problems in which the constraints 

region of one is determined by the solution of second. For example, in a decentralized firm, top management, an 

executive or headquarters makes a decision such as a budget of the firm, and then each division determines a 

production plan in the full knowledge of the budget. We can find many instances of decision problem, which are 

formulated as bi-level programming problem, and concerning the above mentioned hierarchical decision 

problem in decentralized firm, it is natural that the decision makers behave cooperatively rather than non-

cooperatively. 

A bi-level programming problem (BLPP) is a special case of multi level programming problem (MLPP). Multi 

level programming problem can be defined as a p-person, non-zero sum game with perfect information in which 

each player moves sequentially from top to bottom. This problem is a nested hierarchical structure. When
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2p , we call the system a bi-level programming problem. Hierarchical optimization or multi level 

programming techniques are extension of Stackelberg games for solving decentralized planning problem with 

multiple DMs in a hierarchical organization. The Stackelberg solution has been employed as a solution concept 

to bi-level programming problems, and a considerable number of algorithms for obtaining the solution have 

been employed. 

When the Stackelberg solution is employed, it is assumed that there is no communication between the two DMs, 

or they do not make any binding agreement even if there exists such communication. However, the above 

assumption is not always reasonable when we model decision-making problems in a decentralized firm as a bi-

level programming problem in which top management is DM1 and an operation division of the firm is DM2 

because it is supposed that there exists a cooperative relationship between them. 

Consider a computational aspect to the Stackelberg solution we note that the problem for obtaining the 

Stackelberg solution is non-convex programming problem with special structure. From such difficulties a new 

solution concept, which is easy to compute and reflects the structure of multi-level (or bi-level) programming 

problem is expected.The bi-level programming problem has received increasing attention in the literature.The 

formulation and different version of BLPP are given by Bard [3,4], Candler [10], Bard and Falk [2], Herminia 

and Carmen[16] and Bialas and Karwan [8,9]. Bialas and Karwan [8] are the pioneers for linear BLPP who 

presented vertex enumeration method, called Kth- best solution. These were solved by simplex method. To 

solve the non-linear problem that arises due to the K-T conditions, Bialas and Karwan [8] proposed a parametric 

complementary pivot (PCP) algorithm which interactively solves a slight perturbation of the system. Ben-Ayed 

and Blair [7] showed that the PCP may not converge to optimality.  Bard and Falk [2] proposed the grid search 

algorithm. Based on Bard and Falk’s [2] algorithm, Unlu [33] proposed a technique of bi-criteria programming. 

In problems with more than one conflicting objective there exists no single optimal solution but a number of 

solutions all of which are optimal. Such solutions are called Pareto optimal solutions.  In the frame work of 

fuzzy decision, Bellman and Zadeh [6], Sakawa and Nishizaki [29] proposed a linear programming based on 

interactive fuzzy programming for bi-level linear fractional programming problems. This method is used to 

derive the satisficing solution for the DM efficiently from a Pareto optimal solution set by updating the 

reference membership value of the DM. Adopting the same concept Mishra and Ghosh [23] presented 

interactive fuzzy programming approach to bi-level quadratic programming problem.  

The estimation of the relative weights of criteria plays an important role in a multiple criteria decision analysis 

(MCDA) process.  Mishra [22] consider  the  solution  of  a bi-level  linear fractional  programming  problems  

(BLLFPP) by Weighting  method . In Weighting  method decision makers convert  the  hierarchical  system  

into  scalar optimization problem (SOP) [22]  by  finding  proper  weights  using  the analytic  hierarchy  process  

(AHP) [22] so  that  objective functions  of  both levels  can  be combined  into  one  objective function. Here 

the relative weights represent the relative importance of the objective functions. A non-dominated solution set is 

obtained by this method. Saraj and Safaei  [30] used the global criterion method to solve BLPP by an interval 

approach. Dey and Pramanik [27] presented Goal Programming Approach to Linear Fractional bi-level 

programming problem based on taylor series approximation.Wanga Guangmin, Wanb Zhongping etl,[34]  

proposed Genetic algorithm based on  simplex method  for  solving linear-quadratic bilevel programming. 

Again,  Wang Guangmin etl [35] presented  Genetic algorithm for solving quadratic bi-level programming 

problem.Recently, Tao [32] presented A Bi-Level Model to Estimate the US Air Travel Demand. 

Multi-level multi-objective linear or non-linear programming problems are new combination problems in the 

field of multi-level (or multi- objective) decision making problems. Ibrahim [18] proposed Fuzzy goal 

programming algorithm for solving decentralized bi-level multi-objective programming problems. Surapati 

etl.[26] proposed fuzzy goal programming approach to quadratic bi-level multi-objective programming problem 

involving a single decision maker with multiple objectives at the upper level and a single decision maker with 

multiple objectives at the lower level.  

In this paper we deal with the bi-level quadratic fractional programming problem (BLQFPP) with the essentially 

cooperative DMs and propose an algorithm to solve bi-level quadratic fractional programming problem via. 

Goal Programming (GP). It is a simple method to apply to the bi-level systems compared to the other 

transformation method. But the difficult part is the establishment of the achievement function )(a . The 

establishment of the achievement function really depends on the configuration of the system, it's over all 

management and the relative importance of a DM with respect to other DMs in the system. An achievement 

function can have any number of priorities. We lexicographically minimize the achievement function, the 

deviation from the aspiration level/targets of each of the goals. An achievement function is formed in terms of 

the deviation variables which are assigned to a priority level with some weight according to the relative 

importance of the goal (or level). Perhaps the most creative task in making a decision is to choose the factors 

that are important for that decision. We established GP model for BLQFPP and a numerical example is 

presented for the demonstration of the solution procedure. 
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II. Bi-level quadratic fractional programming problem 
   A bi-level quadratic fractional programming problem is formulated as: 
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,                 where x2  solves 
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Where objective functions ),,( 21 xxzi  2,1i are represented by a quadratic fractional function 
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,ix    2,1i  are in dimensional decision variables. 

1iQ  and 1iR ,   2,1i  are 11 nn  positive definite matrix. 

2iQ  and 2iR ,  2,1i  are 22 nn  positive definite matrix. 

1ic  and  ,1id   2,1i  are 1n dimensional row vectors. 

2ic  and  ,2id  2,1i  are 2n dimensional row vectors. 

3ic  and  ,3id  2,1i  are constants.    

 b   is a m dimensional constant column vector. 

),( 21 xxni   is the numerator of the quadratic fractional objective function.    

),( 21 xxdi   is the denominator of the quadratic fractional objective function. 

iA , 2,1i is a inm constant matrix; and it is assumed that the denominators are positive i.e. 

,0),( 21 xxd i   2,1i  

For the sake of simplicity, we use the following notations:- 

21),( 21

nn
Rxxx


 ;  ),(),( 21211 xxFxxz  ; ),(),( 21212 xxfxxz   

Also let DM1 denote the DM at the upper level and DM2 denote the DM at the lower level. 

In the bi-level quadratic fractional programming problem “(1)”, ),( 211 xxz  and ),( 212 xxz  respectively 

represent objective functions of DM1 and DM2 and x1 , x2 represent decision variables of DM1 and  DM2 

respectively. 

    

III. Goal programming (GP) approach to bi-level quadratic fractional programming problem 

Goal programming is a multi-objective optimization method, which takes into account  the   preferences of the 

DM. These are reflected, on the one hand, in the fixing of aspiration levels acceptable to the DM and, on the 

other, in the ordering of objective functions according to their relative importance to the DM. Setting priority 

levels and even weightings [22], where necessary, within each level also allow DM preferences to be 

considered.  

Goal Programming (GP) is one of the approaches to solve a linear multi-objective programming (MOP) problem 

given by 

 

( MOP):      Max CXZ   

  bAXtosubject   

     .0X     

Where  ,NRX   
T

kZZZZZ ),........,,,( 321   is the vector of objectives. C  is a Nk   matrix of 

objectives. A  is a NM  matrix and 
MRb . In GP the distance between the objective function vector Z 

and an aspiration level vector 
*Z  is minimized. The aspiration level is either determined by the decision maker 

(DM) or is taken as ),,........,,,(
**

3

*

2

*

1

*

kZZZZZ   where 
*

kZ is the optimal value of  kZ  subject to the 

set of constraints in (MOP).   

General Preemptive GP model to solve (MOP) is given by  
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  (GP):  
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Where, k  are  positive deviational variable. 

            k  are  negative deviational variable.   

kw  are their weights.     

kc  is  the 
thk  row vector of matrix C. 

,),( kkkkg    in case of  maximizing kZ . 

,),( kkkkg     in case of  minimizing kZ . 

,),( kkkkkg    when kZ  = 
*

kZ  is required. 

I  is the number of priority levels and  
ipk   means that 

thk  goal is in the 
thi  priority   level.    

Let the goal objective at the 
thi  priority level be a quadratic fractional function given by  
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 Then the goal constraints corresponding to the 
thi  priority level is given by 
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where,  
*

iZ  is the aspiration level for the objective goal,  ii  ,   are the deviational  variables. Then the 

fractional goal-programming problem (FGP) is  

 

(FGP): Minimize  ii      
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ii  ,  are the deviational variables. 

This problem can be rewritten as : 

(FGP1): Minimize  ii    
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(FGP1) can be solved by solving the equivalent problem (FGP2) given by 

 

(FGP2):      Minimize  ii PN        

                                bxAxAtosubject  2211  ,   

                                                                     ),(),( 2121

*

xxdZPNxxn iiiii   , 

                                                                     ,0, 21 xx     

                                                                    ,0, ii PN       ,0. ii PN      for all i . 

         ii PN , , are the deviational variables.(FGP2) is a quadratic goal-programming problem. The optimal 

values of ii  ,   in  (FGP1) can be derived from the optimal values of ii PN ,  in (FGP2) based on the 

following observations: 

 

Observation.1 [13,23,25] : Let   .0,,:),( 21221121  xxbxAxARxxxS n
 

  

 

In general, after transformation and piecewise linear approximation [16], if the minimum of problem (FGP1) 
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Thus we conclude that 

(a) If  0iP ,  0iN  in the optimal solution of the related problem (FGP2), then the optimal values 

of ii  ,  are also zero and the goal is completely achieved. 

(b) In case  ,0iP   in the optimal solution of the related GP problem (FGP2), then ,0i  and to find 

the optimal values of iP , we solve the following problem: 

),( 21 xxd

P
MinimizeMinimize

i

i

i   

                               iiii PxxdZxxntosubject  ),(),( 21

*

21     for all  Sxx ),( 21  

     Similar argument holds if        0iN  . 

 

Observation.2 [4,23,31]:  Let    bxAxAxxS  2211211 :),(  denote the constraints region of Bi-level 

Fractional (BLF). 

      Let 
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The observations are as follows:   

(a) The optimal solution to BLF problem occurs at an extreme point of S1, provided S1 is regular .  (b)  If   

),( 21 xx  is extreme point of 2S ,  then ),( 21 xx is an extreme point of 1S . 
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(c)  The maximization is taken over  1x  for a given 1x .  

Adopting the following facts  

(i)  1S  is nonempty   and compact.     

(ii)  ,0),( 211 xxd  ,0),( 212 xxd  for all .),( 121 Sxx    

         Above result justifies the extreme point search algorithm to solve the bi-level fractional programming 

problem.  

          Using this concept we solve BLQFPP in two phases. 

Phase1:   In this phase, consider the leader’s problem ( 1P ) given by     (P1): 
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                    Let 
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1
1 ,.......,3,2,1),,( kuxx uu   be all the alternative optimal solutions of (P1) with the 

maximum value of  ‘F’  given by   
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1,.......,3,2,1 ku  . 

 

              Let  
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Then the equivalent goal programming formulation of BLF is given by ( 2P ): 
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    where the goals at the priority 
1P and priority  

2P  are taken to be absolute goals. 

 Problem ( 2P ) is equivalent to the following problem ( 2P ):  
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Phase-2 :  In this phase , we solve the problem ( 2P ) using preemptive goal 

programming  problem method given by [19] and discussion held as above. 

There are two possibilities:  

(i) The solution to problem ( 2P ) is feasible 

(ii) The solution to problem ( 2P ) is infeasible, where feasible solution means the optimal values of 

the goals at priority 1P and 2P  are zero. 

                  In case (i) 03 N and  03 P  (by the choice of   
)1(

1f ) and (
)1(

21

)1(

11 , xx ) is the solution of given 

problem (BLF).    

In case (ii) there are three possibilities 

(a) 03 N  

(b) 03 N ,  03 P  

(c) 03 P  

If 03 N , then (
)1(

21
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If 03 N , and   03 P  even then (
)1(

21

)1(

11 , xx ) is the solution of BLF. 

If 03 P ,  then (
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in problem ( 2P ). 

Continue repeating Phase-2 with other alternate solutions of problem ( 1P ) till either some of  
1)1(

2

)1(

1 ,......,2,1),,( kuxx uu   turns out to be the solution of (BLF) or none of them solves (BLF). In the 

former case stop as the solution is achieved, where as in the later case move to the next best solutions of the 

problem ( 1P ). 

      Let the next best value of F  be 
)2(F  at the points  
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2)2()2(

,....,2,11, kjiandjiallforff ji   

           

  Repeat the process of Phase-2 with points
2)2(

2

)2(

1 ,......,2,1),,( kuxx uu  . Continue repeating the above 

mentioned process till some extreme point turns out to be the solution of the given BLF.As the solution of BLF 

lies at some extreme point [8,23] and the number of extreme points is finite, the process terminates in a finite 

number of steps. 

 

IV. Algorithm 

Step-1.Solve the quadratic fractional programming problem (P1) with the leader’s objective function. Let 
1)1(

2

)1(

1 ,......,2,1),,( kuxx uu    be its optimal solutions with value 
1)1(

2

)1(

1 ),( FxxF uu   and go to 

step-2. 

Step-2.  Find the value of lower level objective function f  at these points and arrange them in descending 

order. Let 
)1(

1f  be the maximum value of f  at these points 
1)1(

2

)1(

1 ,......,2,1),,( kuxx uu  . Formulate 

corresponding goal programming problem ( 2P ) and solve it.          

Step-3.  If  ),(
)1(

2

)1(

1 uu xx  is the feasible solution of the goal programming problem ( 2P ) then  

),(
)1(

2

)1(

1 uu xx  is the solution of (BLF), otherwise go to step –4. 

Step-4.  Since, the problem is infeasible there are two possibilities  

(i)    If 02 N  and 03 P ,   03 N , then  ),(
)1(

21

)1(

11 xx  will be solution of (BLF). 

(ii)   If 02 N and 03 P , go to step-5.  

Step-5. Starting with the point ),(
)1(

22

)1(

12 xx  go to step-3 . If ),(
)1(

22

)1(

12 xx  is not a solution of (BLF), repeat 

the step with other values of ),(
)1(

2

)1(

1 uu xx .  If none of these give the solution of (BLP) then go to step-6. 

Step-6. Find the next best solution of problem ( 1P ) and go to Step-2. 

 

V. Numerical example 

Consider the following bi-level quadratic fractional programming problem (BLQFPP): 
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xx
FMax

x
 

12

925
2

2

2

1

2

2

2

1

2 




xx

xx
fMax

x
 

       

     tosubject  

;1554 21  xx      ;213 21  xx      ;272 21  xx        

4543 21  xx ;         ;303 21  xx                 .0,0 21  xx      

 

Solution by proposed Goal Programming (GP) :  
                           Consider DM1’s problem  

(P1):        
12

51510
2

2

2

1

2

2

2

1

1 




xx

xx
FMax

x
 

tosubject  

;1554 21  xx      ;213 21  xx      ;272 21  xx        

4543 21  xx ;         ;303 21  xx                 .0,0 21  xx                                                                                         

         It’s optimal solution is:    )36.0,19.4(),( 21 xx . 

         Maximum value of  7.9F  
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             Value of f  at the point 14.12)36.0,19.4( 1  f . 

 

     The equivalent GP problem of BLQFPP is given by     

  (P2) :         )( 11

1  PMin  

                      )( 22

2  PMin  

                     )( 3

3 PMin  

tosubject  

  ;19.4111  x  

 ;7.9
12

51510
222

2

2

1

2

2

2

1 





xx

xx
 

14.12
12

925
332

2

2

1

2

2

2

1 





xx

xx
 

;1554 21  xx     ;213 21  xx     ;272 21  xx       4543 21  xx ;                   

;303 21  xx   .3,2,1,0.,0,,0,0 21  ixx iiii   

Where, 
iP  denote the 

thi  priority level. Problem ( 2P ) is equivalent to the following GP problem ( 2P ). 

( 2P ) :   )( 11

1  PMin  

            )( 22

2 PNPMin   

            )( 3

3 NPMin  

 tosubject  

  ;19.4111  x     

;7.44.43.0 22

2

2

2

1  PNxx  

  14.1214.37.0 33

2

2

2

1  PNxx ;   

            ;1554 121  Sxx   ;213 221  Sxx  ;272 321  Sxx  

  ;4543 421  Sxx   ;303 521  Sxx  

  ;0;0.;0,;0;0 111121  iSxx     ;5,4,3,2,1i  

  ;3,2;0,;0.  jPNPN jiji
 

    

   ,where   );12(
2

2

2

122  xxN    );12(
2

2

2

122  xxP   

  );12(
2

2

2

133  xxN    );12(
2

2

2

133  xxP   

             

The solution to this problem is infeasible. Also, 02 N , 03 P . 

Therefore, (4.19, 0.36) is not a solution of (BLQF).Find the next best solution of problem (P1). It is (5.34, 1.27).  

Now, form the corresponding problem (P2), we have following results: 

 

11x  21x  
)1(F  

)2(f  

5.34 1.27 9.6 12.20 

 

The solution to the problem (P2) is feasible with P3 = N3 = 0. Hence (5.34, 1.27) is the optimal solution of the 

given problem (BLQF). 

 

VI. Conclusion 

Mathematical programming finds an extensive use in facilitating managerial decision situation in a large number 

of domains. An important class of mathematical programming problem is fractional programming which deals 
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with situation where a ratio between physical and/or economical fraction, is maximized (or minimized). Goal 

Programming is highly flexible and practical methodology for modeling, solving and analyzing problems with 

multiple, conflicting objectives. The objective of this paper is to apply goal-programming approach to bi-level 

quadratic fractional programming problems. The proposed approach is easy to implement. The procedure is not 

excessively interactive, which most DMs prefer. Instead of seeking an optimal solution, the idea is to look for a 

solution that satisfies all the goals. The aim is to minimize the deviations and not to optimize an objective 

functions but ultimately we reach to the most satisfactory solution, which is optimal or near optimal solution. 

The problem can never be infeasible and unbounded. Proposed method facilitates computation to reduce the 

complexity in solving problem and is much more effective. 
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