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I. INTRODUCTION 
Consider the Schröder equation 

                                                                                                          (1) 

with a positive constant . If the sequence  converges pointwise, then its limit is a solution of (1). In 

some classes of functions it is the unique solution; cf. [3; Theorems 3.5.1, 4.6.1] and [4; corollary 1]. The class 

considered in [4] consists of functions  such that  is monotonic, but infinite values are allowed. Following 

ideas of  [4] we consider solutions  defined on a cone in a Hilbert space, taking values in possibly another Hilbert 

space, and such that  is monotonic with a suitably chosen operator . 

     Let  be a real inner product space and  be a closed cone in  with non empty  interior, i.e.  is a closed  subset 

of  such that  for every  and Int . Let  be a Hilbert space and 

 be a closed cone in . We define a (partial) order  on both spaces  and  by  if  (resp. 

). We assume that the inner product in  is an increasing function on  i.e.  for   

 Note the following lemma (cf. [1; p. 208]). 

 

Lemma 1 

Suppose   for  . If  , then for every   Int   

there exists an such that  for   

1.  We assume that  and the following conditions hold: 

(H.1)  and  are bounded linear operators such that 

                                                                                                                (2) 

                                                                                                                               (3) 

                                                                                                                                                  (4) 

           (H.2)  Int  and  are such that 

                                                                                                                                                         (5) 

                                                                                                                                                                       (6) 

 and   is an increasing function such that 

                                                                                                                                     (7) 

                                                                                                                                                         (8) 

           (H.3)  The function    given    

                                                                                                                                                       (9) 

satisfies                                                                                                                            (10) 

      Examples of operators satisfying the above conditions will be given in section 2. Here observe that by (2) and 

(3) both  and  are increasing functions. Furthermore, by (7) with  and by (9), we have  

Theorem 1. 

Assume (H.1) – (H.3). Then for every  the sequence 

                                                                                                                          (11)  

converges, the function  given by  
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                                                                                                       (12)   

is an increasing and nonzero solution of  (1), the function  is increasing and                                                                                              

                                      .                                                                        (13) 

      

                          (                                                                                               (14) 

    

 Taking (9) into account we obtain 

                                                                                         (15)        

and then, by (4), 

                                                                                                          (16) 

     First we will prove that the series  

                                                                                                   (17)   

converges for  It follows from (7) and (9) that 

                                                                                                                                         (18)  

Observe also that  is an increasing function. Then, using (5), (8) and (9) we have 

                                                                                                                                                (19)  

Hence                                                                                                                          (20)  

and, applying (7), 

                            

As  and  increase on  We have                                                                                                                

         

                                                         

Then, by (6) the series (17) converges absolutely and due to (16) the sequence (11) converges for  If  is 

arbitrary, then according to Lemma 1 and (10) there exists an  such that  for  and  

                        

Hence the sequence (11) converges for all  

        Clearly, the function  given by (12) is increasing. Since  and  take their values in a closed cone  

we have also  Moreover, 

                      

                                       

 i.e.   is a solution of (1). Making use of (16) we obtain 

                              

Consequently, the function  is increasing. In particular    and taking also (5) into 

account,  Consequently,  is a nonzero function. Using (18) and (19) for   and then induction we 

get  

                                         

Hence and by (7) – (8), we obtain 

            

                                  

                                 

    Let  be a solution of (1) such that   is increasing and (14) holds. 

Denote              

Since  it follows that  takes its values in  Moreover,   

                             

These remarks give jointly with (20) and (14) 

   

                                                                         

whence    

        Now we consider the case where  the following conditions are fulfilled. 
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       (H.4)   and  are bounded linear operators such that (2) – (4) hold with  being the spectral 

radius of  i.e. 

                                                                                                                                               (21) 

        (H.5)   Int  and  are such that (5) holds and  is an increasing function satisfying (7) and 

such that  

 

                                                                                                                                                   (22) 

         (H.6)   given by  

                                                                                                                                                     (23) 

is increasing. 

Remark 1.      

Assume (H.4) – (H.6). It follows from (23) that  for  and, by induction, 

                                                                                                                                    (24) 

According to (21), given  we can choose an  such that  for  

Therefore 

                     

This shows that (10) holds. 

Theorem 2.   

Assume (H.4) – (H.6). Then for every the sequence converges, the     function given by 

is an increasing and nonzero solution of , the function is increasing and  

                                                  

Moreover, if is a solution of such that is increasing and  

                                                                                                                              (25)    

for some ,  then   

Proof. 

 It follows from (24) and (5) that  

                                                                                    (26) 

Taking this into account with  applying (7) and arguing as in the proof of Theorem 1 we see that the series 

(17) converges absolutely for  Applying Remark 1 and Lemma 1 we see that it converges absolutely for all 

 On the other hand, from consideration of (23), applying (16) with  replaced by –  we get                      

                              

Consequently, the sequence (11) converges for every  and the function  given by (12) increases and 

has values in  Moreover, using (26) with  (7) and (22) we have  

           

                                    

                                       

In particular,  is a nonzero function. 

    Arguing as in the proof of Theorem 1 we obtain uniqueness.      

  2. Now we give three examples concerning the applicability of Theorems 1 and 2. 

     (i) Let  and  with a   and  for  It is easy to check that conditions (2) 

– (4) and (21) hold. Consequently, by Theorem 1, if  is a function such that (10) holds and the function 

 given by takes values in  and satisfies (6) – (8) with a   Int   and 

 then for every  the limit  

                                                                                                                                                       (27) 

exists and provides an increasing and nonzero solution of  (1).  

     (ii) Let  be a Hilbert space and  be a completely continuous linear operator, i.e.  is linear and maps 

bounded subsets of  into relatively compact ones. Assume also that  and for every  there exists 

a positive integer  such that  Int  Then by the Krein - Rutman Theorem ([1; The-orem 6.3]) there exists 

exactly one vector  Int  and exactly one continuous linear functional  such that  

                                                                                                                                                                     (28)    

                                                                                                                                             (29)          

                                                                                                                                              (30)   

                                                                                                                                                (31)  
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where  denotes the spectral radius of . Consequently, for  and  as well as for 

 and  conditions (2) – (4) and (21) are satisfied. Applications of Theorem 1 for  and 

Theorem 2 for  in both these cases with an increasing  satisfying suitable conditions, yield an increasing 

solution of (1) on  being the limit 

                                                                                                                                              (32) 

   In the next section we give conditions on  under which the limit (32) coincides with the simpler one (27).  

     (iii) Assume now  is finite-dimensional. Then instead of the operator  we can speak of a matrix  and use the 

theorem of Frobenius (instead of Krein-Rutman; see, e.g., [2; Appendix 2]). Then, if all the elements of  are 

nonnegative and there exists an integer  such that all the elements of  are positive, there exists vectors  and  

with all the coordinates positive such that 

                                                  

Consequently, for  as well as for  and  conditions (2) – 

(4) and (21) are satisfied.  

      3. Consider now the problem – announced in Example (ii) and considered in fact also in [5] – of the equality of 

limits (27) and (32). Assume  

     (H.7)   is a completely continuous linear operator,  and for every  there exists a 

positive integer  such that Int   

Remark 2.  

According to [1; pp. 269-270], under the assumption (H.7), for the operator  given by 

                                 

where  Int  and  satisfy (28) –(31) with  being the spectral radius  

of  we have  

                                                                                                                                                (33) 

and 

                                                            (34)  

     The proof of the following theorem is adopted from [5; Theorem 1]. 

 

 

Theorem 3. 

Assume (H.7) and let  Int  and  satisfy with  being the spectral radius of  

Suppose fulfils  and there exist a positive constant such that   

                                          

If either is an increasing function such that hold with an and a 

and is an increasing function such that (7) and (22) hold with an , then 

                                    

Proof.  

Consider the first case, with  being increasing and satisfying  

(6) –(8). (In the second case the proof is similar.) Fix an   such that the closed ball whose centre at  and 

radius  is contained in  Then  

                                                                                                                                              (35) 

Let                          

According to (33) and (34) we have  

                                                                                                                                                            (36)  

and, by (35), 

                   

We can assume that  for   Applying (15), we obtain  

    

                           for  Using this 

with  replaced by  we have  

  
  

           for  From (20) and 

(7) we get  
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Taking into account the monotonicity of  we see that  

      

                                                   

for  Hence  

  

                          for  If  

then  and, by the monotonicity of the inner product,  Finally 

 Then  

                                                                                                               (37) 

                                     

 for  Moreover, 

according to Theorem 1, the sequence (11) with  is convergent. Consequently, putting  

                                               

and using the obvious inequality 

   

                                        

                                                         (which holds for ), 

(37) and (6), we have  

                             

                                                                                  Hence and from (36) we get  

                            

Consequently,   

                            

for  and, finally, by a use of Lemma 1, for    
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